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48. Use the intersect function on a graphing calculator to X COoS x

3 Y, = X The graphs of y, and y, clearly show

determine that the curves intersect at x = +1.8933. A shell that I' Hopital's Rule does not say that lim Y1 is equal to

2 _ X-0
has radius x and height 31> — X1—03' The volume, which I|m ()ﬁ) 2

Y.
is caculated using the right half of the area, is z

TEscosii)

J»1.8933 12 xX2-3 4 hich us
A 27r(x)(3 - T) X, which using NINT ﬂ&

evaluatesto = 9.7717.

n=l =1

49. (a) y = —g(x +2)(x—2)=5-— %xz [-3.3by[-22]

Quick Review 8.1
(b) Revolve about the line x = 4, using cylindrical shells. 1 X
X (1 + %>
X

A shell hasradius4 — x and height 5 — x The total

1 1.1000
volumeis 10 1.1046
f 2m(4 — (5 — 7X ) dx 100 1.1051
1000 1.1052
= 107 f (%x3 2~ x+4)dx 10000  1.1052
-2
2
— 100 L4 — L3 - L2 4 4y 1,000,000 1.1052
16 3 72
=320~ 3351032in% ASX— (1 + —) approaches 1.1052.
3
2. " Sn%)
50. Since & = +f (¥) must equal V1 + (f'(x))?, _r r
dx o , 01 27183
1+ (') = L f () + (f'(x)% and 00l 27183
f'(x) = —x - = Then f(x) = —x — In x + C, and the 0.001 2.7183
0.0001 2.7183

requwement to pass through (1, 1) means that C = 3 The
1., 1 3 - 2inx+a 0.00001 2.7183

functionisf(x) = =x2 — = Inx + > = X —£NX* 3 E—
4 2 4 4

Asx- 0", x¥("%) approaches 2.7183.

w4
51. y' = sec? x, so the areaisj 2mr(tan X)V'1 + (sec? x)2 dx,
(6]

3. X
1
which using NINT evaluates to ~ 3.84. X (1 - ;)
-1 05
52. x=tandx = -1, sothe areais ~01 078679
2 Y 1 yl 2 —~001  0.95490
L2”(§> L <7F> el ~0001  0.99312
which using NINT evaluates to =~ 5.02. —0.0001  0.99908
—~0.00001 0.99988
—0.000001 0.99999
Chapter 8
L’'Hopital’s Rule, Improper Integrals, ASXL0", (1_ a approaches 1.
and Partial Fractions .
RN
m Section 8.1 L'Hopital’s Rule (pp. 417-425) X
-11 13981
Exploration 1 Exploring L’Hoépital’s Rule -1.01 105.77
Graphically -1.001  1007.9
1. lim SNX _ |jm 08X _ 4 —-1.0001 10010
l x-0 X x-0 1 X
2. The two graphs suggest that lim L I|m Asx-—1", (1 + ;) goes to .
x-0Y, x-0 y2



_:—'—'_'_'_'_'_F

/_,,-—’

[0,2] by [0, 3]
Ast—1, 1~ approaches?
"Vi-1

—

[0, 500] by [0, 3]

Vi4x? +
X

1
1 approaches 2.

e

WO W
(55 by [-1,4]

AS X0,

sin 3x
X

|
_

[0, 7] by [-1, 2]

approaches 3.

AsX-0,

™ tan 6
2'2+tan 6

AsO - approaches 1.

_ 1
9.y—hsmh
10. y = (1 + h)'"

Section 8.1 Exercises
1.

‘\\_\_\_\_\_\_‘_‘—‘—\—\_

[0, 2] by [0, 1]

From the graph, the limit appears to be%.
X—2 .1 1
7 lim—=

xa2£7 4

lim
X-2 X

o vy
[72v 2] by [72v 6]

From the graph, the limit appears to be 5.

lim SinSx _ lim 5COS5X _ 5
x-0 X X0 1
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—

4,

[0, 3] by [0, 3]

From the graph, the limit appears to be 1. The limit leads to

the indeterminate form oc®,

N In (1+%)
In<1+l> :xln<1+1>:
X 1
X
1 1 /.1
In(l+7> l+1/x( x2>
lim =lim
x-0" 1 x-0" iz
X X
= lim —%
x-0" 141
X
=lim =0
x-0" X+ 1
Therefore,
. \¢ . : Inf 0
lim (1+7> =lim f(x) = lim e"f® =gl =1,
x-0" X x-0" x-0"
[0, 1000] by [0, 1]

From the graph, the limit appears to be about 0.714.

2 _ —
lim 2= jim 1% =3 _ i 1025 71429
xow X+ 1 x_ o 14X X0 7

32 3

5 im-—X 1 —jim X —
x-14x°—x—3 x.112x—1 11

:_‘—\—\_
[0, 2] by [0, 1]
The graph supports the answer.
6. lim 1- (;osx = lim sinx _ lim cosx _ 1
X-0 X X=0 2X X-0 2 2
[75v 5] by [71v 1]

The graph supports the answer.
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7. The limit leads to the indeterminate form 1”.

X
+
Let Inf(x) = In(e* + x)¥x = NE X
X
ef+1
o In(e¥ + X ; X ; ¥+ 1
lim 1€ = lim X = fim £
x-0" X x-0" x-0" € + X

_2_,
1

lim (& + x)Y* = lim f(x) = lim e"f® = ¢?
x-0" x-0" x-0"

N

[0, 5] by [0, 10]

The graph supports the answer.

8. lim 2x+3x_. X+3 _ . 4
X‘,ooX +x+1 X - 0 3X2+1 X 00 6Xx

N

—
[-5, 25| by [—1, 2]
The graph supports the answer.
9. (a)
‘ 10 10?2 | 10° 10* ‘ 10°
f(x) 1.1513‘ 0.2303 | 0.0345 ‘ 0.00461 ‘ 0.00058
Estimate the limit to be O.
(b)nm'”—"_n m¥*_0_g
X X~> 1 1
10. (a)
‘ 10° | 1071 | 1072 | 1073 | 107*
f(x) 0.1585‘ 0.1666 | 0.1667 ‘ 0.1667 ‘ 0.1667
Estimate the limit to be %
.o Xx—sinx _ ;. 1-—cosx
O S TR e
= lim X
x-0" 6X
= lim &X
x-0" 6
-1
6
11. Letf(g) = SN
sn46’
0 ‘ +10° |+1071| +1072| +1073| +107*

f(0) ‘ —0.1865 ‘ 0.7589‘ 0.7501 ‘ 0.7500‘ 0.7500

Estimate the limit to be %.

“msnse “m3c0330 3
9.0SN40 g_o4dcosdd 4

12, Letf(t) = ﬁ -

t ‘ +10° ‘tlo*l +1072 | #1073

f(t) ‘ i0.1884‘ i0.0167‘ i0.00l?‘ +0.00017

Estimate the limit to be 0.

lim (=L — 1) = jim t=Snt
too\sint t t.o tsnt

_ 1— cost
t_otcost+sint
sint

=lim
t-0 —tsmt+cost+cost

13. Letf(x) = (1 + )%

X 108

10 ‘ 102

10* ‘ 10°

1.2710 ‘ 1.0472 ‘ 1.0069‘ 1.0009‘ 1.0001

(%)

Estimate the limit to be 1.

_In(1+x
Inf(x) — 1
lim NA+X _ iy 12X _0_
X0 X X0 1
lim (1 + XY = lim f(x) = lim e"f®W =¢e0 =1
X0 X 00 X 00
14, Letf(x) = X2
' 3%% + 5%
X 10 ‘102‘103‘104‘105
f(x) —0.5429‘ —0.6525‘ —0.6652‘ —0.6665‘ —0.6667

Estimate the limit to be f%

lim X5 2¢ _ jjm Lo _ i 42 2
X 00 3x% + 5x xo0 OX+5  yx_, o 3
15. lim SN0% _jim 2900562 _ 50 cos (0)2 = 0
00 0 0-0 1
16. lim 1—sin6 _ . —Ccos 6
9477/21+c0520 9477/2 —2sin 20
=i sin 6
0_m2 —4Cos20
_ sin /2
—4 cos
-1
T4
17. lim cost—1 lim sint _ lim —cost _ -1
o€ —t—1 .0 -1 ¢, e



18 lim—t=1  —j

- |
to1Int—sinaxt to1

19, lim MO+ D _ o XHL
x-o log, X X 1
xIn2

= lim xIn2

x_.ocX+1

=limIn2

X— %

=1ln2

1
20. lim |092X _ xIn2
X 00 |Og3 (X+ 3) X — 00 1
x+3)In3
= lim x+3)In3
X0 xIn2

xIn3+3In3

=lim
X — 00 xIn2

. In3
=lim —
X — 00 In2

m .
——y)smy
22. lim (E—y)tany=|im <2
yoml2\2 yoml2 cosy
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(% - y) cosy + (—1)siny

(1 - E) cos— + (—1) sin%

=1lim
y -2
2 2 2
I G [ EO J
—(1)
23. lim xInx = lim Inx
x-0" x-0" 1
X
1
= lim =X
1
|
X-0 77
2
=lim =X
x-0" X
=lim —x=0
X-0"
tan
. 1. X
24. lim xtan==lim ——
X X xo 1
X
_izsegl
l.m X X
VLY
XZ
= lim sec2 X
X 00
=sec?0=1

25. lim (cscx — cot X + cos x)
X- 0"
= lim (i - cosx)
x-0" \SinX sinx

. 1— cosx+ cosxsinx
=1lim -
YO sin x

— lim SNX+ COSXCOSX —sinxsinx
L0 oS X
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26. lim (In 2x — In(x+ 1) = lim In( 2 )
X - 00 X+ 1

X— %

Let f(x) = 1.

lim x_ I|m 2_ 2
xﬂooX‘l‘l X 0 1
Therefore,

lim(n2x—In(x+ 1)) = I|m Inf(x) =1In2

X— %

. . . X
27. lim (Inx — Insinx) = lim In—
Xx-0" X0 sin X

Let f(x) = ﬁ

im — = —=1
x0T SINX x_ 0" COSX
Therefore,
lim (Inx—Insinx) =lim Inf(x) =In1=0
x-0" x-0"
28. lim (1,i): jim 2=VX_
x-0" \X X x-0" X

29. The limit leads to the indeterminate form 1”.
Let f(X) = (& + %)V~

X
In (e + x)”x=7|n(eXJr X)
ef+1
« er:
lim In(e+x _ lim e+ x _ 2
X-0 X X-0 1

lim (€ + x)Y* = lime"f¥ = g2
Xx-0 x-0

30. The limit leads to the indeterminate form ocC.

Letf(x) = (%)X

3 a1

In

1 —Zx
e _,
I|m

-0

X

I 2x—0

1 Xx-0 =
X

X
I|m (X_lz) = I|m enf) =gl =1

31 lim ;’X ° _jim-2_=0
x4+3c2 X+ 2 X‘,joo4x_l

0 ”m sin 7x = lim 7 cos 7X 7

an11x .o 11sec?11x 11

33. The limit leads to the indeterminate form oc©,

Let f(x) = (Inx)¥*.
vx _ In(Inx)
In(Inx)™* = I
Inx . 1

lim lim—=Ilim——=0
X 00 X X s 00 xoo XINX

In(inx) _

lim (InxY = lim ¥ =&l =1
X 00 X 00

34. The limit leads to the indeterminate form oc°.

35.

36.

Let f(X) = (1 + 2V,

In (1 + 20U = In(1+2x)

2Inx

2
. + .
lim MEF 29 _ iy 252¢ iy X _jjm =1
xow  2InXx Xooo 2 xﬂxl+2x Xow 2 2

X

lim (1 + 2x)V@InY = |.m AN — gl2 — /g

X%

The limit leads to the indeterminate form °.
Letf(x) = (x> — 2x + 1)* 1

NG —2x+ ) t=(x—1) In(x*—2x+ 1)

_In(®-2x+1)
1
x—1
2X— 2
imInG—2x+1) _ iy 2—2>l<+1
x-1 Xx-1 —
Xx—1 (x— 1y
2(x—1)
_llm (X_l)z
X-1 — 1
(x— 1)?
= Iim -2x—-1)=0
I|m(x — 2+ 1) 1—I|me'”f(x)— 0=1
X-1 X-1
The limit leads to the indeterminate form 0°.

Let f(x) = (cos x)°X,

In X
In (cos x)°°S* = (cos x) In (cos x) = In (cosx)
SEC X
—sinx
lim In(osx) _ i, __cosx

Xxoml2-  SECX  xo g2 SECXtanX
_ —tan X

X /2~ SEC X tan X

=lim —cosx=0
X— w2~

lim (cosx)®*=lim "W =¢el=1
X— 72" X— 72"



37. The limit leads to the indeterminate form 1”.

Let f(X) = (1 + x)¥%

In( +xtx=100+%
X
1
lim A% iy 15X =g
x-0" X x-0"

lim (1+x%=lim "W =¢'=¢

X-0 X-0

38. The limit leads to the indeterminate form 1”.

Let f(x) = xV&D,

In ey = 1N
X

-1
lim X — jjm LX =
x-1X—1 x,11
lim x¥=D = |jm nf¥ = el = ¢
xX-1 X-1

39. The limit leads to the indeterminate form 0°.

Let f(x) = (sin X~

In (sin X)* = xIn (sin X) =m
X
COS X
lim INSNX) _ i 22X
Xx-0F 1 x-0" _1
X X2
2
. —X~ COS X
= |lim =2
XxL0° sinX
2 .
: X“sin X — 2X CoS X
=lim 22222222 =0
0" cos X
lim (sinx)*=lim e"f® =¢e0 =1
x-0" x-0"

40. The limit leads to the indeterminate form o°.

Let f(x) = (sinx)@"*

In (sin X)!¥* = tan x In (sin x) = In(snx
cot X
COSX
In(sinx) _ Snx

lim =lim
%o0" COtX  x_0' —CSCZX

lim (sinx)@* = lim e"f® =¢’=1
x-0" X-0"

41. The limit leads to the indeterminate form 1~

Let f(x) = xV@79,

I/ = Inx
1-x
1
lim 10X —jim X = 1
x-1t1—x x.17 -1
lim xY0 = |im enf® =g 1=1
x-1* x-1" e

=lim (—sinxcosx) =0
x-0"
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2 2
42.J'Xﬂ= Inft|]| =In2{ —Inlx = g
X t

X

2X
lim [ &
X000 UX
43. (a) L'Hopital’s Rule does not help because applying
L'Hopital’s Rule to this quotient essentially “inverts’
the problem by interchanging the numerator and
denominator (see below). It is still essentially the same
problem and one is no closer to a solution. Applying
L'Hépital’s Rule a second time returns to the original
problem.

fim Vor1 @2+ D L eVx 1
- Vx+ 1 xew WX+ w Vot 1

—

[0, 100] by [0, 4]
The limit appears to be 3.

—Ilm In‘zx‘—llman—an

(b)

9+1

Vox+1 . X

c) lim =lim
O Vart am fiel

44. (a) L'Hopital’s Rule does not help because applying
L'Hépital’s Rule to this quotient essentially “inverts’
the problem by interchanging the numerator and
denominator (see below). It is still essentially the same
problem and one is no closer to a solution. Applying
L'Hdpital’s Rule a second time returns to the original

S1&

problem.

lim S&‘.X_II secxtanx:“m tan x

Xomf2 AN X x_ 72 X X— /2 SEC X
(b)

[0, 7] by [-1, 5]

The limit appears to be 1.

1

© lim X = jim ©sX — jim _1 1

x-mf2 N X  x_z/2 SNX  x_g/2 SNX
COS X

45, Possible answers.

@ fx)=7x—3);9x) =x—3
lim 10— jjm TX=3) _ ||m1: 7
x-309(® x-3 X—3 31

(b) f(x) =(x—3)%9gx) =x—3

_ 2)\2 _
lim £ — jjim X =37 _ i 2x=3) _
x-30(X) x-3 Xx—3 x-3 1

© f®=x-39(x=(x-3°

lim % — |im X_33—Iim ! -
x-390)  x-3(—3)" x.33(x-73)
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46. Answers may vary. (b) Part (a) shows that as the number of compoundings per
year increases toward infinity, the limit of interest com-
(@ f(x) =3x+1;gx) = x pounded k times per year is interest compounded con-
tinuously.
|im%=|im3"—;1=|im§=3
- - “w 50. (a) For x # 0, f((f()) 1=t
_ . — 2
(b) f(X) =x+1; g(x) = x lim ;/((1(()):1
-0
nmfgg lim X 54 = lim 2 = 0 i 100 _2
X OO e x-09(9 1
© f) =xZgx) =x+1 (b) This does not contradict L' Hopital’s Rule since
5 limf(x) =2andlimg(x) = 1.
lim X = jim X = jim 2 = x0T 07
w00 xem XL e 51 (a) A() = | e *dx = [—eﬂ = —e't1
0 0
47. Find c such that lim f(x) = c. lim A(t)—llm( e t+
X-0 . to oo
. _ i X —38in3x : 1
iy 169 = i =58 Detim( g+
= lim 9 — 9 cos 3x
x-0 _ 15¢ t
= lim 278N 3 (b) V() = [ (€7
x-0 30X 0
8lcos3x _ 81 _ 27 t
M~ ~a 10 =7rf0 e > dx
Thus, ¢ = z. Thisworks sincelim f(x) = ¢ = f(0), sofis
10 X0 - ﬂ_[_}efzx}t
continuous. 2 0
= 77( ;eﬂ + %)
48. f(x) isdefined at x # 0. lim f(x) leads to the indeterminate
x-0 = M_e 24 1
form 0°. =oem D
| T2y =D
In|x* = xIn |} = n\x\ lim YO —j 42( ° : o7
; tow Al)  toe —e '+ 1 1 2
nk
. IniX . X . T2
lim—1 =lim—=Ilim-x=0 V(t) Z(—e T+ 1)
1 1 = VANRES——
x-0 X0 - X0 ©) ||m A(D) t“rgL et
lim xx—llmex'”‘x\— 0=1 T o2t
x-.O‘ ‘ -0 —lim 2(29 )
" —t
Thus, f has a removable discontinuity at x = 0. Extend the t-0" €
definition of f by letting f (0) = 1. ™2
2
=4 -5
49. (a) The limit leads to the indeterminate form 1”. 1
kt 52. (a
Letf(k):(1+£> . @ £(%)
Inf(k) = ktIn (1+ _tn(1+ o1 02
nflg = ”( E) Tl 001  0.00495
K 0.001 0.00050
| tIn(l + L) . t(—%)(l + i)*l 0.0001  0.00005
i!Ln; — = I'(Ln; Y The limit appears to be 0.
k K2
sinx _ 0_ _
=lim "t =g (b)lmg)1+2x_1 0
ke gpr 1 L'Hopital’s Ruleis not applied here because the limit is

not of the form % or f, since the denominator has
o0

tim A1+ )" = agtim (144

= A limenf®
Aglim

limit 1.

— Aoert



53. (a) f(X) — oXIn(1 + 1x)
1+%>Owhenx<florx>0

Domain: (—o, —1) U (0, «)

(b) Theformis0 ™%, so lim f(x) ==
1

(©) lim xln(1+%)=|im m

X =00 X =00 1

-1
(=55
= lim - X
X =0 —12
X
=lim =1
O

lim f(x) = lim M@+ = ¢
X =00 X — =00

54. (a) Because the difference in the numerator is so small
compared to the values being subtracted, any calculator
or computer with limited precision will give the
incorrect result that 1 — cos x8 is O for even moderately
small values of x. For example, at x = 0.1,
cos X8 ~ 0.9999999999995 (13 places), o on a
10-place calculator, cosx® = 1 and 1 — cosx® = 0.

(b) Samereason asin part (a) applies.

. 1-—cosx® .
(¢) lim o =i
X-0

(d) The graph and/or table on a grapher show the value of
the function to be O for x-values moderately close to 0,
but the limit is /2. The calculator is giving unreliable
information because there is significant round-off error
in computing values of this function on a limited
precision device.

55. (@) f'(x) =3x%9'() =2x— 1
f(1) —f(-1) =291 —9(-1) =~
3 2
2c—-1 -2
3c?=-2c+1

32+2c-1=0

Bc—-(c+1)=0
c:lorc:—l
3

The value of c that satisfies the property isc =

WP
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(b) f'(x) = —sinx, g'(X) = cosx
m N m =
(3)-1@=-193) 90 =1
—sinc_ -1
cosc 1
tanc=1
c=tan l1=

56. (a) Inf(x)9% = g(x) Inf(x)
lim (g0 Inf(x) = (Iim g(x))(lim Inf(x))
= oc(foo) = —o0

lim f(x)9% = lim enfO™ = g~ = 0
X-C X-C

(b) lim (g(x) Inf(x)) = (Iim g(x))(lim In f(x))
= (—oo)(foo) = o
lim f(x)9% = lim ¥ = & = «

X-C X-C

m Section 8.2 Relative Rates of Growth
(pp. 425-433)

Exploration 1 Comparing Rates of Growth as

X -
X X 2 X
1. lim % = |im INAE) _ i, (N7 _ %, S0 a* grows
X—>o00 X— o0 X— oo
faster than x2 as X — .
X
2. 1im 2. = lim 15" = =
X 00 X— oo
X
3. I|m—X—I|m = o because 2 > 1.
X—o00 b X— oo b
Quick Review 8.2
1
In x X
Llim—,=Ilim—5=0
X—oo e X— o0 ex
2. |Im§—|lmi—|lm§—|lm§—°€
X—o00 X X— 00 X X— 00 6X X— 00 6
2
3 lim X =«
X —o0 €
4. lim *Ilm =lim 2 =0
X000 eZX X000 2e2X X000 482X
5. —3x* 6. %XS: 2x2
f ny 1+%
7. 1im £ — i XX iy -1
xom 00X xow X Xooo 1
2
8. lim 1O — jm YA _ iy 145 2
x—o 00X xow 2x X0 4x
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e+ x 2
9. (a) f(x) = exx =1+% x(1)+|nx—1
€ xInx—x _ . X
2xe* — x%e* _ 2x— x? 6. |Im7—|lm7>(
f'(¥) = = X € Xoooo e
2o ¢ = lim InX
X :O X—o eX
€ 1x
(2-x=0 = jim & =0

X=0orx=2 xInx — x grows slower than €* as x— .

4 COS X
f'(x) <Oforx<Oorx>2 T eex = 0 since 5% < efor all x.
The graph decreases, increases, and then decreases. 95X grows slower than eX as X .
fO)=1f2 =1+ é ~ 1541

xe* _ | _
f has alocal maximum at = (2, 1.541) and has alocal 8. lim = lim x =

X— oo X— 00

X, X
minimum at (0, 1). xe*grows faster than e* as x - .

b) fisincreasing on [0, 2 . x1000 I .
() ) ] gon[0,2] 9. lim % —= 0<Repeated application of L'Hopital’s Rule
(c) fisdecreasing on (—, 0] and [2, ). X-w €
1000!
i etslim —— = O) rows slower than €* as X - .
10109 = XFSNX 14 X 4 g gas M~ g
sinx ; . B
Observethar[ < 1sincelsinx < |x for x # 0. 10, lim €92 _im (14_%):1
lim f 1+| SNX_4,1-9 X0 xe" Xooo \2 26 2
imf(x) = im=—== = -
X0 0= X0 X ex+2e grows at the same rate as €* as X - o.
Thus the values of f get closeto 2 as x gets close to 0, so f
2
doesn’t have an absolute maximum value. f is not defined at 11. lim %24)( =lim (1 + g) =1
X—00 X— o0
0. x? + 4x grows at the same rate as x° as X - .
- - 3
Section 8.2 Exercises 12 lim X X; 3 _lim (X n %) - o
3 —3x+1_ . 3x%2-3 6x 6 = o
1 lim X=X 2 — im =lim—=<=Ilim==0 3 2 N
b P e T e T M x° + 3 grows faster than x© as x - .
3 X
x° — 3x + 1 grows slower than " as x - .
13. lim 238 _ jim <15 +%):o
X— 00 X—oo \ X X
2. First observethat V1+ x4 grows at the same rate as x°. 15x + 3 grows slower than X2 as X o 0.
. 1+x 1
I|m / =lim [5+1=1
X 00 xﬁoo X 00 x4 14. lim VX +5X %:
Next compare x? with ex. X0 X~x X0 \/
N ) Vx4 + 5xgrowsatthesamerateasx asX— oo,
lim =5 =lim==Ilim=5=0
Xooo € X € Xow €
x? grows slower than " as x -, s0 V1 + x* grows slower 15. lim In_x = lim % = lim 212 =0
X 00 x2 X— 00 X— 00
than € as x - o. In x grows slower than x? as x - c.
X X X X 2 59X
3 1im 2 = 1im (ﬂ) = wsinced > 1, 16. lim 2, = lim (132 _ jjy (n27°2°_
Xooo € X - o0 e X—oo X X — 00 X — 00 2
4% grows faster than €* as X - . 2X grows faster than x? as x - .
. x . log, x? 21
4. lim 82" _ iy, (i) —0since 2 < 1. 17. lim 28X _ jjj 29X _ iy 200002 _ 2
X, X oo \ 28 2e xoow INX Xooo INX X 00 In x In2
g) grows slower than €* as X - . Iogzx2 grows at the same rate as In x as X — .
X+1
5.1imE =lime=e 18 fim 109 VX _ i logx _ o (inx)/(in10) | 1
Xoow € X 00 X INX X 2INX xo o 2Inx 2In10

e grows at the same rate as e* as X - . log V/x grows at the same rate as In x as X - .



19.

20.

21.

22.

23.

24,

lim YVx

X— 0o I

=lim L
Xﬂw\/;lnx

L grows slower than In x as X — cc.

Vx

1
lim £~ = lim
X—00 I nx X— ooexln

e X grows slower than In x as x — .
lim X

—im (X — 9\ = im (L —
o _lTﬂ(mx 2) lTZ(ux %
=limXx—-2)=»

X0

X — 2 In x grows faster than In x as x - .

=0

=0

—2Inx
In x

. 5lnx
lim
X— 00 |nX

51n x grows at the same rate asIn x as X — oo.

=5

Compare e* to x*.

X
|im(9) =0
Xooo \X
€* grows slower than x*.

et
lim =
xﬁooX

Compare €*to (In x)*.

xom (INX* %L \INX
€* grows slower than (In x)*.
Compare e* to &2
X
lim = = lim e =«
€
X—00 X— 00

e grows faster than e¥2

Compare x* to (In x)*.

X . x \X : LX o1
m < =lim (=] =owsncelim = =lim —— =,
x—0 (INX)* x_w\INX X—o INX xL00 UX

x* grows faster than (In x)*.

Thus, in order from slowest-growing to fastest-growing, we

get €2, €, (In X)X, x*.

Compare 2* to X°.
X 2 5X
im 2 (22" _ . (n222% _

X 00 X2 X— 00

=lim
X—oo

2X grows faster than x.

Compare 2% to (In 2)*.

X X
lim —2— = lim (-2} = ©since—2-> 1.
xom (N2 xLo\IN2 In2

2% grows faster than (In 2)*.
Compare 2% to €*.

X
lim 2— =lim (2) = Osince% <1l

Xow € oo
2* grows slower than e,

Compare x? to (In 2)*.
2

lim = sincelim x2 = e and lim (In 2)* =
x—o0 (IN2)X (n2)

X— 00 X— 00

x? grows faster than (In 2)*.
Thus, in order from slowest-growing to fastest-growing, we
get (In 2)%, X2, 2%, &,

25.

26.

27.
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Comparef, tof,,.

f \/
lim 29 _ i Y0+ 1 1o+7 V10
X0 fl(X) xﬂx \/)_( X0

Thusf, and f, grow at the same rate.

Comparef, tof,.

nmﬁ—l ”‘*

X—00 l(X) X— 00
Thusf, and f, grow at the same rate.

=lim 1+——1

X— o0

By transitivity, f, and f; grow at the same rate, so all three

functions grow at the same rate as X - cc.

Comparef, tof,.

VX+

f
lim ﬁ =lim
X0 fl(X) X0

Thusf, and f, grow at the same rate.

=1lim

X— 0

Comparef, tof,.
\/ .
—I|m 1-

X— 00

f
lim 0 _ lim ———=>
xo (00 xoce

Thusf; and f, grow at the same rate.

X =
Il
[5=Y

By transitivity, f, and f, grow at the same rate, so all three

functions grow at the same rate as X - cc.

Comparef, tof,.

lim K _ —lim Vo + 2
X— 00 1() X— o0 3
= |im Yo £ 2
X QK
. 2\X
=lim 1+ (—) =1
X o0 9

Thusf, and f, grow at the same rate.

Comparef, tof,.

fim ﬁ—lim—‘gh“x
10 xoe 3

-
T
(-

Thusf; and f; grow at the same rate.
By transitivity, f, and f, grow at the same rate, so all three
functions grow at the same rate as X — cc.

=lim

X— 00
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28.

29.

30.

Section 8.2

Comparef, tof,.
X+ 2% -1
. +1
lim 2( ) X .
X—o l(X) X— 00
4 2
LooXT+E2xf—1
=lim =———
X0 X"+ X
H X X
=lim =1
R

Thusf, and f, grow at the same rate.

Compare f, and f,.

25 -1
2
. 1
lim 3()—Il =
X 00 1() X 00 X
i 25 -1
Yoo X0+ X3
1
. -5
= lim Xl=2
el S

Thusf, and f, grow at the same rate.
By transitivity, f, and f; grow at the same rate, so all three
functions grow at the same rate.

(a) Fase, sincelim X=1=%o0.

Xooo X

(b) False, since lim LS =1+0.

X—oo X

(c) True, sincelim X —1=1
+5

X—00
(d) True, sincelim X1 1
Xoow 2X 2
. - ST |
€) True, sincelim = = lim = = 0.
( ) X— 00 er X— 00 eX
1+1
(f) True sincelim XX _ i X=1=<1.
X—00 X0
In x 1/x
False, sincelim —— =1lim =—==1+# 0.
©@ o in2x  xo Ux
\/y2
h) True, sincelim VXS _im 1+ 32 =1=1
2
X— o0 X X 00 X
1
x+3
(@) True, sincelim —— = lim =1=1
X-oo 1 X—oo X 3
X
1,1 1+%
. . X X A
(b) True, sincelim =lim =1=1.
X—00 1 X0 1
TR 1=
(c) Fase, sincelim =lim =1+#0.
X—0o0 1 X— o0

X

31.

32.

33.

35.

. From the graph, lim

(d) True, sincelim 2+ 0osx | 3_3
X— oo 2 2
+1
X—o0 X—00 ex
1+%
= lim € —1=<1.
X— oo 1
X = lim Inx |Im&—0.
X— o0 X X X0
1
xInx
(9 True sincelim M0NX) _ iy
X — 00 nx X o0 1
X
=lim-t=0=1
Xooo INX
In x . 1x
h) False, sincelim = |lim 22
) X INOC+ 1) oo 2X
x§+1
=lim*X*ti-1.0
Xoroo  2X 2

From the graph, lim 83 — o solim ¥ — g

X—oo X0 f( )
Thus g = o(f), soii istrue.

From the graph, lim fEX; = 0. Thusf = o(g), soi istrue.

X—oo 9(X,

From the graph, lim

X0

and g grow at the same rate, so iii istrue.

E i = 1 and not equal to zero. Thus, f

fEX; < 3 and not equal to zero. Thus, f

X— 0

and g grow at the same rate, so iii istrue.

(a) The nth derivative of x" isn!, a constant. We can apply

L' Hopital’s Rule n times to find lim <.

ex X—oo X
lim= =

X— 00 X"
Thus €* grows faster than x" as x— o for any positive

.:|im§:oo
Xooo NI

integer n.

(b) The nth derivative of a*, a > 1, is (In a)" a*. We can

X
apply L'Hopital’s Rule n times to find lim a_n_
(na)"a _ o
X— oo n!
Thus a* grows faster than x" as x— o for any positive

Ilm— - =lim
X— o0 X"

integer n.



36. (a) Apply L'Hépital’s Rule n times to find

lim —— _¢ .

Xoo 84X +a ;X +----&-alx+aD

lim — _¢ —lim -
x—o AX'+a X +eetaXxta  xoae ann!

= 0

Thus e* grows faster than

ax"+a _X"t+ o+ ax+ajasxow.

(b) Apply L'Hopital’s Rule n times to find

. aX

lim —; — .
X AX A X + o Faxta,
. aX

lim

n n—1 =
xooo aX" A X"+ ax+a
. In naX
= lim (na)ya” _

X— e annI
Thus a, grows faster than

ax"+a X"+ .+ ax+ajasxoc.

1

In x X

37. (8) lim 2% = lim =lim 2= =0
Xooo X X 00 lx(]jn)—l X—oo X
n

Thus In x grows slower than X" as x - « for any

positive integer n.

1

. Inx _ . X o1

(b) ||m—a:||m ;71=|Im—a=0
Xm0 X X0 X X—oo aX

Thus In x grows slower than x? as x — o for any number

a> 0.

. In x
38. lim — =
xom X' Ha XU+ +ax+ a

1
. X
=lim

xoe MAXTEH(N—Da X"+t

= lim — CE— -0
X—oo NAX" + (n— 1)an71x + o+ ax

Thus In x grows slower than any nonconstant

polynomial as X - ce.
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39. Comparen log, nto n¥2 asn— .

nlog, n log, n
; 2 i 2
lim i lim

N-oo N-o

. 2
=lim 5 —=
neew YN 2)

Thus n log, n grows slower than n®Z as n— .

Compare n log, n to n(log, n)?

. nlog, n . 1
lim Z_ =
n-o N(log, N)*  n_« log,n

=0

Thus n log, n grows slower than n(log, n)? asn - c.

The algorithm of order of nlog, nislikely the most
efficient because of the three functions, it grows the most
slowly asn— co.

40. (a) It might take 1,000,000 searchesif it isthe last item in
the search.
(b) log, 1,000,000 =~ 19.9; it might take 20 binary
searches.

41. Sincef and g grow at the same rate, there exists a nonzero

number L such that lim 9 _ L. Then for sufficiently

X— 00
large X, % <L + 1= M for someinteger M.

1
Similarly, for sufficiently large x, % < T + 1< Nfor

some integer N.

42. (a) Thelimit will be the ratio of the leading coefficients of
the polynomials since the polynomials must have the
same degree.

(b) By the same reason asin (a), the limit will be the ratio
of the leading coefficients of the polynomial.

5
43. (@) lim %5 = lim x3 = =

X— 00 X— 00

x® grows faster than x.

3
b) lim2X = im2=23
23

X— oo X— o 2 2

5x3 and 2x3 have the same rate of growth.

m
(¢) m> nsincelim X—n = lim XM " = oo,

X— o0 X— 00

. .oxm . n. .
(d) m=nsincelim == = lim x™ " is nonzero and finite.

Xooo X X 00

(e) Degree of g > degree of f (m > n) sincelim % = o,

X0

(f) Degree of g = degree of f (m = n) since lim % is
X — 00

nonzero and finite.
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44. (a) = o(g) asx—aif lim & =g

x-a 9X
Suppose f and g are both positive in some open interval

containing a. Then f = O(g) as x—a if thereisa
f(x)

positive integer M for which ) = M for x sufficiently

closeto a.

(b) From Section 5.5, we know that [E{ = % h*M

where M is a bound for the absolute value of f® on

a)180 |nt[(b - a)@} +1

ash-0, so |E5j = O(h4). Thusash- 0, Eg-0.

[a, b]. Thus‘ 4

(c) From Section 5.6, we know that [E| = b-ay2,
12

where M is a bound for the absolute value of f” on

M

[a b, Thus‘ET‘ =(b-a) 2<|nt[(b aM }+ las

h-0, 0 |E] =O(h2).Thusash—>O,ET—>O.
45. (@) tim O jim =F0 0
xo |90 xoo —O0)  xoo GX)

Thus|f| grows faster than |g| as x— oo by definition.

L] ) _ i f) _
b) Iim —= =i = lim
() o l[g)| e —g(¥) -m 9(x)

Thus | f| grows at the same rate as |g| as x - o by

definition.

B )
46. li li 2 =0
@ Im 50 ™. 96

Thus f (—x) grows faster than g(—Xx) by definition.

f(—x) f(x) _
b) li =lim
O3 50 5™ o

Thus f (—x) grows at the same rate as g(x) by

definition.

m Section 8.3 Improper Integrals
(pp. 433-444)

1
Exploration1 Investigating f ax

1 Because hasan|nf|n|ted|scont|nU|tyatx—0
1 1

2. [ Z=iim [ %= im Inx}lzlim (~Ing) = =
0 X ¢-0"% X c¢.0" C c¢-0"

3. 1f p> 1, then
1 1
K jim [ &
o X cLotl XP
—p+1
= lim X }1
c.ot —p+1jc

. (1-cPL
=lim <7> = oo because (—p + 1) < 0.
c-0"\ —p+1

4. 1f 0 < p < 1,then
1 1
gé = |lim f .gi
o X c.ot e XP
—p+1
= lim X }1

c.0" —pt+1jc
. _ ~ptl
=|lim (}__Ji___J = __l__

c-0"\ —p+1 1-p
Quick Review 8.3
3 3
1.f X _linjx+3| =In6-In3=1In2
o X+ 3 0
T oydx 1 Yo 1
2. [ X% 1 inpe+a| =lin2-Lin2=o
X%+l |2 2 2
dx

X2+ 4

“Ja

de J*4dx——%x’3+c
5.9—x*>0for-3<x<3
The domainis (-3, 3).

6. x—1>0forx>1
The domain is (1, «).

7. —1=cosx = 1, so|cosx\ =1

cosx ‘COSX\
2‘ —2
8 x2-1=x20Vx®—-1=Vx2=xforx>1
1 Zl
x¥-1 X
9. lim 1® — |jm 48 =5 |Im£x—|lmé:ﬂ
x—0 9(X) xaws +7 xo»38 x.x3 3

Thus f and g grow at the same rate as X - ce.

10, lim 10 = jjp Y21
X— g(X) X — 00 \/X+3
—lim [&=1

X— X+’3

N
I
x|

II\)I<’

=lim

X— 00

[N
+
x |w
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Section 8.3 Exercises 4. (a) Theintegral isimproper because of two infinite limits
1. () Theintegral isimproper because of an infinite limit of of integration.
Integration. () J’ 2x dx f 2x dx J’” 2x dx
dx ’ J'b dx . (0 + 1)? (x0+ 1)2 (X% + 1)?

()0X+l bln;oX2+l j 2x dx =i _2xdx
1 b e P+ 1)? po—dy P+ 1)?

=lim |tan x] ) 5 _1°

b- oo 0 = lim [—(x +1) }

o —® b

=lim (tan b -0
m ¢ ) =lim [-1+ (©?*+ 1) Y =-
_m . bo—e

=< xdx o 2x dx

2 Crn Jm) a2

. o X*+1) bowJo (X°+ 1)
The integral converges. ) 5 4P
=lim [(—x +1) ]
o 0

© 5 = lim @+t +1=1

f“ 2xdx  _
—e (X2 + 1)?

2. (a) Theintegral isimproper because the integrand has an
infinite discontinuity at x = 0.

-1+1=0

The integral converges.

dx
o) [ 2 = iim
[ -um [ © 0
) Vx 5. (a) Theintegral isimproper because the integrand has an
:JLnS+ [2 X]b infinite discontinuity at 0.
. In2 In2
= lim (2-2Vb) =2 ) [ x e ax=lim [ xZeM
b-0 o b-0" ’b o
The integral converges. _b“ng [ eﬂx]
(© 2 =lim [~ e/n2 + e’ =

3. (a) Theintegral involves improper integrals because the

integrand has an infinite discontinuity at x = 0. Theintegral diverges.

o 4 (c) Novalue
(b) f = J’ 1,3 1 xjj(s 6. (a) Theintegral isimproper because the integrand has an
infinite discontinuity at x = 0.
dx dx
J- %_bl'ng, v /2 i2
() [ cotods =lim [ coto do
=lim |3x23 ° 0 b-0"b
b0~ s = lim co§0 do
3, b-0"’b sin 97”2
= Jim (gb - 6) =6 = lim [In sin eq
. I, .
1 1
dx . dx ; ;
—:Imf— =lim (O—In|sinb) =
[} 33 =nm [ 3 lim (0~ In/sin'b)
— lim [gng}l The integral diverges.
b0l b (c) Novaue
~ lim (3 - 3b2/3)
b0t \2 2 b
7. J' 1001 = lim f 1d(;(01
3 boow J1 X
== b
o2 = lim [— 1000 x’°'°°1]
dx 3 9 boee 1
- e+ 2= -2
jsxﬂ3 6+3 2 =i

= lim (—1000b~%%! + 1000) = 1000
bo o
The integral converges.

© -5
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1 0
8 [ S-f g,
—1 X —1X 0 X

J’O dx — lim fb dx
—1x?B oyl X

b
= lim [3x1’3}
b-0" 1
=lim 3% +3) =3
b-0"

1 ax - 1 ax

=lim | =5
b X plot b X

1
= lim [3x1’3}
b-0" b
=lim 3-3v¥%) =3
b-0"

Lo
j S5=3+3=6

b

- dr
—Ilmf

0 V4a—r b-470 V4

—bllrL} {ZV__]b

—I|m( 2V4—-b+ 4 =

1
. dr
10. J 0999 = Jb 70999

1
= lim [1000r0-°°1]
bﬁ O+ b

= lim (1000 — 1000b%%Y = 1000
b-0*"

b
11, f = lim dx
x2 b-1" 1—x2
b
— lim [sin’lx}
bﬁli 0

=lim (sn"'b-0 =2
b1 2

20 _ i (1/2) dx
12 me +4 po —ooJ;J(X/Z)Z‘l’l

b —e 2
:£+E:3_7T
4 2 4

X “2[(x+ 1) — (x — 1)] dx
13. LO 21 ,m ) X+ Dx— 1)

-2
= lim LN dx
b-—x’b x—1 x+1

-2
=lim {In|x— 1 —Inlx+ 1|]
bo — b

-2
— lim [m X 1H
bo — X+1 b
= lim (In3—|n‘b_l‘)
b —o0 b+1

=In3-In1=1In3

20y [ (Dl

2 t(t—-1)
—im (.8 _3
_ll)'f?ojz <t—1 t)dt
b
=Iim[3|n\t71|73ln\tq
b 2
b
|
b

= lim <3In ;1‘ - 3|n1>
b b 2

= lim [3In -1
bo o t

=3In1+3In2=3In2

1
0+1 o [Fl0+2)d

0 VeZ+20 b-0"b 292+ 26
= lim [w2+ za]

b"0+ b

= lim (V3-Vb2+20)=V3

15.

2 b
16, [ —StL gs—lim ( s 1 )ds
LV4—52 b~2’fo Va-s> Va-¢
. jb< s 1 >
I|m + ds
Va-s2  2V1- (9272

b
= lim {f\/4 -+ sin*1§]

b-2" 0

—Ilm( V4 —b%+ sin” 12+2)

b-2

—sn*11+2=%+2



17. First integrate by letting
J' 1+x\/>_<
u=\/>_<,sodu=—dx.
2V/x
J’ dx _ [ 2du
(1 +9Vx 1+u?
=2tan"tu+C
=2tan 1Vx+C

Now evaluate the improper integral. Note that the integrand
isinfiniteat x = 0.

J'°° dx _ T dx +J‘x dx
0 (1+x)Vx 0(1+x)\/>_( 1 (1+X)Vx
1
. dx dx
=lim | ————+1lim
b0 o (14 VX e (14 Vi
Cc
= lim [Ztan‘1 \/ﬂ + lim [2tan l\/)q
b-0°* b cox 1

=lim 2tan 11— 2tan 1 Vb) +
b-0*"

lim 2tan Ve — 2tan"11)

Co o
=(Z-0|+(7-Z)=n=x
2 2
o 2 4 *d
18 [ % - X[ &
1 xVx2—-1 1xVx2—1 2 xVx?-1
JZ dx _lim 2 dx
1XX27 bl+bx)(27
2
:Iim{sec‘lx]
b1 b
=lim (sec™12 - sec™1b)
bo1*
=secl2-sect1=2
3
r’ dx =Iim b _dx
2 xVx2 -1 ® 72 xV/x? —
b
:Iim[sec‘lx]
booo )
= lim (sec'b — sec™1 2)
b
_T_T_7
2 3 6
f" x _7,7_m7
1 xVx2-1 3 6 2
19 ’ _ O =lim ° _ o
1sVs?—1 b1 gVs?—
= lim [%c*ls}
b1t b

=lim (sec™12 - sec™1b)
b1t

=secflzfsec*11=%

Section 8.3
w0y -0+
2'£102+50+6_1|,LTO£1 630+ ¥

b
= lim L 1\
booo Y—1 0+2 9+3

b
= lim [ln\e +2/—Inlo+ 3\]
b -1

—lim|In®*t2] P
b 0+3|-1
—lim (NP2 —1nl) =2
b b+3 2
21. Integrate jleL dx by letting u = tan™ "~ x, sO
du= & 5.
1+x
-1
1ot X gy =f16udu=8u2+c
1+x
=8(tan1x)2 + C
b ~1
* 16tan"! dX—IIm 16 tan 2de
o 1+x° bowo 14X
b
= lim [8 (tan™?! x)Z]
b 0

boo

2
= 8(%) = 272

= lim [S(tan’l b)? — o]

4 0 4
22.J’ dx:f dx i dx

R

° g b g
[os=am [~
= lim [—2\/—_x]

b-0" -1

= lim (-2V=b+2) =2
-0

4
By [f 0
Vx b-0* ’b \/;(
4
=lim [2\&]
b-0* b
=lim (4 2\/5)
4
j & _5i4-6
X

337



338 Section 8.3

23. Integrate f@e" do by parts.
u=20 dv =€’ do
du=ds v=¢

fee"dezoe“’ffe"dezeete%rc

fo 0&’ do :bljrpm fboeef’ do

0
= lim [Ge" - e"]
b —o b
=lim (-1—beP’+ e’ =-1
b —oo
(Notethatlim be? = lim —ce ¢ = lim —3
b — Co® Coo e
= lim —£ = 0andlim eb—llme ¢=0
cow € b —

24. |ntegrate JZe*O sin 6 do by parts.

u=2sno dv=e"?dg

—0

du=2cosfdd v=-—e

JZe“’sinH dg = —2e%sno + fZe‘(’ cos 6§ do

Integrate JZe“’ cos 6 df by parts.

u=2cosf dv=e"ds

du= —2sngdg v=—-e?

JZe‘B cosfdd=—2e%cosh — jZe“’sinGdO
Thus,
f2e“’sin0d0
=—-2¢%sin6 — 2% cosh — JZe*O sng do
2f2e‘9 sinfdo=—2esing — 27 cos6 + C,
f2e*"sin0d0= —e?sng—e’cosh +C

0 b
f 2¢singdg=lim [ 2¢%sing do
0 0

boo
b
= lim [—e*O sing — e ? cosa]
booo 0
=lim (—e Psnb—ePcosb+1) =1

b- oo

25. fw e Mdx = fo e dx + J:o e X dx

f & dx = lim f e<dx = lim [ex]ozblim 1-é)=1
" L b

— =00

- b
f e Xdx =lim | e*dx=Ilim|—e*
(0] b-w Y0 bow 0

=lim(-e?+1)=1
b

f eMax=1+1=2

26. Integrate fx In x dx by parts.

u=Inx dv = x dx
du = 2 dx v =12
X 2
fxlnxdx—fx Inx — flxdx—fx Inx — 1x2
1
fxlnx=|im x In x dx
o} b-0" b
1 1]
=1lim |=x?Inx — =x2
b0t |2 4 b
=lim (-1 - 1p2inp + 1p2
b_0" 4 2 4
-1
4
nb . 1/b
Notethat lim b?Inb = I —=I|m
( b0 + 1/b%> p_ot —2/b°
2
— lim —*i:o.)
b-ot 2

/2 b .
27. f tan 0 dg = lim [ S0
o b_m/2 0 COSH

b
=lim [—In \cose\]
b /2 0

= lim [—In|cosh| + 0] =«
b-n/2

Theintegral diverges.

+C



sin 6 1

= , SO
Via—0 Via—0

[ SN g < L 4o
0 aT—0 0 m—0
T 1 b 3
| do=lim [ —1 _do
0 V-6 bom" 0\ — g

— lim [_zm]b

[

28. On[0, 7], 0 =

=lim (—2V7 — b+ 2V7)

b

=-2V0+2Vr
=2Vn

Since this integral converges, the given integral converges.

29. fm 2xe ¥ dx = f 2xe < dx + fl 2xe % dx

“ o 2 . b
f 2xe * dx =Ilim | 2xe " dx
0 b-w 0

b
. —_y2
=lim | —e7 ¥
b oo o

=lim[-e P +1=1

b oo

. 0 2
=lim f 2xe %" dx
bo—ow ’b

0

. _y2
=lim [fe X}
b —o b

=lim [-1+e ] =-1

b —oo

f_ow 2xe %" dx

Theintegral converges.

e‘\fxdx
b-0" Yo V/x

4

= lim [—Ze_\&]

b-0* b

=lim [-2e72+ 2¢” V]
b-0"

=-2%+2

The integral converges.

1 1
3. 0=s————=-—o0n(0,w] sincesint =0o0on [0, 7].
\/+sint Vi
T dt
— =lim —
0 \/ b-0" bVt
= lim [2\/E]
b-0* b
=lim [2V7 - 2V
b-0*
=2V7

Since this integral converges, the given integral converges.
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1

1
32.0=s—= on [4, )
Vx x—l
ﬁ—nm ——nm[zxf]—nm[z\f 4] = o
x b- o X b- oo

Since thisintegral diverges, the given integral diverges.

33.0=—

=3 b
dx . dx
1 X b oo

b
= lim [ L *2]
bow| 2 1
= lim [—lb-z + 1] =1
b 2 2 2
Since this integral converges, the given integral converges.

2 1 2
34J' dx2: dx2+f dx2
o 1—x o 1—x 1 1—x

Todx o (Paria-x+ 1+ %)
%5 =im [ e

e PT 1 1
- jim | {2(1 - x)] &

- b

=tim [t +x-tinpi-«

b1 |2 2 0
b

=lim |%n/LtX

bo1" 72 1-x 0

—lim |2inA0 ol =

bﬂlf_Z 1-b

Since this integral diverges, the given integral diverges.

2 1 2
3SJ' dx :f dx +f dx
o 1—X 1 1—X

1 b
J’ dx — lim dx
ol-Xx p_1’0o1-X

b
= lim [fm 1- x\]
b1 o

=lim (-In[1-b/+0) ==
b-1"

Since this integral diverges, the given integral diverges.
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36.

37.

38.

39.

1 1
f In|x dx = Zf In x dx by symmetry of In [x| about the
-1 0

y-axis. Integrate J’ In x dx by parts.

u=Inx

du=Ldx
X
flnxdx=x|nx—de=xInx—x+C
1 1
2[ Inxdx=2lim [ Inxdx
(o] b-0" ‘b

1
=2lim |xInx —x
b-0" b

=2lim [~1-blnb+b] = -

Inb 1/b
Notethat lim blIn —I|m—=ll
(ote atbﬂo binb MM e oM
= lim —b=o.)
b-0*

Theintegral converges.

1

0= Tie 9_—on[1 )
f —do—llm e“’de
1 boow /1
b
= lim [—e“’]
b oo 1
=lim[-eP+e]
[
_1
e

Since this integral converges, the given integral converges.

1

O0=== on[2, «)

X xzfl
=~ b

K im [ jim [Inx] —lim (Inb - In2) = =
2 X bow /2 X boow 2 b

Since this integral diverges, the given integral diverges.

Letf(x) = \/— —33- Both are continuous on
[1, ).

fim Liii fim =t = fim J1+ =

f Sz O —t!m:c x 32 dx

b
= lim [—ZX_]JZ]
b oo 1
=lim(-2b™%2+2) =2
b-oo

Since this integral converges, the given integral converges.

41.

42.

43.

ot [Tk

° Vx o Vxo 1V

ﬂ—I|m "

1 Vx b1 Vx
—glm[Z\/;(]

= lim @Vb-2) =

Since thisintegral diverges, the given integral diverges.

2 + cos X

05%5 on [, )
=~ b
X _ jim d——llm[lnx] —lim (Inb — In7) = o
ke

Since thisintegral diverges, the given integral diverges.

1+ sinx 2
2 =gon[n=)

o0 b
| 2—‘i":limf 22 dx
T X b Y

0=

~ lim (—Zb‘l + 3) =2

booo m T

Since this integral converges, the given integral converges.

First rewrite %
e +e
1 1 _ &

FreX *X(ezx +1) 1+ Y

Integrate f

J'e X+ g X

(ex)z by letting u = €“so du = €* dx.

f1+(e>‘)2

_fl-s-u

=tanlu+C

=tan 1eX+C
f :f" dx +J°° dx
—w et e X & t+e* Jg &+
0 0
J %=Iimj —
_w &+ e bo—xJp €+ €

=lim

0
i ['[an‘l e"]
bo —o b

=lim [tan"11 -
b

an~ 1 €Y

b- oo

Thus, the given integral converges.



v

Vx* + 1

J” d :=fl dx +-fm dx
o Vx*+1 o Vxt+1 1 Vxt+1

1
f dx exists because

1 .
existson [0, 1].
0o Vxt+1 Vx4 + 1

1 sizon [1, ).

Vx*t+1 X

00 1 b 2
f Sdx =lim | x “dx
1 X booo’1

b
=lim|—-x1
booo N

— lim [—1+1]=1
b-ow| Db

0=

Since this integral converges, the given integral converges.

dy -
45, Integratef(lerz)(lHan 1 )bylettlngu tan 1y so
du = dy2
1+y
J’ dy _ [ du
1+ y)(A+tanty) 1+u

=ln[1+u+cC

=ln[l+tan"ty+C

o dy L b
Jo 1y + tan Ly) _l'frljo Ly + tan Ly)

b
= lim [|n|1+tan—1>4]
b 0

=lim(nf1+tan" b/ —

-0

=|n(1+g)

Theintegral converges.

6. J’ e’ydy J’Oeydy re’ydy
oy’ +1 w¥?+1 Jo yP+1

0
f e2 dy diverges since
—o Yy +1

-y y Y
lim Ze = lim —> ©
e VL yie VPl ya oy

Thus the given integral diverges.

=2 j dx by symmetry about the y-axis
1 0
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47. Forx =0,y = 0on[1, «).

oo b
Inx . In x
Area:J- —de:“mj —2dX
1 X boow’1 X

Integrate In—x dx by parts.

u=Inx dv=%
du:ldx v:—1
X X
fm_xz_'n_+fd_>2<:_m_x_1+c
X X X X X
b
Area:hm[ Inx 1] =1lim [—M—l—%l]:l
b X X]; bow b
(Notethatllmm—llm@—o.)
boo D boow 1
. Forx=0,y=00n[1, ).
b
Area = f Inx Iimf In—de
bﬂOC
Integrate In—debylettlngu—Inxsodu— N

In—de JudU*1u2+C:f(lnx)2+C
2 2

b-oo —®

a1 1 .
Area = lim [E('“ x)z]1 — lim Xinb)? =

49. (a) Theintegral in Example 1 gives the area of region R.

[
Areaffl x
(b) Refer to Exploration 2 of Section 7.3.
, 1
y =3

X
The surface area of the solid is given by the following

integral.

[ony) oo (R meman [} [

“Vxt+1

|_\

«/4
S|nce0<; 3 + 1

comparison test shows that the integral for the surface

on [1, «), the direct

area diverges. The surface areais .

U S |
(c) Volume—f1 w(;) dx—wfl ?dx

b
= mlim | L ox

b Y1

b
= 7 lim [—1}
b X 1

. 1
= —= 4+ =
wlim (—5+1]

(d) Gabrid’s horn has finite volume so it could only hold a
finite amount of paint, but it has infinite surface area so
it would require an infinite amount of paint to cover
itself.
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50. (a) f(X) = —— e X2 51. (a) Forx=6,x2 = 6x, 06 " = g
ar

- -
fexdxsfeaxdx
6 6

b
=lim | e ®dx
b-w ’6
1 b
[-3,3] by [0, 0.5] = lim [—fe‘GX]
b oo 6
fisincreasing on (—, Q). f is decreasing on [0, ). — lim (_1 oo 1 e,3ﬁ>
. 1 booo 6
f has alocal maximum at (O, f(0)) = (O, —)
\V% 1

1 " = ge_36 <4x107Y
(b) NINT(—e*X x —1,1) ~ 0,683
=

21

2 <2
NlNT(Le*XZ’Z, X, =2, 2) ~ 0.954 (b) f dx—f - dX+f6 e “dx
21
—x2 -17
NINT (i e "2 x, -3, 3) ~ 0.997 = L e’ ax+4x10
V 27

Thus, from part (a) we have shown that the error is

c) Part (b) suggests that as b increases, the integral
(c) Part (b) sugg = bounded by 4 X 1027,

b
approaches 1. We can make f f(x) dxascloseto 1 as
—b

_ © f e ** dx ~ NINT(e ™%, x, 1, 6) =~ 0.1394027926
we want by choosing b > 1 large enough. Also, we can 1

o —b (This agrees with Figure 8.16.)
makef f(x) dx and f f(x) dx as small as we want
b —

by choosing b large enough. This is because @ f dx—f 2 dx+f o dx
3

0<f(x) <e @ forx> 1. (Likewise, B
= f e dx + f e ¥ dx
0 < f(x) < efor x < —1) Thus, ° 3

fcf(x)dx<fxe’x’2dx since x2 = 3x for x > 3.
f X2 gy = Ilmf X2 gy = N L
b Cow j e Xdx =Ilim | e *dx
- 3 b-w Y3
= lim [—Ze X’Z} L b
C—oo b = lim [—5 e’3x]
= lim [—2e"92 + 2¢7P2] b oo 3
o . 1 3, 1
— gebi2 :tl)ln; <—§e 30 4 3 9)
Asb ., 267720, sofor large enough b, | 1(x) dx - %e*f’ ~ 0.000041 < 0.000042
b

is as small aswe want. Likewise, for large enough b,
52. (a) Sincefiseven, f(—x) = f(x). Letu = —X, du = —dx.

f:f(") dx = f_owf(X) dx + f:f(x) dx
= f:f(—U)(—l) du + f:f(x) dx
:J:f(u) du+f:f(x) dx
:2f:f(x) dx

—b
f f(x) dx is as small aswe want.

(b) Sincefisodd, f(—x) = —f(x). Letu= —x, du = —dx
o0 0 0
[ twax=] e dx+ [ 10
:fof(—u)(—l) du + fmf(x) dx
) . . 0
= [ f@du+ [ tx =0
0 0



“ 2xdx
53. (a) [ -
@ o ¥+ 1 pos
= lim
b

=lim
booo

Thus the integral

b 2x dx
0X2+1

[In 02+ 1)]
0

In(©?+1) =«

b

diverges.

o0 0
(b) Both f 22de and f 2 dx must converge in order
o X°+ — +1

1

X2

for f 2 dx to converge.

X+ 1
b
. 2x dx . 2
I =lim || +1
@ gm [, 55 =im[mee v n].
= lim [In (b + 1) — In (b + 1)]
b-oo
=1lim0=0.
b-c N
Note that 22X isan oddfunctionsof 22de =0.
X“+1 X +1

(d) Because the determination of convergence is not made
using the method in part (c). In order for the integral to

converge, there must be finite areas in both directions
(toward « and toward —=). In this case, there are
infinite areas in both directions, but when one

computes the integral over an interval [—b, b], thereis

cancellation which gives 0 as the result.

54. By symmetry, find the perimeter of one side, say for

0=x=1ly=0.

_ X2/3

y= (1 _ X2/3)3/2
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55. Suppose 0 = f(X) = g(x) for all x = a.
From the properties of integrals, for any b > a,
b b
[ 100 = g00 o
a a

If the infinite integral of g converges, then taking the limit
in the above inequality as b -« shows that the infinite inte-
gral of f is bounded above by the infinite integral of g.
Therefore, the infinite integral of f must be finite and it con-
verges. If the infinite integral of f diverges, it must grow to
infinity. So taking the limit in the above inequality as b - o
shows that the infinite integral of g must also diverge to
infinity.

56. (a) Forn=0:

0 b
f eXdx =Ilim| e*dx
0 bow Y0
b
=lim [—e X}
[ o
=lim[-eP+1 =1
b oo
Forn=1:
u=x dv=e *dx
du = dx v=—¢e*
0 b
f xe Xdx =lim | xe Xdx
0 bow Y0
b b
=lim ([—xe*’(} +f efxdx)
b 0 0
b b
=lim (——b> +lim | e *dx
boow e b-wx 0
= lim <—ib>+1:1
boow\ €
Forn=2:
u=x? dv = e Xdx
du = 2x dx v=—e X

9 b
f x2e Xdx=lim | x%e Xdx
0 b-w Y0

b b
= lim ([—x2 e‘x] +f 2x e dx)
b 0 0
. b2 L
= lim <——b>+2I|m xe X dx
booo e b-w 0
= lim (—%b) +2(1)
= lim <—§>+2:2
boo
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56. continued
(b) Evaluate fx” e X dx using integration by parts
u=x" dv=e *dx
du = nx"1 v=—gX

fx" eXdx=—x"e X+ fnx”‘1 e X dx
fn+ 1) = [ x'e*dx
0

b )
=lim [—x“e‘x] +f nx"~1e™X dx

b-w 0 0
n 0
= lim <7b_b) + nf X" le ™ dx
boow e (0]
= nf(n)

(Note: apply L'Hépital’s Rule n times to show that

. bn
im (~g) = o
(¢) Sincef(n + 1) = nf(n),
f(n+ 1) =n(n-1) - f(1) = n!; thus

f x"e™* dx converges for all integersn = 0.
(0]

57. (@) On agrapher, plot NI NT(%, X, 0, x) or create atable
of values. For large values of x, f(x) appearsto
approach approximately 1.57.

(b) Yes, theintegral appears to converge.

dx . 1 o
5= T2
1+X° po-w’ 1+X
=lim |tan1x
b;»*oc b

=lim (tan"11 - tan"1h)

58. (a) f;

ba*x

_m,m_37

4 2 4
< odx . b dx
—— =1lim >
1 1+ X baooll"l‘x

b
= lim |tan1x
boo N

= lim [tan"1b — tan™1 1]

b- o
_m_m_m
2 4 4
f X _SmiT_,
- 1+ X 4 4

0 [ 100 dx= flf(x) ox + f:f(x) dx
ff(x) dx=fcof(x) dx+f:f(x) dx
Thus,
f;f(x) dx+f°f(x) dx
=£wa(x) dx+focf(x) dx+fc0f(x) dX+J:f(x) dx
=fo f(x) dX+fmf(x) dx, because
e (0]

f:f(x) dx+fcof(x) dx=j:f(x) dx—j:f(x) dx = 0.

m Section 8.4 Partial Fractions and Integral
Tables (pp. 444-453)

Quick Review 8.4

1. Solving the first equation for B yieldsB = —3A — 5.
Substitute into the second equation.
—2A+3(-3A-5=7

—2A-9A—-15=7
—11A=22
A= -2
Substituting A= —2intoB = —3A — 5givesB = 1. The
solutionisA= —-2,B= 1.

2. Solve by Gaussian elimination. Multiply first equation by
—3 and add to second equation. Multiply first equation by
—1 and add to third eguation.

A+2B-C=0
-7B+5C=1
-B+2C=4
Multiply third equation by —7 and add to second equation.
A+2B-C=0
—-9C= —-27
-B+2C=4
Solve the second equation for C to get C = 3. Solve for B
by substituting C = 3 into the third equation.
-B+23)=4
-B=-2
B=2
Solve for A by substituting B = 2 and C = 3 into the first
equation.
A+2(2)—3=0
A+1=0
A=-1
The solutionisA= —-1,B=2,C=3.
x+1
3.%% = 3x— 423 — 5% — 10x — 7
23 — 6x% — 8x

X2 —2x—7
X2 —3x—4
X—3

2X+1+2X;3
Xc—3x—4
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2 3 2 2. X2 — 2+ 1= (x—1)?
4. X° 44X+ 5)2x* + 11x + 6 x+2 _ A B

2 =]
w X2*2X+1 Xx—1 (X71)2

- 4
3X X+ 2=Ax— 1) + B
24 Xx—4
X2+ 4x+ 5 =Ax+ (-A+B)
3 _ 2 _ — 2y —
5 X =3+ Xx-3=x(x=-3+(x~-3 Equating coefficients of like terms gives
= (=30 + 1) A=2and—A+B=2
2 — 2 2
6.y =57+ 4= (y' - Ay - 1) Solving the system simultaneously yields A = 2, B = 4.
=(y-2+2y-Dy+ 1 . ) 4
= +
;2 3 _ 2x-2 _ _3(x+3 X—2x+1 x—1 (x—1)?
"X+3 x—-2 (x—-2x+3) (xX—2(x+3) t+1 A B C
:2)(*4*3)(*9 3m:t——l+T+t_2
(x—2)(x+3) o
13 t+1=At?+Bt(t — 1) + C(t — 1)
C(x=2(x+3) _ 2, _
N =(A+B)t2+(-B+CQ)t—C
X*+x—6 Equating coefficients of like terms gives
g x-1 _ 2 A+B=0-B+C=1and-C=1
x2—4x+5 x+5
__ (x=)Hx+5 2(x% — 4x + 5) Solving the system simultaneously yields
(X+5)(x*—4x+5) (x+5)(Z — 4x + 5)
_ X+ 4x—5- 22+ 8~ 10 A=2B=-2C=-1
(x+ B)(x* — 4x + 5) t+1 2 2 1
S L %) 1 1@
(X + 5)(x? — 4x + 5)
3 _ _ _ 2 o — _
o 1-1 _3+4_ (-DE+D @+ 42+ 4.8 -8 ~6s=9s"~5-6) =s(s-Is+2)
P42 P41 ((PH2P+D) (tP+ P+ 1) 4 _A, B C
_t-t?+t-1-3%—4’—6t—8 $--6s s s—-3 s+2
(t*+ 2% + 1) 4=A-3)(s+2) +BE)(s+2) + C(9(s— 3)
_ 2 -5t?-5t-9
2+ 22+ 1) = A(s? — s~ 6) + B(s? + 29) + C(s? — 39)
_ 23452 +5t+9 5
2+ 2%+ 1) =(A+B+C)s“+ (-A+ 2B —3C)s— 6A
10 5 3 1 Equating coefficients of like terms gives
X1 (x-1P (-1 A+B+C=0—-A+2B—3C=0,—6A=4
_2x—1)? 3(xx—1) 1
x-1° (x-1° (x-1° Solving the system simultaneously yields
2% —4x+2-3+3+1 9 4 9
- x— 1) A=-%B=-=,C=2
x=1) 3° 15" 5
_2¢-1x+6 4 2. 4 2
x—1° S—<£—-6s 35 155-3) 5(+2)

Section 8.4 Exercises

1L x°—3x+2=(x-2)(x—1)
-7 _ A B
5 = +
X*—3x+2 x—2 x-1
Bx —7=Ax— 1)+ Bx— 2

=(A+ B)x— (A+ 2B)
Equating coefficients of like terms gives
A+B=5andA+2B=7.

Solving the system simultaneously yields A = 3, B = 2.
-7 _ 3 2
3 = +
X=3x+2 x—-2 x—-1
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1
5. x2 — 5x + 6)x? +8

X2 —Bx+ 6

5x + 2

x*+8 _ 5% + 2
x2 —5x+ 6 X2 —Bx+ 6
X2 —5x+ 6= (x— 3)(x— 2)
x+2 _ A . B

X2—5x+6 Xx—-3 Xx-—2
5x +2=A(x— 2) + B(x— 3)

= (A+ B)x+ (—2A — 3B)
Equating coefficients of like terms gives
A+B=5and -2A—-3B=2
Solving the system simultaneously yields

A=17,B=—-12

2
8 g, W7 12
X —5x+ 6 X—3 x—2
Y2+ 4y +1

y3 +4y+0
—4y+1

yi+1_ L oAy +l
vZ+ 4 V2 +4

The rational function cannot be decomposed any further.

1-x=1-x1+X%
1 _ A B

1-x2 1-x 1+x
1=A1+x +B1-x

=(A—-B)x+ (A+ B)
Equating coefficients of like terms gives
A-B=0andA+B=1

Solving the system simultaneously yields

a=lpg=l
2 2
dx2: 12 dx -+ 12 dx
1-x 1-x 1+x
“Lhnp-x+Limi+x+c
2 2
=1In‘1+x+c
2 11-x

8.

9.

10.

X2 + 2x= X(X + 2)
1 __A,__B

XX+2% X x+2
1=AX+ 2) + Bx

= (A+ B)x + 2A
Equating coefficients of like terms gives
A+B=0and2A=1

Solving the system smultaneously yields A ,B=—

I\)IH
N |-

1/2
fx +2x_j +f ox
2In|x| In|x+2\+C
=Lyl X ‘+C
2 X+ 2
y - 2y—3=(y- 3y +1
y __A n B

yP—-2y—-3 y-3 y+1
y=Aly +1) +B(y — 3

=(A+By+ (A—-3B)
Equating coefficients of like terms gives
A+B=1andA-3B=0.

Solving the system simultaneously yields A = % B= %.

ydy _[34 4 . [ 4
fy2—2y—3 y—3Cly y+1Gly

:%In\y—3|+%ln|y+l\+c

y2+y=yly+1)
y+4 _A, B

Y4y y y+l
y+4=Ay+ 1) + By
=(A+By+A
Equating coefficients of like terms gives
A+B=1landA=4.

Solving the system simultaneously yields A = 4, B = —3.

y+4 4

[Fya=[So [
—4mM—3mW+ﬂ+c




11.

12.

13.

14.

t+t2—2A=tt°+t—2) =tlt+ 2t — 1)
1 _A, B, C

B+tZ-20 t t+2 t-1
1=Aft+2)(t—1) + Bt — 1) + CH)t+ 2)

=A(tZ+t—2) + B({t?—t) + C(t2 + 21)
=(A+B+Ot2+ (A— B+ 20)t — 2A

Equating coefficients of like terms gives

A+B+C=0A-B+2C=0and —2A=1.

Solving the system simultaneously yields

A= —%,B=%,C:%.

Jt3+?;—2t :f_?zd“rftlfzd“rjt]isldt

=—%mM+

1 1 _
g|n|t+2\+§|n\t 1+cC

23— 8t=2A(t% — 4) = 2t(t — 2)(t + 2)

t+3 _A B C
23-8 t t—2 t+2

t+ 3= 2A(t — 2)(t + 2) + 2B()(t + 2) + 2C()(t — 2)

= 2A(t2 — 4) + 2B(t? + 2t) + 2C(t% — 2t)
= (2A + 2B + 2C)t? + (4B — 4C)t — 8A

Equating coefficients of like terms gives

2A+2B+2C=0,4B—4C=1,-8A=3

Solvi ng the wstem S multaneously yields

A= —= B =—,C=—

16 16
t+3

+ dtff 3/8dt+J’5/16 dt+j”16
2t t+2

S+ 2mnft-2+Xm+2+c
8 16 16

s
2 + 4)3

2 +4s

—4s

_s s

£ s+ 4

7ds:fsds—f;ids
4 s+ 4

=%82—2In(sz+4)+c

-1
2 +1) + 25
s* + &2
-2+ 2s
_2 -1
2s+1
4
Sz+25=52—1+25+1=52—1+ 225 21
s4+1 $+1 g +(1j s+ 1
s"+ 2s 253 S
ds—fs 1ds+f
j52+1 ( ) sz+1

=%3—s+ln(s +l)+tan s+C

15.

16.
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5
X2 + X + 1)5x2

5x% + 5x + 5

—-5x—5

52 _ . 5x+5

X2+ x+1 X2+ x+1

2
X“+x+1 X+ x+1
:5x—5f2)(;1dx
X“+x+1

To evaluate the second integral, complete the square in the
denominator.

2
R x+1=x+x+1+3=(x+1) +
a4 2
fzx;ldx
X+ x+1

f X+ 1 dx

(x + 1/2)? + 3/4

dx + fmjjlzlﬁ X
2 In[(x ' %> ' ﬂ ’ %f (x+ ]J2)2dj- (V3i2)?
e

1 2 1 _1(2x+1
~ L@+ x+ 1) + L tan <—)
2 V3 V3

The second integral was evaluated by using Formula 16
from the Brief Table of Integrals.

Mlw

_f X+ 12
(X + 1/2)% + 3/4

5x2 dx
X2+ x+1
_ 5 2 5 _1({2x+1
=b5x—=In(x*+x+ 1) — ——tan ( )+C
2 V3 V3

X= DO+ 2x+1) = (x— L)(x + 1)?

x2 __A . B C
X—DP+2x+1) x-1 x+1 (x+1)?

x2= A(X + 1)% + B(x — 1)(x + 1) + C(x — 1)
=A0C+2x+ 1) + B(x?> — 1) + C(x — 1)
=(A+BX>+(2A+C)x+A-B-C

Equating coefficients of like terms gives

A+B=12A+C=0andA-B—-C=0.

Solving the system simultaneously yields

aclpg=3c_ 1
4 4 2
J’ X2 dx
(x— 1)(x +2x+ 1)
-1/2
f— dx + w12 dx

1
2x+ 1)

=1In\x—1\+§ln\x+1|+
4 4
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17. (X% — 12 = (x + D)3(x — 1)?
1 A B C D
(x2—1)2_x+1+(><+1)2+x—1+ (x — 1)?
1 =AX+ D(x— 12+ B(x— 1) + Cx + 1)%(x — 1)

+ D(x + 1)?
=AC— X2 —x+1) + B — 2x+ 1)
+CC+x2—x—1) + D>+ 2x+ 1)
=(A+ 0O+ (-A+ B+ C+ D)X
+(-A-2B—C+2D)x+ (A+B—C+D)
Equating coefficients of like terms gives
A+C=0,-A+B+C+D=0,
-A—-2B-C+2D=0,andA+B-C+D=1

Solving the system simultaneously yields

A:l’B:l,C:_l’D:l_
4 4 4 4
J’ dx
(o — 1)?
= [Y4 ax + ]J42dx+ “V4 o+ ]J42dx
x+1 (+1) x—1 x—=1
=ik +1 - T —
4 4(x+ ) 4 Ax— 1)

18. X2+ 5x — 6 = (X + 6)(X — 1)
x+4 _ A B
x2+5x—6 Xx+6 x—1
X+4=AX—-1) + B(xX+ 6)

=(A+B)x+ (—A+ 6B)
Equating coefficients of like terms gives
A+B=1and —A+ 6B=4.
Solvi ng the wstem simultaneously yields
A== B ==

J’2x+4 j2/7 +J’5/7 dx
Xc+5x— 6

——In\x+6\+ |n\x—1|+c

19. Complete the square in the denominator.
rP—2r+2=r?-2r+1+1=(r-1>%+1

2dr _ 2dr _ —1/ _
fr2—2r+2 f(r—1)2+1 2tan “(r-p+cC

20. Complete the square in the denominator.
rP—dr+5=r—4+4+1=0r—-22+1

3dr _ 3dr _ 1.
fr2—4r+5 f(r—2)2+1 Stn “(r-2)+C

21.

22.

23.

B—1=x—-1*+x+1)
X2—2x—2 _ A Bx + C

3 - + 2

x°—=1 x—1 x+x+1
X—2x—2=A%+x+1) + (Bx+ C)x— 1)

=(A+BX>+(A-B+Cx+(A-C)
Equating coefficients of like terms gives
A+B=1A-B+C=-2andA-C= -2
Solving the system simultaneously yields
A=-1,B=2C=1
jwdxz Tl o+ (&L g

x¥—-1 x—1 X2+ x+1
=-Inx—2+Inx®+x+1)+C

X4+ 1l=(x+1X—x+1)
x> —4x+4 _ A Bx+C
3+ 1 x+1 x—-x+1
X2 —4x+ 4= AX° — x+ 1) + (Bx + C)(x + 1)

=(A+BX>+ (-A+B+C)x+ (A+C)
Equating coefficients of like terms gives
A+B=1-A+B+C=—-4andA+C=4
Solving the system simultaneously yields
A=3B=-2C=1
J'x2—4x+4 —f—dx - S

XX+ 1 X2 —x+1
=3Inx+1-In(®-x+1)+C

¥ —2x+12 _ Ax+B_, Cx+D
(X® + 4)? X2+4 (X% + 4)?
3x% — 2x + 12 = (AX + B)(X? + 4) + (Cx + D)

=AC+BX?+ (4A+C)x+4B+D
Equating coefficients of like terms gives
A=0,B=34A+C=-2,and4B+ D =12
Solving the system simultaneously yields

A=0,B=3,C=-2D=0.

- 2x+12 3 —2X
dx +
(@ + 4y X2+ 4 0@+ 4)2
L R g S
2 2 x°+4

Thefirst integral was evaluated by using Formula 16 from
the Brief Table of Integrals.



25.

26.

*+23+2_ Ax+B | Cx+D
(X% + 1)? P+1)  (XP+ 12
X2+ 2x% + 2 = (Ax + B)(X? + 1) + (Cx + D)

=AC+ B+ (A+C)x+ (B+D)
Equating coefficients of like terms gives
A=1B=2A+C=0,B+D=2
Solving the system simultaneously yields
A=1B=2C=-1,D=0.

X34+ 2x2 + 2
7z d
x<+1

jx+ 2 f(xzjrxl)z dx
:szildx+fx2i

=%In(x2+1)+2tan’lx+

X
1 & f(x2 T
1
203 + 1) +C

1

0+ 1)o
0+1
-1

oe+1d9:f _j0+1

-]

=1-1In2

1

02 + 1)p2
02+1

-1
U
0% +1 0%+ 1
2 2

1

fo02+1d0_f do j62+1d9

]

=2—tan 12

27.

28.

29.

Section 8.4

1
dy= [e¥dx=¢€"+C
fy(y—l) Y f
1 _A, B
yy-1) y y-1

1=Aly—1) +B(Y)
=(A+B)y—A
Equating coefficients of like terms gives

A+B=0and -A=1

349

Solving the system simultaneously yieldsA = —1, B = 1.

fy(y i f y ¥ fidy
=—In\y\+|n\y—1|+c2

—Inly+Inly—1=e+C
Subgtitutex = 0,y = 2.
-In2+0=1+CorC=-1-1In2
The solution to the initial value problem is
—In|y\+|n\y—1\:ex—1—ln2.
(y+ T dy = sin 6 do

J(y+ 7 dy = fsm 6 do

——1 - cosp+C
y+1

Substitute x = % y=0.

—-1=0+CorC=-1
The solution to the initial value problem is

——1 - coso-1

1

T cosf+1

1
=1 -1
y cosf + 1

-~ dx
dy_x2—3x+2

X2 —3x+2=(x—2)(x— 1)
1 __A ., B
X—=3+2 x—-2 x-—-1
1=Ax—1) +B(x—2)

1=(A+Bx—-—A—-2B
Equating coefficients of like terms gives
A+B=0-A-2B=1

Solving the system simultaneously yieldsA = 1, B = —1.

_ dx _ [ ax [ dx
J'dy_fxz—3x+2 X — 2 x—1
Inlx—1/+C

y=Injx—2 -
Substitutex = 3,y = 0.
0=0-In2+CorC=1In2

The solution to the initial value problem is

y=Inx—2—Inx—1+1In2
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30 ds _ dt 32. (@) Complete the square in the denominator.
Co2s+2 1P+ 2 , ,

f ds _1£:_|n‘3+1|+c X2 —2x+2=02—2x+1) +1

2s+2 2/s+1 ,

2+ 2t=t(t + 2) =(x-1)°+1

— _1)2
21 :A+ B =1+(x—-1)
tP+2t t t+2

1= At +2) + Bt

Let u = x — 1 s0 du = dx and then use Formula 17

withx=uanda = 1.

—(A+B)t+2A
J dx _f du
Equating coefficients of like terms gives C—2x+22 Ja+u)?
_ u 1., -1
A+B=0and2A=1 e T utc
_ Xx—1 1 —1y
Solvmg the system simultaneously yields A % B= —%, T 2@-xt2 2@ x-n+C
J‘1/2 C (2
t2+2t t+2 d X 1. _1X
() L {— 2 tan —+c}
=Yg -t +2+ c, dx | 2a%a% + x%) = 2a° a
. ST _ i@+ -x], 1] 1a
E|n\s+ 1\=E|n|t\—§|n\t+2|+c3 27 @ +x 2a3| 1 + (x/a)?
2 2 2
Inls+1 =Inl—Inft+2 +C —_a-x 1/ a
‘ ‘ H | ‘ 2a2(a2+ X2)2 2a4 a2+ X2
Subgtitutet = 1, s = 1. _1[ a®-¥ 1
2a%| @+ x3)? &’ + X2
IN2=0-INn3+CorC=In2+In3=1In6 - )
- ] -
The solution to the initial value problem is 22| (@2 +x9)7| (@ +x%)?
2.5 2.5
= — 9 dx
Inls+ 1 =Inf —Inft+2 +1In6 23 Volume=f 7(3 o 2) dx = 9r X
0.5 X — X 05 3X — X
'n‘”l‘_'”‘wz‘ 3 — x2=x(3 - X)
+1) = >
‘S 1| ‘t+2 1 :é+ B
x-x2 x 3-x

31. (a) Complete the squarein the

denominator. 1=AB - x) + Bx

5+ 4x — x?=5— (x* — 4x) =(-A+B)x+ 3A
— (X2 — 4x + 4) Equating coefficients of like terms gives
— (x— 2)? ~-A+B=0and3A=1

Let u= x — 2 so du = dx, and then use Formula 18

Solving the system simultaneously yields A = % B= %

25 25 25
withx =uanda = 3. WJ dx zgﬂf %Jrj dx
o5 3x— X2 o5 X 05 3—X

j dx _ du 25 25

ST Jo = 3| x| | -3« )
1. lu+3 05 0.5
== +
sMu—al € =37(In25—In05— In05 + In 2.5)
“lnXtlic
6 Ix-5 =37rIn25=6x7In5

d/ 1 X+ a

—= +

(b) dx(Zalnx—a C>

1d

_1d + _

L dx(| nix+a —Inlx aj)

-1/ 1

2ax+a X—a

_ 1 X—a _ X+a

2al (x+a(x—a (x+akx-—a)

_ 1 _ 1

T2 @2



[ 2

_ 1 x dx

- 47TL x+ 12—
X __A B

x+1)2-x x+1 2-x

x=A2-Xx) +BXx+1)

=(—-A+B)x+ (2A + B)
Equating coefficients of like terms gives
—-A+B=1and2A+B=0

Solving the system simultaneously yields A = —

W=

47Tfl X dx

o X+ 1(2—-X)

:4—Wfl —dx [T 20K
3\ x+1 0 2—X

= ([ mbes o] + [z -]

— 4T n2+2Ing) =47In2
3 3

35. y=3tan g, dy = 3 sec’ 6 do, —%<9<%

9+y?=9+9tan’ 9 = 9sec? 6
f dy 7[339020
Vo +y2 3 secq|
sec 6 do

=Injsecd + tan 6| + C,
:ln‘L*szrX‘Jrc

3 3
=In[V9+y*+y -In3+C,
=In[V9+y?>+y/+C

Use Formula 88 for fsec 0 do withx =60 anda = 1. Use

Figure 8.18(a) from the text with a = 3 to get

V9 +y? = 3secH|.

o
Il
wIn
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36.t=5sn6,dt=5cos6 do, 7%505

ISTE|

25 —t?>= 25— 25sin?9 = 25 cos’ 0
JVZS— t2dt = IS‘COSG‘ (5 cos6) do
= 25f00520d0

_ 25f1+00529 do

_ 250, 25sin2
2 4

——9+%smecose+c

+C

o5 — 2
—Bgptly BHVB-L, ¢
2 5 2\5 5
\/ 95 — t2
fz—zssm é+7t 252 Yic

Use Figure 8.18(b) from the text witha = 5and x = t to

get V25 — t% = 5cos 6.

37. x:%seca,dx:%secetanedo,0§0<%

4x% — 49 = 49 sec? § — 49 = 49 tan? 6

J’ dx _ [7/12sec 6 tan 6 do
Va2 — 49 17 tan 6|
1
= | =sechdd
3

=Ynlseco + tand| + C
2 1

Va2 —
:lm §+M + C
2 |7 7 1
= Znx+ Vad—49 - 2in7+ ¢
= ZInjx+ Vad—49 +C
Use Figure 8.18(c) from the text with a = %to get
49

- ="Ltane.

N~

4
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38. x=tan 0, dx = sec? 6 d9, — <0<E

x>+ 1=tan’0 + 1=sec’0

J’ dx _ [ sc?0dg

X2Vx2+1 tan? 6 [sec 6|
sec 6 df
tan? 6

7f cosB
sin? 9

f (sin6)"2 cos 6 do

—(sng)"t+C

=-cx0+C

V 2
_ _ 1+X+C
X

Use Figure 8.18(a) from the text with a = 1 to get
\/ 2
csc 6 :ﬂ_
X
39. x = sin 6, dx = cos 6§ d, —%<0<%
1-x2=1-sin?6 = cos? 6

J' X3 dx fsm 6 cos 6 do
B |cos 6|

:fsin 0 do

=f(1—c0529)sin0d9

—cos 6 +%cos30 +C
= cose(—l +%cos2 0) +C

=V1-x —1+%(1—x2)}+c

_ V1@ Vi
3 3

Use Figure 18.8(b) from the text witha = 1

toget V1 — x° = cosé.

42. w=2sin6,dw=2cosé df, —%<0<z

40.x:sec9,dx:sec9tan0d9,059<%

X2 —1=sec?6—1=tan?6

J’ 2 dx _ [2secHtan 6 do

21 ) secColtand|
dee

:fzcoszede

= f<1+ cos 20) do
_ 1
—9+§sm20+C

=60 +sinfcosh + C
2 _
7Vx1(1)+c
X X
Vy2 —

=sec*1x+x)(721+c

=sec ix+

. z:4sin0,dz:4cosed0,0<0<%

16 — 22 = 16 — 16 Sin? 0 = 16 cos? §
J’\/16—22

z

dz

|4 cos 6] (4 cos ) df
4sin6
2
4905 9d0
sin@
— A gn?
_[4 flsm 6d6’
sin
= [@acsco - asng) o

= —4In\csc¢9+cot0\ +4cos6 + C
\/16

_ 2
—4n |4 4(\/16 Z>+c
4
= —4In 7216_2 +V16 -2+ C

Use Formula 89 with a = 1 and x = 6. Use Figure 8.18(b)

from the text witha = 4 to get

\/ A/ _ 52
cscezi,cote— \zl andcose—%.

2
4—w2=4—4sin%0=4cos?6
J 8 dw _ 8(2 cos 6) do

) 4sin?6 |2 cos 6|
2csc? 6 do

=—-2coth + C
_N\/A4 — w2
_—2V4A-w +C
w
Use Figure 8.18(b) from the text witha = 2 and x = wto

— w2
get cot 6 = —“‘WW.



43 —
&= VX2 -9

x=3sec€,dx=35:ec€tan6d0,0<0<%

x2—9=9sec?9—9=9tan?6

3secH tan 0 do
|3 tan 6|

=fsecod0

:In\sec9+tan0\+c

\/X -

=In|X

3

Subgtitutex = 5,y = In 3.
In3:ln<§+g>+CorC=O

The solution to the initial value problem is
\/x——g‘

=In X
3

44. (x2+1)2%=\/x2+1
_ dx
dy7(x2+1)342
x:tane,dx:seczede,—%<0<%

X2+ 1=tan?0 + 1= sec?6

_ dx
y—f_(xz+13/2
_ (sx<?6dg
[sec® 6|
cos 0 do
=snf+C
=X _+cC

VX2 + 1
Substitutex = 0,y = 1.

1=C

The solution to the initial value problem is

y=—2_+1

VX2 + 1

47. (a)

Section 8.4

45. Forx=0,y=00n][0, 3]

V—X

Area= f
x=35m6,dx=30059d0,0565%

9-x2=9-9sn%0=9cos?9
Whenx:O,BZOandwhenx:S,G:%.
31/g _ 2 772

J#dx=J M3cosed0
0 3 3

077/2

= f 3cos? 6 do

° /2

3J 1+ cos26
(0]

2
. 72
_ 3[2 4 Sin 20]

de

1 2 1
2 dx
46. V0|ume = J;) 7T<l T X2> dX = 47Tf m

353

x=tanf, dx=sec’0dh,0=0=7=" (S|nce0<x<1)

1+x2=1+tan?0 = sec? 0

Whenx=0,0 =0andwhenx=1,0 =

J»l dx _ Jﬂ'/4 Sa(:29 dg
b 1+x32 Jo sec?6

m
T

l4
= f cos? 6 do
0

7l
=J‘ 1+ cos 20 a0

2

1 sin 20
=|=0 +
2

4

0

ks
8
Volume = 477(% %) = 77(% + 1) ~ 8076

dx

(1000 — x) _ 250
1 A B

X(1000 — )  x 1000 — x
1 = A(1000 — x) + Bx

= (=A + B)x + 1000A

Equating the coefficients and solving for A and B gives

-1 g__1
1000’ 1000
f dx _ f (2/2000) dx I (1/2000) dx
X(1000 — x) 1000 — x
= — nx——In(lOOO—x)+C
1000 1000
=L n + C,
1000 1000 —
i n X = L + C
1000 1000 — x 250 2
In # =4t+C
1000 —
X e4t+c Aeit

1000 — x
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47. continued

Whent =0, x = 2.

(b)

©

48 W =

i = A or A= i
998 499
_x 1
1000 — x 499
x = 10004t X 4
499 499
4t At
x(1+_)= 1000e
499 499
_ 1000e*
X= 200 1 o
499 + €
orx= - 1000
1+ 499
500 — 1000 .
1 + 499
1+ 499 4 =2
e L
499
t=-2int <1553
4 499
Half the population will have heard the rumor in about
1.553 days.
dx 1
— = —X(1000 — X
dt 250 ( )

% will be greatest when y = x(1000 — X) is greatest.
This occurs when x = 500 which occurs when
t = 1.553 as shown in part (b).

2X

1

2
“ox \2
ds = /1+<i2> dx
1-x

[X+22+1
(1-x3?

2
_ x+:;dx
1-x
2
= X lxforo=x=2
xc—=1 2
1/2 2
Arclengthzf (—i;ri)dx
o —
1
X2— 12+ 1
x2—1
2
2
_x2+1:_1_ 22
xc—=1 xc—1
2 A n B

-1 x—1 x+1
whereA=1andB= -1

J']JZ
(o]

2 1/2
(—X2+l>dx:j (—1— t 41 )dx
x—1 0 x—1 x+1
12
fxfln|x71|+ln\x+1|]

—In1+ln§
2 2

0

49. (a) From thefigure, tan

X _ _ sinx

2 14 cosx
sin x

1+ cosx

Z(1 + cosx) = sinx

(b) From part (a), z=

Z%(1 + cosx)? = sin®x

z%(1 + cosx)? = 1 — cos?

X
Z%(1 + cosx)? — (1 — cosX)(1 + cosx) = 0
(1 + cosx)(z? + z°cosx — 1 + cosx) = 0
(Z2+ 1) cosx=1-27°

_ 2
cosx = + 22
1+2z

1+cosx=0 or

cosx=—1

cos x = —1 does not make sense in this case.

g2
+ Z2

(c) From part (b), cosx = 1

2 2

sin©x = 1 — cos” x
:1_(1_22)2
(1+2%?
1+2729?-1-2%2
1+ z%?
1+222+ 24— 1+222- 74
1+ 29?2

_ 4
1+ z9?

2z

snx = =* 5
1+z

2z

1572 makes sense in this case.

Only sinx =

— X
(d) z=tan >
dz = (1 sec? 5) dx
2 2
dz = 1(1 + tan? 5) dx
2 2
dz = %(1 + 72 dx

2dz

dx =
1+ 22




2dz

so.f o
1+ snx

51. f%-

j 1+ 72
- 2z

1+1+zz
_j 2dz
2+2z+1

2dz 2

= 2 +
(z+ 1) z+1

= ., ¢
tan- + 1

2dz
1+ 22

1+22

Il
—
&

52. J 1—d2in9 -

1+z
53 [— % [ — %
“J 1+dnt+cost 2z 1-272
1+ +

2dz

1+2°2 1+7°

_ dz
z+1

=lnjlz+1+C

=In\tan%+1\+C

Chapter 8 Review

m Chapter 8 Review Exercises
(pp. 454-455)

1
1. Iim In(1+ 2) _ =lim !
t-0 t-0 2t

—oofort—.O+

The limit does not exist.

tan 3t IIm3sec 3t _3

"iLotan5t t.o5sec?5t 5

. Xsinx . XCOSX+ sinx
lim =lim

x-01—COSX x_o0 sin x

=lim
X0 COS X

4. The limit leads to the indeterminate form 1%.

f(x) = x¥a)

In x

x-11—-Xx x,1-1

lim xY09 = |im &nf® = g1 = 1
x-1 X-1 e

5. The limit leads to the indeterminate form <.

f(x) = x¥¥
Inf(x):m—x
lim "X = jim ¥X = o
X— o0 X X— 00
lim x¥* = lim "0 = =1
X— oo X— 00

6. The limit leads to the indeterminate form 1”.

f(x) = (1 + g)x

3 In<1+§>
Inf(x)=x|n<1+;>= T
X
_ 2
In<1+§> 13/)3(/ 3
lim XL = i 223X < im X =
X0 1 Xooo L Xooo X+ 3
X X2

X
lim (1 + ;) = lim nf0 = &3

X — 00 X — o0

Cosr

7. lim === = 0since|cosr| = land Inr - asr - .
nr

roow |
a

0— —

=owfort-0 and

—XSNX+ COSX + COSX

1

8. lim (9—E>secoz|im 2 _ lim
0 ml2 2

0-ml2 COSO g_ g2 —SING

355
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. 1 1 . Inx—x+1 T X 1
— )= —= = - 17. lim ==~ = lim =lim =1
9‘ l'ﬂ(x—l Inx) "ml[(x-l)mx] Mg M T Am e
1 9 f grows at the same rate as g.
= lim %
X1 +1Inx X
18. lim F — jm X0 _ iy & _
. 1—x x- 0  xow X€ X0 100
zllﬂx—1+x|nx fgrO\stasterthang
—lim——2% -1 19. lim 1% — im X — =wsince
Xﬂ11+x/x+lnx 2 X— 9(X) T xaw tan Ix
limtan~tx=Z and lim x =
X000 2 X— o0
10. The limit leads to the indeterminate form ocC. f grows faster than g.
) _ oo oscix
1\* 20. lim =lim
f(x) = (1 + ;) %o O xooo  LUX
1
XVx2 — 1
Inf(x) = xIn(1+ 1) =NE*+1x =lim
X 1/x -1
X— oo -
—1Ux? x
. In(1+ 1x) L1+ Ux . X )
lim —=——= =|im =lim —=0 -
X 0" x xo0t —1%  xlorx+1 >|<Lno10 C—1
i N nfe) _ 0 =lim |-X
I|m<1+—):I|me' =eP=1 oo VX2 —1
x-0" X x-0" 1
=lim |——=1
11. The limit leads to the indeterminate form Q°. x—ee V1= 1Ux
£(6) = (tan 6)’ f grows at the same rate as g.
- _ In (tan 6) 21, lim £ _ jjp X
Inf(6) = 6 In (tan 6) e om0 xoo X|092><
soc? 0 = lim xInx ~ 106
. In(tane) T tan 6 X 00
lim = lim _ — (Inx)/n2
'\ ] = lim X"
X-0 X-0 —? Yoo
02 = lim X(Inx)(l - UIn2)

=i - X — 0

x-0" Sinfcosf = lim
X— 00

—lim ——20  _ Notethat 1 — —— < Osinceln2 < 1.
x-0" —Sin? 6 + cos’ § In2

(Inx)(UIn2 — l)
m(

f grows dlower than g.

I|m (tan9)9— I|m dnfl) =d=1

X
22. lim ¥ — jim F =lim % lim (%) = Osince§< 1

12. lim 625 1 li sint lim 908t _ X 00 xoco X X—00

-6'”;‘0 sniy —t'%l—tz _tlo*—Zt = f grows slower than g.

3x? L 3% —6x_ .. BX—6

13. I|m27=l|m = lim = 23 IImf(x) Imln2x_|mInx+|n2:|im£:1

xom XEHX=3 xow XL xlw 4 Txow U xeow INXE yow  2InX X 2X 2
14. lim 3x X+1—I|m 6X — —lim 6 —0 f grows at the same rate as g.

7_ .3 3 2 2
X X0 — X2+ 2 oo X 3x X oo 12X — 6X 3 2
24 lim f® iy 10+ 27

) _ 1 oo 900 xooe
15. lim im-=—== 2
X—o X))  xoo 5X 5 = Iimw
f grows at the same rate as g. T?m 60X + 4
=lim
Xooo €
. . log, x . _ i 60
16. lim ) _ lim % X _ (Inx)/(In2) _ In3 = lim > =
x=o0 000 xoo 10ggX  xLo (INX)/(IN3)  In2 X-co €

f grows at the same rate as g. f grows slower than g.



25.

26.

27.

28.

29.

30.

31

32.

33.

-1

lim 10 — jjm (1)
oo JX)  xooo 1x

_y—2
a0
m =

X— 00

=lim ! =
xooo 1+ (1X)?

f grows at the samerate as g.

lim (0 — jjm S0
X 90 xow (X))
1 -2
——(—x79)
. VI- WD
X— 00 —2X
=lim—2 =
X- 2V1 — (1%)?
f grows faster than g.
. . pSnx g (In 2)(cos x)25"X
a) limf(x) =lim = lim =
()xao() x-0 €—1 X0 e
(b) Definef(0) = In 2.
(@ lim f(x) =1lim xInx
Xx-0" Xx-0"
=i In_x
x-0" /X
. 1/x
=lim
X-0" —1Ux?
=lim (-x) =0
Xx-0"
(b) Definef(0) = 0.
11
o2t a 1
lim X =lim <1+—2):151
X—00 — X—0oo X
X2
True
1.1
lim XX = [im (2 + 1) = o
X—o0 i X— o0
X4
False
lim —lim—1 =1+0
Xoo XHINX xooo g 1
X
False
_1
xInx
lim 000X gy 2% i L=
X INX X 00 Xooo INX
X
True
tan 1 x
lim =77
X s 00 2 2

True

35. i

36. li

37. i

38. i

39.

Chapter 8 Review

1
4
lim—_ —lim,X_=0=1
Xﬁooi+i Xﬂocx +1
x2 x4
True
1
=
lim —< = lim 2 =0
Xﬂool+l Xooo X +1
x2 x4
True
1
lim "X~ |im X = 0
Xaoox+ xﬂxl
True
1
lim "2 _ jim X =1=1
Xooo INX xaool
X
True
lim 99071X:1<Z
X 00 1 2 2
True
x=35in6hdx=3c059d(u?,—ESBSz
2 2
f dx :'[3C030d0
Vo -2 I3 cos 6|
= [
=0+ C
—sntlsic
3
3 b
J’ dx :”mf dx
0 vVg—x2 b-3 70 \Vg—x2
b
= lim [sinflﬂ
3 3]y
—lim (sntR)=7
.3 3 2
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40. u=Inx dv = dx = b
43J 22dx =I'mJ 2 dx
1 3 X°—2X b3 X(X—2)
du = =dx V=X 5 A 5
" ==+

J'Inxdx=xlnxffdx:xlnxfx+c x-2) x x-2

1 oa 2=AX—2) +Bx=(A+B)x— 2A
f Inxdx =lim In x dx
(0]

b-0" b
= lim [xlnx—x]1 whereA= —1,B=1.
b-0* b
i © 2dx P
Jim (-1 binb+ ) s —im [ (55t
_ Inb
LT = lim [*In|x\ +|n\x+z|]
1/b - 3
=-1-Ilim —
b-0" ~1b° = lim { ]
b-oo
=-1-lim (-b)= -1
. .0 = lim (In ) In3
dy _ dy dy b oo
4. | 2= L+ | 2
Ll IVE Ll VE jo 23 b
o b 3 — 3x—1
d i ~2/3 . —
J'*lw_t!irg’ffly dy “ 1 4X3—X ox = r')'f'l 1 X3(4x — 1) o
b
= lim [3yilj3} 23X—:|. __A +E+%
b-0" 1 X(4x—-1) 4x-1 x X
N H 1/3 —
=im [307 43 =3 3 — 1= AC + Bx(4x — 1) + C(dx — 1)
1 1
@& —23
oy t!Lrg*J;) y oy =(A+4B)x° + (-B+ 4C)x — C
= lim [3y }
b-o0" b whereA= -4,B=1,C=1
=blirg+[3—3b1’3]=3 - ) \ -
1 B 4X§_de—llm <_4x—1+§+?>dx
| % -3+3=6 . b
-1y

1 b
=lim [fln lax — 1) + In|x — —}
b X 1

0] -1 {0}
do do do
42 L 0+ 1)3’5 Lz 0+ 1)3’5 Ll 0+ 1%

:”mon

b- oo

b _ 1 ih3+1
4b -1 b

-1
jz <0+1)% bﬁ m- 2(0+1)3’5

m [
{ 0+ 1)2’5}
im [2

=In1+ln3+1=ln§+1
4 4

45, u = x? dv = e X dx
(b+ 125 — —} -5
2 du = 2x dx v=—e X
0
J L0+ 1)3/5 = lim | L o 1)315 fxze*X dx = —x% X+ f2x e X dx
[5(9 " 1)2/5} u=2x dv = e X dx
2
du = 2 dx v=—e*
E b+ 1)25} 2
. sze‘x dx = -x%X—2xe X+ JZe‘X dx
do 5
_ 49 __ _5.5_
J'—z 0+ 1)3’5 2 2 0 = -—x%X-2xeX-2e ¥+ C

0 b
f x%eX¥dx =lim | x% *dx
0 b-w Y0 b

=lim|-x%eX—-2xe X -2 e*X]
b o
. b> 2b 2
=lim|-—F-5—5+t2|=2
boo| € € P ]

0



46. U= X dv = e dx
du = dx V= 193X
[reax =3 fl

:% x e — 1 e*+C

0
f x e dx = lim f x e¥ dx
o b
0
= lim |ixe¥ — L
bo—w |3 9 b

=lim |1 -lpe 4 Lo = 21
9 3 9

bo —oo 9
34—
a7 24t t21 5+§2+ C +D2t+E
(- 1E*+1) ot ot t—1 t?+1

43 +t—1 = At — 1)(t? + 1) + B(t — 1)(t2 + 1)

+ Ct4t2 + 1) + (Dt + E)t4t — 1)

=A+C+Dyt*+(-A+B—-D+Et®

+(A-B+C-Et’+(-A+B)t-B

Equating coefficients of like terms gives
A+C+D=0,-A+B-D+E=4,
A-B+C—-E=0,-A+B=1and-B= -1
Solving the system simultaneously yields

A=0,B=1C=2D=-2E=1

as+t—-1
t2(t — D)%+ 1)

gz"'det +J’—2t+1dt
t t—1

2+ 1
dt, (2dt _ [ 2tdt 1dt
2 Jt-1 2+l Je+1
:—%+2In\t—1|—In\t2+1|+tan’1t+C

=-1 In(t D tanlt+C
t 241

r’ a3+t-1

_mtz(tfl)(terl)

_f 4%+t - f" 43+t-1

w 2t — 12+ 1) 1) 1ttt — )2+ 1)
J”z a3 +t—1 fl a3+t-1
o t3(t— )%+ 1) w2 At — 1)t + 1)

+J2 ad+t—1 F ad+t—1
1 - D2+ 1) bttt — D2+ 1)

48.

49,
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Note that the integral must be broken up since the integrand

has infinite discontinuitiesatt = 0andt = 1.

fo at+t-1
Sttt — (P + 1)
_lim fb 4t+t-1
b-0" 71t2(t71)(t2+1)
b
D2 | tan 1t}
+1 1

o 1 (b — 1)?
=lim [—-=+1In
baof{ b b2 +1

=lim | —= + In-—>—- (t
b-0"

+tan !

b-1-In2+ } o0
4

Since this limit diverges, the given integral diverges.

J’“ 4 dx J’ 4 dx r’ 4 dx
o X2+ 16 x2+16 Jo x2+ 16

j24dx = tan~ 1X+CusmgFormuIa16W|tha 4
Xc+ 16

JO 4dx _ f° 4 dx

—e X2+ 16 b -0 dp X2+ 16

0

—I|m [tan 1X}

4b
= lim ‘1b E

bo —x

J’“’ 4dx j 4 dx
o X2+16 M X2+ 16
il
—Ilm( )
b—v:}C

m
2
J' 24dX L
e X?+16 2 2
. . . 1
Use the limit comparison test with f(0) = and
VeZ+1
g(6) = 1. Both are positive continuous functions on [1, ).
\/ 2
|Imf(0) = lim 0 —Ilm 1+—
0o g(@) 6o [/
Smcej1 g(6) do = de
= Ilmj ld9
= lim [In 9}
b 1
=limInb
b
= 0

we know that | g(6) do divergesand so [ 1(6) df

diverges. This means that the given integral diverges.



360 Chapter 8 Review

50.

51.

52.

Evauate f e ¥ cos x dx using integration by parts.
dv=e *dx

v=—e X

U = CoS X

du = —sinxdx

fe’x cosxdx = —e *cosx — fsin xe *dx
Evaluate f sin x e * dx using integration by parts.
dv=e*dx

X

u=snx
du = cos x dx V= —¢e
fsinxe‘xdx: —e *sgnx+ Je‘xcosxdx
fe*" cosxdx = —e *cosx+ e *sinx — fefxcosxdx

2fe*X cosxdx=e *snx— e *cosx + C,

e Xsinx — e X cosx
2

fe‘xcosx dx = +C

0 b
f e Ycosudu=1lim | e *cosx dx
0 bow 0

=lim

b oo

2 0

—bh _ —b
— lim |8_Snb—e"cosb , 1
2 2

b oo

[e’x sinx—e % cosx}b

-1

2
Note that we cannot use a comparison test since

e *cosx < 0 for some vaues on [0, «).

n[e, =)
b
. dz . b .
=lim | —==Ilim[In =lim(Inb—-1) =
bﬂxJ‘e z bﬂm[ M]e baoo( )
Since this integral diverges, f % dz diverges, so the given
e

integral diverges.

€ —t
0=—=¢€e"'0on[l, »
Vi
00 b
etdt=lim | etdt
1 boow Y1

Since this integral converges, the given integral converges.

e dx

53 J'e +eX_J"X(e +1)_j

Letu = €* du= e*dx

J'e +eX_J'u +1

(e +1

anlu+C=tanteX+C

f ex-t-eX

—X

an-leb) =7
4

J' ex+ex_f ex+ex
0 dx — i JO dx
we&&+e X pL_wh E+e
. 0
=lim |tan e
Jim e
—I|m<
b —oo
[ —im [
b & +e b%coe+e’<
—Ilm[ _1ex]
[
—Ilm(
[
=T_T_7
2 4 4

Since these two integrals converge, the given integral

converges.

54. Theintegral has an infinite discontinuity at x = 0.

J’w dx
—eo X1 + &)

-1
d
:j 2, X><+
% X911+ €)

fo dx
-1 X2(1+ )

. dx
* fo X2(1 + &)

0= 4 2 &) (1+ex)

1 dx

Ax2

on (0, 1]

—= =1
bo+ 42 plor

Since this integral diverges, f

given integral diverges.

© dx
* J; X2(1 + €

sincel+ e*=4o0n(0,1].

11_ 1,1
—— | =lim |-—=+
4X]b i |5l

W diverges, so the

55. X2 — 7x + 12 = (X — 4)(x — 3)
x+1 _ A | B
X2—7x+12 x—4 x-—3

2X+1=AKx—-3)+BXx—4)

=(A+B)x—3A—4B

Equating coefficients of like terms gives

A+B=2and -3A-4B=1.

Solving the system simultaneously yieldsA = 9, B = —7.

9 dx

—7 dx

J’ 2xX+1

X2 — 7x + 12 X — 4

X—3

=9Injx—4 -7Inx—3+C



56.

57.

58.

8 _ A ,B,C,D

¥x+2) x+2 x X X

8 = AX® + BxX3(x + 2) + Cx(x + 2) + D(x + 2)

= (A+ B)x3 + (2B + C)x? + (2C + D)x + 2D
Equating coefficients of like terms gives
A+B=0,2B+C=0,2C+D=0,and2D =8
Solving the system simultaneously yields

A=-1,B=1C=-2,D=4
ﬁ(ic-t(z) fx+2 jd_:+f7>2<2dx+f%x

:—In\x+2|+ln\x\+§—

2
Z+cC
X2

3+t =t(t? + 1)
3t°+4t+4 _A_ Bt+C
3+t t t?+1

32+ 4t +4=A{t?+ 1) + (Bt + Ot

=(A+Bt?+Ct+A
Equating coefficients of like terms gives
A+B=3 C=4andA=4.
Solving the system simultaneously yields

A=4B=-1,C=4

J'3t2+4t+4 4dt+f —t+4,
34t t2+1
Zjﬂ_ftdt 4t
t2+1 t2+1
=4Inl| -

t4+ 42+ 3= (> + 3%+ 1)

1 _At+B _ Ct+D
t?+)t>+3) t°+1 t>°+3
1 = (At + B)(t? + 3) + (Ct + D)(t? + 1)

=A+Ot*+B+D)t?+ (BA+C)t+3B+D
Equating coefficients of like terms gives
A+C=0,B+D=03A+C=0,and3B+D =1

Solving the system simultaneously yields

A=0B=1C=0D=-1
2 2
dt 1/2 1/2

= dt — dt
f(t2+3)(t2+1) t?+1 t2+3

1 1 1 1t

==tan "t———tan ~—+C

2 2V3 V3

Evaluate the integrals using Formula 16, with x =

in the first integral and a = V/3 in the second.

%In(t2+ 1)+ 4tant+C

59.

60.
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1
X2 — x)x3 +1
X3 - X
Xx+1
x3+1 X+ 1 X+ 1 X+ 1
x3—x_l+x3—x_l+x(x2—1)_1+x(x71)(x+1)
Xx+1 _A
x(x—l)(x-&-l)ix x—1 x+1

X+1=AX—-1D(X+ 1) +Bx(x+ 1) +Cx(x—1)
=(A+B+0Ox>+(B-Cx—A

Equating coefficients of like terms gives

A+B+C=0,B-C=1and -A=1.

Solving the system simultaneously yields

A=-1,B=1C=0

f);fidxz fdx— f%

=x—In{+Inx—1+cC

X
X2 + 4x + 33 + 4x2

X3 + 4x% + 3x

—3x
X+ 42 -3 _ —3x
X2+ 4x + 3 X2+ 4x + 3 X+ D(x+3)
—3x __A I B
x+D)x+3) x+1 x+3

—3x=AXx+ 3) + B(x + 1)
-3 =(A+B)x+3A+B
Equating coefficients of like terms gives

A+B=-33A+B=0

Solving the system smultaneously yleldsA—g B=-=.
X° + 4x 9/2
fmdx—fz pO- [
—E+ In\x+1|f |n|x+3\+c

N ©
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61.

62.

_ % 0002 dx
y(500 — y)
1 A B

— ="+
y500—-y) y 500-y
1 = A(500 —vy) + By

= (B — A)y + 500A

1 1
whereA= — B=—.
ere 500’ 500
f dy fﬂSOO L [s0 g
y(500 —y) 500 —y
1 1
=a nly — —In\500—y\—|rcl
=iln‘ y ‘+C
500 |500—y| 1
LY | +c, =0002x+C
500 |s00—y| 1 2
n‘ y ‘:x+C
500 —y
Y=k
500 -y e

Subgtitutex = 0, y = 20.

Q—ke ork—i

480 24
y _ 1

500-y 24

24y = 500e* — ye*

(e* + 24)y = 500¢e*

_ 500¢€*
y_ex-r24
_ 500
Y= 1t e
dy _  dx

v2+1 x+1
ENE
y2+1 x+1

tan"ty+C, =Injx + 1| + C,

tan"ly=Injx+ 1 +C
Substitutex = 0,y = —
tan 1T =C

4
tan ly=Inlx + 1| + tan™ 1%
y=tan<|n|x+1\+t %)

63 y=Ltand, dy = ~sec2fd, T <g<T
3 3 2 2

1+9y%=1+ta?6=sec?0
f 3dy _ (sec®9dg

jsec |
sec 6 df

=In|secd + tan 6| + C
=In[V1+9?+3y+C

Integrate by using Formula88 witha= 1andx = 6

Use Figure 8.18(a) from the text with a = %

64. t=2sing,dt==coshds, —T=0=
3 3 2

N3

1-9t2=1-sn?6 =cos’ 0
JVi—e?a= f\cos(9|<% cosO) do

=f%co529d9

:j1+00520 a0

sin 26
+C
12

+sm9(:050 +C

6
71 \/1 — o2
- 3t 3t 1 ot e

n13t+ t\/l ot +C

Use Figure 8.18(b) with a = % and x = t.

+

mcnlcz:m\q:

G:Ib—\

65. x=§sec€,dx=gsec0tan0,050<%

25x2 — 9=9sec?f — 9=9tan? 6

J' 5 dx J'3sec0tan0d0
V252 — 9 3ltan 6|
= fsecede

=Inlsecd +tan 6| + C,

\/ 2 _
%-F—ZS); 9‘+C

=In(Gx+ V25x° — 9) + C

=1In

Integrate by using Formula88 witha = 1and x = 6

Use Figure 8.18(c) witha =

ullw



66.x=sin6,dx:cos(9d0,—%sasg
1-x2=cos?6
42dx _ [4sin®6 cos6
232 de
1-x9) |cos® 6]
_ (41 — cos* )
J cos’ 6 do
=jm$60—®de

67.

=4tanf — 40 + C

=& _ _ssnlx+cC

V1-x?
Use Figure 8.18(b) witha = 1.

Forx=0,y=00n(0, 1].

Volume = fl m(—1Inx)? dx
——wf (In%)2 dx
-wnn1f (In%)2 dx

Evaluate f (InX)? dx by using integration by parts.

u = (Inx)? dv = dx
du —mdx V=X
X

J(Inx)zdx:x(Inx)z—JZInxdx
Evaluate f 2 In x dx by using integration by parts.
u=2Ilnx dv = dx
du=gdx V=X

X
JZInxdx:ZxInx—dex:lenx—2x+C

Janx? de=x (%2 - 2xInx + 2+ ¢

1
Area =7 lim [x(ln X)? = 2xInx + ZX]
b

= 7 lim [2—-b(nb)?+ 2bInb — 2b]
b-0*

. In b)? . 7inb
=27 — lim ZUNO° 4 5 pim
b_o" b b-0*
. /b
=27 — lim kil
4 b-0" —1/0? _o" —LK?
2a(Inb)
= — lim + 2I|m b
b0 —Lb (=b)
2m/b

= —lim == + 27 — lim 27b =27
b_o+ Ub? b-0*
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68. For x =0,y = 0on [0, ).

o b
Area = f xe Xdx=1lim | xe *dx
(0] b-w 0

Evauate f xe X dx by using integration by parts.
u=x dv = e *dx

du = dx v=—e*

fxe*X dx = —xe X + Je’x dx=—-xe*—e*+C

b
Area = lim | —xe *—e ¥
b— oo 0

=lim [~be™® — 7P + 1]

b- o

. b
—lim =< +1
bo oo €

o1
“limE+1=1
bLnJC e

69@y%=ma—m2

dx
(a—x?
—ﬂm kt+C,

J‘(a—x)z
1

—617)(JFC2:ktJrCl

L1 —w+c

a—x

Substitutex = 0,t =0

1_¢

a

L o+l
a—X a

1
=a—X
kt + 1/a
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69. continued
dx _
(b) Py k dt
®__— [kat=k+cC,

@-xb-x
1 A B

@-0b-% a-x b-x
1=A(b—-x)+ Ba—x

=(-A—B)x+ bA + aB
Equating coefficients of like terms gives
—A-B=0adbA+aB=1

Solving the system simultaneously yields

1
a—b
—1/(a—b) U@-h)
j(a—x)(b—x) a—x dx+j b—x ox
_lInla=x _Inb—x
= — +C,

A= ,B=

a—b a—b
1 a—Xx
= +
a—blnb— C2
In +C—kt+C
a— b —x
In2=X = (a— bkt +
nb—x (a— bkt +C
a— X _ pela—bkt
b—x

Substitutet = 0, x = 0.

a_p

b

a—X_ a(a-bkt
==¢

b-x b

ab — bx = abe@ DK — gxe(a-blkt

x(ae@ DK — ) = ah(e@ DK — 1)

ab(e@ "M — 1)

X= @R _p

bkt
Multiply the rational expression by %.

ab(eakl _ ebkt)

X =
ae?k — pehkt

Chapter 9
Infinite Series

m Section 9.1 Power Series (pp. 457-468)

Exploration 1 Power Series for Other Functions

L1-x+x2—x3+ 4+ (=" +

2.x— X2+ =X+ o+ (DXL

3L+ 2x+ P+ 83+ + ()" +

4.1—-(x— 1)+ (x— 12— (x— 13+
+ (—)"x— )"+

1 1 1 1

5.5 3™ —113 5k - 1)? - Fx - 13+

+<—§) (x—D"+

This geometric series convergesfor —1 < x — 1< 1,

which is equivalent to 0 < x < 2. Theinterval of conver-

genceis (0, 2).

Exploration 2 A Power Series for tan™'

L1-x2+x = x84 o+ ()™ + -

X

1.1
2tan ix=| —dt
01+t

X
:L(l—t2+t4—t6+

3 5 7
:t—t_+t__t_ J,_( 1)nt
3 5 7 2n+1
5 7 2n+1
:X_£+f_xf+...+( )“X .
3 5 7 n+1

3. The graphs of the first four partial sums appear to be con-

verging on the interval (—1, 1).

\
|

[-5 5] by [-3,3]

4. When x = 1, the series becomes

_q)n
1_1.:,_1_14_...4_&4_
3 5 7 n+1

.+ (—1)"t2“+ o) dt

This series does appear to converge. The terms are getting
smaller, and because they alternate in sign they cause the

partial sums to oscillate above and below alimit. The two
calculator statements shown below will cause the succes-

sive partial sums to appear on the calculator each time the
ENTER button is pushed. The partial sums will appear to
be approaching a limit of /4 (whichis

tan—%(1)), although very slowly.
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