288 Section 7.1

56. Method 1-Compare graph of y, = x? In x with

3
Y, = NDER(X Inx _ §> The graphs should be the same.
Method 2-Compare graph of y, = NI NT(x? In x) with
_x%Inx _

3
A 3 % The graphs should be the same or differ

only by avertical trandation.

57. () 20,000 = 10,000(1.063)!

2 =1.063"
In2=tIn1063
- _IN2 9135
In 1.063

It will take about 11.3 years.

(b) 20,000 = 10,000e%-063¢

2 — 0063t

In2 = 0.063t

t = In2
0.063

It will take about 11.0 years.

=~ 11.002

58. () f'(X) = % fo " u(t) ot = u(¥)

9'00 =2 ["u = v

(b) C=1(x) —9(¥

=fxu(t) dt—fxu(t) dt
0 3
X 3

= [uwdt+ [ v
03 X

= [ u o
0

56.0716
1+ 5.894e" 0.0205x

L

[—20, 200] by [—10, 60]
(b) The carrying capacity is about 56.0716 million people.
(c) Use NDER twiceto solvey” = 0. The solution is

59. (@) y=

x = 86.52, representing (approximately) the year 1887.

The population at this time was approximately
P(86.52) = 28.0 million people.

60. (a) T = 79.961(0.9273)"

[—1,33] by [-5, 90]
(b) Solving T(t) = 40 graphically, we obtaint = 9.2 sec.
The temperature will reach 40° after about 9.2 seconds.

(c) When the probe was removed, the temperature was
about T(0) = 79.96°C.

v.m . .
61. OT = coasting distance
(0.86)f(30.84) — 097
k = 27.343

() = 51 - ety
S(t) = 0.97(1 — e~ (273433034
s(t) = 0.97(1 — e~ 080
A graph of the model is shown superimposed on a graph of

the data.

[0, 3] by [0,1]

Chapter 7
Applications of Definite Integrals

m Section 7.1 Integral as Net Change
(pp. 363-374)

Exploration 1

1.s(t)=f(t2 8 )dt:f+i+c

Revisiting Example 2

EE 3 t+1

_0 8 - -
s0)=—+—+C=90C=1

3 0+1
Thus s =5 + 8 +1

' 3 t+1 7

3
2. s(l)zl—+ 8 +1:E.Thisisthewmeasthe

3 1+1 3

answer we found in Example 2a.

8
5+1

found in Example 2b.

+ 1 = 44. Thisis the same answer we

53



Quick Review 7.1

1. Ontheinterval, sin2x = Owhenx = — O or . Test one

point on each subinterval: for x = —37, sin 2x = 1;

for x = —%,sian: —1; forx=%,sin2x: 1; and for

X = %77 sin 2x = —1. The function changes sign at f%, 0,

and % The graph is

|
NIy T

-3

2. X2 —=3x+2=(x—1)(x— 2) = 0Owhenx = 1or 2. Test
one point on each subinterval: for x = 0, X2 —3x+2=2
forx:g,xz— 3+ 2= —%; and for x = 3,

x? — 3x + 2 = 2. The function changes sign at 1 and 2.

Thegraphis

f(X
R S e :()x
2 1 2 4

3. X2 — 2x + 3 = 0 has no real solutions, since
b? — 4ac = (—2)? — 4(1)(3) = —8 < 0. The function is
always positive. The graph is
. f(x)
: — X
4 2

4. 23 -3%+1=(x—1%2x+ 1) = 0whenx = f%or 1
Test one point on each subinterval: for x = —1,

23 —3x2+1=—4forx=023-3x%+1=1; and

2x% — 3x? + 1 = 1. The function changes sign at

E
. Thegraphis

N\H

f(x)

y = = OF ——.
4’ 4 4
Test one point on each subinterval: for x = —

5. On the interval, x cos 2x = 0 when x = 0, 7., 37 or 57

xcost=7T—\/§; forx =2 xcos2x = —Z: forx =
16 2 2

X cos 2x = r; and for x = 4, x cos 2x = —0.58. The

77377'

function changes sign at - = and 7 Thegraphis

+ - + - f9

1

LI
3 574
4 4

X

I E R o
o

6. xe X = 0 when x = 0. On the rest of the interval, xe % is
always positive.

7

10.

"X+l

.sec(1+ V1-sn’x) =

Section 7.1 289

X__ — 0 when x = 0. Test one point on each subinterval:

forx=71,%=71;forx=1, 2X
X“+1 2 x“+1

function changes sign at 0. The graph is

= 1. The
2

f(x)
J — X
-5 0 30

: Z = 0when x = +V/2 and is undefined when

X = *2. Test one point on each subinterval: for x = ,g,

2 _ 2 _

5 zzg;forx——lg,xz 2%—4.13;f0rX:O
-4 9 X*—4

2 _ 2 _

5 Zzi;for)(: 1.9'X2 2~74.13;andf0rx=§,

x—4 2 xc—4 2
2 _

x2—421 %Thefunctlonchangessgnat -2, \/_\/_

and 2. Thegraph is

P + y — o * "

1 1
3 22 V2 2 3

X

——————— isundefined when
cos (1 + \cos )

X = 0.9633 + ks or 2.1783 + kar for any integer k. Test for
x = 0:sec (1 + V1 — sin? 0) ~ —2.4030.
Test for x = +1: sec (1 + V1 — sin? 1) ~ 32.7984. The
sign aternates over successive subintervals. The function
changes sign at 0.9633 + k7 or 2.1783 + ki, where k is an
integer. The graph is

R £

f t t J
—2.1783 -0.9633 0.9633 2.1783

X

On theinterval, sin <1> =0whenx = =S or i. Test one
X 37 2

point on each subinterval: for x = 0.1, sin (%) ~ —0.54; for
x = 0.15, sin (1) ~ 0.37; and for x = 0.2,

sin (i) ~ —0.96. The graph changes sign at — and E
Thegraphis

(%)
02

- +

]
T
01 1

1

T

1
T 2

w
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Section 7.1 Exercises 4. (a) Right when
1. (a) Right when v(t) > 0, which iswhen cost > 0, i.e,, v(t) = 6t2 — 18t + 12 = 6(t — 1)(t — 2) >0,
when 0 < t <gor3?” <t = 27. Left when cost < 0, i.e, when0 =t <1 Leftwhen6(t — 1)(t — 2) <0,
ie, wheng <t< 3?77 Stopped when cost = 0, i.e, when1 <t < 2. Stopped when
ie whent="Tor 37 6t — 1)(t—2) =0,i.e, whenx =1, 0r 2.
, >
2
(b) Displacement — (b) Displacement = [ (612 — 18t + 12) ct
(0]
21 2w 2
f 5005tdt=5[sint} =5[sin2r —sin0] =0 :[2t3*9t2+12t} =[(16 - 36 +24) - 0] = 4
0 0 0
27 H 2 2
(© Distance=f |5 cost] dt (c) Distance = jo|6t — 18t + 12| ot
2 3m/2 2m 1 2
:f 5costdt+J _5costdt+f 5cost dt = f (6t2 — 18t + 12) dt+j(—6t2+ 18t — 12) dt
0 /2 3ml2 0 1
=5+10+5=20 =5+1=6
2. (a) Right when v(t) > 0, which iswhen sin 3t > 0, 5. (&) Right when v(t) > 0, whichiswhensint # 0 and
i.e,when0<t<T Left whensin3t <0, i.e, when cost >0, i-e-:When0<t<§0r377T<t< 2. Left
, 3 \i.e,
T <t=<7 Stopped whensin3t = 0, i.e, whent = 0 whensint # 0and cost < O, i.e.,when%<t< T or
3 2 e
o~ 7-r<t<3777.8toppedwhensjnt=Oorcost:O,
3
o 2 i.e, whent =0, % I, 3777 or 2.
(b) Displacement = f 6sin3tdt = 6[—1 cos 3t}
o 3 0 2 1 2
- _2[0053_77 - coso} =2 (b) Displacement = j 5sin’tcostdt = 5[§sin3t]
2 0 0
/2 =50-0=0
(© Distance=f |6 sin 3t| dt
/3 0 /2 21
=[Tesn3tat+ [ —6sn3tdt=4+2=6 © Distance=f0 5.sint cos{] dt
0 3

7T/2 3m/2
:f 5sin2tcostdt+f —5sin’tcost dt
0 /2

3. (a) Right whenv(t) =49 —9.8t>0,i.e,when0=1t<5. o
;2
Left when 49 — 9.8t < 0, i.e., when 5 < t = 10. - L,T,ZSS‘“ teostdt
. -5,10,5_2
Stopped when 49 — 9.8t = 0, i.e, whent = 5. T3 "3 "3 3

) 10 6. (a) Right when v(t) > O, whichiswhen4 —t >0, i.e,
(b) Displacement = [ (49 — 9.81) ct
(0]

10 when 0 = t < 4. Left: never, since V4 — t cannot be
= [49t - 4.9t2] = 49[(10 — 10) — 0] = 0 _ _
o negative. Stopped when4 —t =0, i.e, whent = 4.

10
(c) Distance = | [49 — 9.8t dt 4 4
5 L 10 (b) Displacement = [ V4 —tct = [—3(4— t)S’Z}
= [ao—osydt+ | (—49+ 980t 0 3 0
0 5 =-20-g =10
= 1225+ 1225 = 245 3 3

4
(c) Distance:f \/4—tdt:1€6
(0]



7. (a) Right when v(t) > 0, which iswhen cost > 0,
i.e, When0<t<50r37”<t<2w Left when

cost<0,i.e, when% <t< —77. Stopped when

cost=0,i.e, whent=—or3—77
2 2

2w . . 2
(b) Displacement =f eSNtcost dt = [es'”‘}
0 0

=[e’-eY =0

(© Distance—f leS"t cos t| dt = f et cost dt +

37/2
f —eSNtcost dt +J et cost dt

w2

:(e—1)+(e—g> (1—5)72e—gz4.7

8. (a) Right when v(t) > 0, whichiswhen 0 <t = 3. Left:
never, since v(t) is never negative. Stopped whent = 0.

3 3
(b) Displacement = j —dt= [ In(1+ tz)}
1+t o

In10 10

~ 115

= %[In (10) — In (1)] =

In 10

dt=——= 115
2

3
(©) Distance—f e

9. (a) W) = [a(t) dt = t + 2% + C, and since v(0) =

v(t) = t + 2t¥2. Then v(9) = 9 + 2(27) = 63 mph.
(b) First convert units:
32
t+2t%2mph= -1 + Y mi/sec. Then
, 3600 ;goo
Distance = f (L t—)
3600 1800
2 5/2
7[ LS ]9 [(i+ﬂ)—o]:o.06525mi
7200  4500]0 [\800 500
= 344.52 ft.

4
10. () Displacement = [ (t— 2) sintdt
o 4
= [sint—tcost+ Zcost}
0

=[(sin4 — 4cos4 + 2cos4) — 2] = —1.44952 m

(b) Because the velocity is negative for 0 < t < 2, positive
for 2 <t <, and negative for 7 < t < 4,
Dlstance—j —(t—2)suntdt+f (t—2)sintdt

+f —(t—2) sintdt
=[(2-sn2) +(m—sSn2-2)
+ (m+ 2cos4 — sn4d - 2)]

=2m+2c0s4 —2sn2—sn4—2=191411m.

11.

13.

14.

15.

16.

17.

18.
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(@ W) = [a() dt = [~32.dt = 32t + C,, where
C, = \(0) = 9.
Then v(3) = —32(3) + 90 = —6 ft/sec.

(b) ) = [u(t) dt = —16¢% + 90t + C,, where
C,=950) =
—16t% + 90t = 2t(—8t + 45) = 0

0. Solve s(t) = 0

whent—Oort—§—56255ec

The projectile hits the ground at 5.625 sec.

(c) Since starting height = ending height,

Displacement = 0.

(d) Max. Height = s(if’>

16(5 625) N 90(5 625) = 126.5625, and

Distance = 2(Max. Height) = 253.125 ft.

C
. Displacement = f vt)dt=—-4+5—-24=-23cm
0

C
Total distance = f Mt) dt=4+5+24=33cm
0

a
Att:a,s:s(O)+fv(t)dt:15—4:11.
(0]
b
Att=b s=50) + [ v(t)dt=15-4+5=16.
0

C
Att=cs=50) + [v()dt=15—4+5-24= 8,
(0]

Att = a, where % is at a maximum (the graph is steepest

upward).

Att = c, where % is at a maximum (the graph is steepest

upward).

Distance = Area under curve = % -1-2)=4

(a) Final position = Initial position + Distance
=2+4=6endsat x=6.

(b) 4 meters

(a) Positive and negative velocities cancel: the sum of
signed areasis zero. Startsand ends at x = 2.

(b) Distance = Sum of positiveareas = 4(1 - 1) =
meters



292 Section 7.1

19. (a) Fina position = 2 + L 7v(t) dt
=2- 2@ + 500 + 1)
+200 -0
=5

endsat x = 5.

7
®) [ voldt = S0@ + 0@ + 12 + 3@
+ 5

= 7 meters

10
20. (a) Final position = 2 + fo V() dt
_ 1 1 . 1
-2+ 220 - 20© - @6 - 200
+ 200
= =25

endsat x = —2.5.

10
(b) Distance = fo V()| dt

223+ 0@ + 30 + 50O +530)

2
= 19.5 meters
10

10
21. | 27.08-e"®dt = 27.08[256”25} = 27.08[25e%4 — 25]
0

0
=~ 332.965 hillion barrels

24 24
2. f [3.9 —24sn (ll;ﬂ dt = [3.9t + 288 %)]
0 7 0

- [(93.6 + @) - @} = 93.6 kilowatt-hours
T

w
23. (a) Solve 10,000(2 — r) = 0:r = 2 miles.
(b) Width = Ar, Length = 27r: Area = 2arAr
(c) Population = Population density X Area

2 2
@ f 10,0002 — r)(2ar) dr = 20,0007 j 2 —r?adr
o o
1 2 8
= 20,0007r[r2 - —r3] = 20,00077[(4 - _> - 0}
3 1 3

= BX%0n ~ 83,776
24. (a) Width = Ar, Length = 27r: Area = 2arAr
(b) Volume per second
= Inches per second X Cross section area
o in. ) . in®
8(10 — r9)— - (2mr)Ar in“ = flow in —
sec sec

3 3
© | 810 - r3)(2ar) or = 167 [ (101 — r¥) o
0 o

3
- 167r[5r2 - %r“] - 1677[(45 - %) - o}
0
FC) in3
= 3967 ' ~ 1244.07 "
sec Sec

25.

26.

27.

29.

31

(Answers may vary.)

Plot the speeds vs. time. Connect the points and find the

area under the line graph. The definite integral also gives

the area under the curve.

(@) Sum of numbersin Sales column = 797.5 thousand

(b) Enter the table in a graphing calculator and use
QuadRey: B(x) = 1.6x° + 2.3x + 5.0.

11
© [ (16¢ + 23+ 50) dx
(0]

11
= |15,3 4 23,2 4 5
3 2

=~ 904.02 thousand

0

¢

~

The answer in (@) corresponds to the area of left hand
rectangles. These rectangles lie under the curve B(x).
The answer in (c) corresponds to the area under the
curve. This areais greater than the area of rectangles.

10.5

@ | (16 +23x+50) dx
—0.5

105

~ 798.97 thousand
-0.5

(b) The answer in (a) corresponds to the area of midpoint
rectangles. The curve now gives a better approximation
since part of each rectangle is above the curve and part
is below.

= [l;ex3 + 232 5.0x]
3 2

. Treat 6 M. as 18 o' clock:

b;na[ f(x) +r§ 2f(x) + f(xn)]

_18-8
~2(10) [120 + 2(110) + 2(115) + 2(115) + 2(119)

+ 2(120) + 2(120) + 2(115) +2(112) + 2(110)

+ 121
= 11565

F(X) = kx; 6 = k(3), so k = 2 and F(X) = 2x.
(& F(9) = 2(9) = 18N

(b) W=L9F(X) dx=L92xdx= {XZT=81N -cm
0

. F(X) = kx; 10,000 = k(1), so k = 10,000.

d 1, .2 d 1, 2 1 2
(@ W= [ kedk= [4« } = 1142 = 1(10,000)(0.5)
o 2 0 2 2

= 1250 inch-pounds

(b) For total distance: W = %(10,000)(1)2 = 5000
For second half of distance:

W = 5000 — 1250 = 3750 inch-pounds

(12 - 0)
2(12)

[0.04 + 2(0.04) + 2(0.05) + 2(0.06) + 2(0.05)
+ 2(0.04) + 2(0.04) + 2(0.05) + 2(0.04)
+ 2(0.06) + 2(0.06) + 2(0.05) + 0.05] = 0.585

The overall rate, then, is% = 0.04875.



32. 2= 0364 2(4.0) + 2(3.1) + 2(2.8) + 2(2.8) + 2(3.2)

2(12)
+2(33) + 2(3.1) + 2(3.2) + 2(34) + 2(3.4)

+ 2(3.9) + 4.0] = 40 thousandths or 0.040

2 MX
M

M
¥=_Y =
33. (@) X v

fxdm
fdm

_ M
(b) ==

3 |2

z_
fydm
dA—>O,k—»00yie|dsJ .

dm

34. By symmetry, X = 0. For Yy, use horizontal strips:

_ fydm: fySdA: fydA
Y fam — [sda oA

[ “y@Vy) dy

fo Ny dy

5 0

2 3204
2[3" ]0

39

12
5

35. By symmetry, y = 0. For x, use vertical strips:

fxdm J’xﬁdA fdi

X:fdm:fsdA:fdA

Il
Wl

. Taking dm = 5dA as m, and letting

. Taking dm = 5dA as m, and letting
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m Section 7.2 Areas in the Plane
(pp. 374-382)

Exploration 1 A Family of Butterflies

1. Fork=1:
[1@~sing —snax= " (2~ 25n% o
0 (0]

=2x+2005x]
0
=27 —4

Fork = 2:
fﬂz[(4 ~26in2x) — (2sin 2] dx
0

/2
= ["a-asn2)

0 2
=4X + ZCOSZX} =2mr — 4

0
2. It appears that the areas for k = 3 will continue to be
27 — 4.
r/k

3. A = [ [(2k—ksinkg — ksintod dx

0

Tk
= [ (2 — 2ksin kg o
0

If we make the substitution u = kx, then du = k dx and the

u-limits become 0 to 7r. Thus,

arlk
A= (2k— 2ksinky dx

(0]
ar/k

= ["(2 - 2sinkok dx
0

= ['@-2snudu
0

4. 27— 4
5. Because the amplitudes of the sine curves are k, the kth

butterfly stands 2k unitstall. The vertical edges aone have
lengths (2K) that increase without bound, so the perimeters

are tending to infinity.
Quick Review 7.2

1 f sin x dx= [—cosx] =—-[-1-1=2
0 0

2. jo " e [%eﬂ: - %(e2 ~ 1)~ 3195
/4

3. sec? x dx = [tan x}
—al4

4 :1_(_1):2

—l4

2 1 2
4.[(4x—x3)dx=[2x2—zx4] —@8-4-0-4
0 o

3
5. f V9 — x?dx = 977T(Thisis half the area of acircle of
-3

radius 3.)
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6. Solvex? — 4x = X + 6.
x> —5x—6=0
x—-6x+1)=0
X=60rx= -1
y=6+6=120ry=-1+6=5
(6,12) and (—1, 5)

7. Solve €* = x + 1. From the graphs, it appears that ¥ is
always greater than or equal to x + 1, so that if they are
ever equal, thisiswhen e* — (x + 1) isat aminimum.
%[ex — (x+ 1)] =€ — liszerowhene* = 1, i.e, when

x=0.Test: e’ =0+ 1= 1. Sothesolutionis (0, 1).

8. Inspection of the graphs shows two intersection points:
(0, 0), and (r, 0). Check: 0> — 77 - 0 = sin0 = 0 and

72— a2 =snm7=0.

3

9. Solve —— = X",
x“+1
(0, 0) isasolution. Now divide by x.
2 _ 2
i1 X
2=x%+x2

x*+x2-2=0

X% = S1xVits —2orl
2

Throw out the negative solution.

Xx==1

y=x3==*1

(0,0), (-1, -1)and (1, 1)

10. Use the intersect function on a graphing calculator:

Inkgrsection
H=.0zB62621 IV=.B007970E

[_2! 2] by [_21 2]
(—0.9286, —0.8008), (0, 0), and (0.9286, 0.8008)

Section 7.2 Exercises

1 fﬂ(lf cos® X) dx = Fxflsjn ZX] =TI
o 2 4 0 2

2. Use symmetry:

/3 1 /3
2 (E%czt+4sin2t)dt: (sec?t + 8.sin?t) dt
0 0

/3
=[tant+4t—2$in2t]
0

\/§+4§—\/§>—0

4
3

1 1
3. fo(y2 —y)dy= [%y3 - %y“} = 1—12
0
1
4. [ 102 - 129 - @ - 2 o

- [-127 + 107+ 2y 0y
(0]

5. Usethe region’s symmetry:
2 2
2[ [2¢ - (x* — 20 dx = 2[ (—x* + ) o
(0] (0]

2
=2 L+ A
5 3 1

6. Use the region’s symmetry:

1 1
2 (@ + 2 ax = 2{%(3 T EXS} - 2(1 N 2)
o 3 5 1 3 5
7. Integrate with respect to y:
J'l(z\/__ )dy:ﬂ3/2_1y21
0 oy o 2’ |,

_ (ﬂ _ 1) _o=5
3 2 6
8. Integrate with respect to y:
1
[ 1@-y-vyd

oy L2 232 _(p 1 2\ _o_5
[Zy 2 3yL (22 )06

9. Integrate in two parts:
0
f [(2 — x%2 = 5X) — (—x + 3x)] dx +
-2
2
[T+ 30 — (28 @ - 5] ok
° ] 2
= f (2 — 8x) dx +f (—2x3 + 8x) dx
-2 (0]
= [lx“ - 4x2} oy [—lx“ + 4x2}2
2 -2 2 0
—[0—(8—16)] + [(—8+16) — O] = 16

15



10. Integrate in three parts:
-1
| lex+2 - @ ax+
-2
2
[ 1@~ (xr2ne+
3
[Tx+2) - @3] o
2
-1 2
=f (xz—x—Z)dx+f (- +x+2) dx +
-2 -1
3
f (X% — x — 2) dx
2

- [ixs _ Lo

-1
o [ L3+ et x| +
3 2 32

) -1

3
L - Lo
3 2 ,

11. Solvex? — 2 = 2: x2 = 4, so the curves intersect at

X=*2
f,zz[z - (-2 dx= jf2(4 —x9) dx
R NERE R

12. Solve2x — X2 = -3 x4 —2x — 3 =

sothecurvesintersectat x = —1land x = 3

N 2 2_ 13 3

f (2x — x +3)dx=[x - =X +3x}

—1 3 -1
:(9—9+9)—(1+%—3)

x=3xx+1)=0

13.

14.

15.
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Solve 7 — 2x2 = x? + 4: x? = 1, s0 the curves intersect at
X==x1

1 1
[ 17-23 -+ g ax= | (-3¢ +3) dx
-1 -1

- 3]1 (1 - dx
-1

[-3.3 by [-1, 5]
The curvesintersect at x = =1 and x = £2. Use the
region’s symmetry:
1 2
2 [* — 4@ + &) —x dx+ 2 [ — (<t — 4 + 4)] ok
(0] 1

1 2
= 2L(x4—5x2+4) dx + 2L(—x4+5x2—4) dx

5

1. s 1 2
= 2[—x5 - 23+ 4x} 23 — 4x]
5 3 3 1

0

3o 22 (35

+ 2[—1x5 +
5

8

-3, 3
[ 2a 2a]by[ a? a7
The curvesintersect at x = 0 and x = *a. Use theregion’s
Ssymmetry:

2f xVa? — x2dx = 2 [ %(a —x2)3’2]
0 0

o~ (=)

as

Il
l\.)

wlm
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16. 18. Solvey? =y + 21y —y— 2= (y— 2)(y + 1) = 0, so the

curvesintersectaty = —landy = 2.

2
—v?) dy =12 _ 13
[—2, 12] by [0, 3.5] J_l(er 2-y)dy [zy Ty -y ]—1
The curves intersect at three points: _ (2 Ny 7) _ <; o 1)
x=-1,x=4andx=09. 2 3
Because of the absolute value sign, bresk the integral up at 9_ 1
x = 0aso: =5 5
0]
L( )dx+f< \/>_<)dx+ 19. Solvefor x: x = Z—landx—y+4
9 2 2
f(\& G)d NowsolveY —1=Y4+4Y -Y_5-q
A 5 4 4 4 4
) Y —y-20=(y-5)(y+4=
Exz +ex 0 Exz +ex 4
=4 +5(—x% + — 532 4 The curvesintersect aty = —4 andy = 5.
5 3 1 5 3 0
5 2
ol (104
[szlz X + 6x J;4 4 2 y
3 5 s
-4 = Yy Ly
f_4< L+ Y 5) dy
el ]
0 3 5 3 =[——+y—+5y}
128 »
-2~ (53]
1) \3 s =<—%+§+25) <E+2720)=@:30§
1 8 8 8
~13,16,1_5_42
v 15 6 3 3 20. Solve for x: x = y? and x = 3 — 2y%. Now solve
17.
y?=3-2y%y? =1, sothecurvesintersect aty = *+1.
Use the region’s symmetry:
1 1
(5,51 by[-1.14 2f,G-27 -y =2[ G-3)d
The curvesintersect at x = 0 and x = *=4. Because of the 1
absolute value sign, break the integral up =6 f o (- y?) dy
at x = +2 also (where|x? — 4| turns the corner). Use the
graph’s symmetry: _ G[y _ %,3}1
3

2”( +4) (4—x)]dx+2”( 4)—(x2—4)}dx

—2 dx+2f< —+8>dx

- Z{L} n 2[_L n 8x] 21. Solvefor x: x = —y?and x = 2 — 3y2
2o 6 ,

4 o4 1 Now solve —y? = 2 — 3y% y? = 1, so the curves intersect
=204 + 2{(—? + 32) ( 24 16)} =% -2l

aty = 1. Usetheregion's symmetry:
2f e-a+yay=2[ @-22d
0] 0

= 4[:(1— y?) dy = 4[y—%y3£= 4[(1—1) - 0] =g



22. Solvefory:y =4 — 4x?andy = x* — 1.
Now solve 4 — 4x? = x* — 1
X+ 42 -5=(x2-1)(*+5) =
The curvesintersect at x = =1.
Use the region’s symmetry:
2fl [(4— 4x3) — (<* — 1)] dx
(o]
= 2[1(—x4 — 4x% + 5) dx
0

1
= 2[—1x5 43 SX]
5 3

1 4
= —7—7_._ —
(s-2+9) -]
— 104 _ 14
15 15

y2
23. Solvefor x: x =3 — y?and x = —
2
Now solve 3 — y? = _yT y2 =4,

so the curvesintersect aty = +2.

Use the region’s symmetry:
2f(3 y2 + )dy ZJ( —)dy
2
- 2[3y - f}
4 0
=26-2-0=38

24, f (2sinx — sin2x) dx = [—Zcosx+%c052x}
0 0

LR

25. Use the region’s symmetry:

/3 /3
ZJO (8 cosx — sec? x) dx = 2[85inx—tanx]

= 2[(4V3-V3) -0 =6V3

0

26.

[ k]
[-1.4, 1.1] by [-0.1, 1.1]

The curvesintersect at x = 0 and x = *1, but they do not

crossat x = 0.

2 [[[1- 2 con[ 7|

Section 7.2 297

27.

[-15, 1.5 by [-1.5, 1.5]

The curvesintersect at X = 0 and x = *=1. Usethe area’s

Ssymmetry:

o

28. Use the region’s symmetry, and simplify before integrating:
4
ZJ; (sec? x — tan® X) dx
4
=2 [ [sex — (sec?x - 1)] ok

Tl 4 w4
=2 dx= Z[X} =T
o . 2

29. Use the region’s symmetry:

4

w4
ZJ (tan’y + tan? y) dy= 4f tan® y dy

w4

= 4[tan y— y}
0
Ao
4
=4—7~0.858
w2

/2
30. fo 3siny Vcosydy = 3[—%(005 y)3’2}
0

o~

31. Solveforx: x=y3andx =y.

[-15, 1.5 by [-1.5, 1.5]

The curvesintersect at X = 0 and x = *1. Usethe area’s

symmetry: Zf (y-y)dy= 2[ 1y4} -1
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32.

[—0.5, 2.5] by [0.5, 1.5]

y=xandy= X—lz intersect at x = 1. Integrate in two parts:

1 2 1 2
fxdx+fi2dx=[1x2] +[71}
o 1 X 2 o X1,
S -
_2+[ 2 ( 1)} 1

33. The curves intersect when sin X = cos X, i.e., at X =

w4 w4
(cosx — sinx) dx= [sin X + cosx]

0
=V2-1~0414

[-3,3] by [-2,4]

(@) Thecurvesintersect at x = *2.

Use the region’s symmetry:
2]2(3— 2+ 1) dx = 2]2(4—x2) dx
0 0
= 2[4x - 1x*"]
3 0

ooy

(b) Solvey =3 — x?forx: x= +V3 —y. The

2

y-intercepts are —1 and 3.

Ez\/ﬁ &y = 2[—%(3 - y)3/2T1
-3
35. (a) y

i

5
yea—\
-2, 4)\ / 29

y=¢ — —
(¢, ©) r (Vc, ©)

If y = x2 = c, thenx = =V c. So the points are

(=Ve, ) and (Ve ©).

m
7

(b) Thetwo areasin Quadrant |, where x = W are equal:
C 4
[Vydy=[ Vyay
(0] c

-3

3 0 3
§C3/2 _ 343/2 _ §C3/2
3 3 3
2692 =8
=14
c=423 =243

(c) Divide the upper right section into a (4 — c)-by-\/(_:

rectangle and a |eftover portion:

f% 2 d Ve f 2 d

c—x9)dx=@4-cVec+ 4 — x9) dx
A ( ) (4-9 \/C( )
Ve 2
[cx—lxﬂ S aVe-c?+ [4x—1x3}

3 3 I\

0 c

32— %C:%/Z —a\Ve— 32

oy (e

§c3’2= 4Ve - 32 + % —-4Ve+ %03’2

432_ 16
3 3
=14

c= 423 — P43

36.

[_l! 5] by [_11 3]

The key intersection pointsareat x = 0, x = 1 and x = 4.

Integrate in two parts:

fol(1+\/)_<—§>dx+f:<%—§>dx



37.

38.

39.

40.

41.

42.

First find the two aress.
For the triangle, %(Za)(az) =a’
a 1 a 4
For the parabola, 2 f (@2 - x3 dx = z[azx - EXS} = §a3
° 0

3
The ratio, then, is4a— = %, which remains

238
constant as a

approaches zero.

b b
[ 12600 — (9] dx = [ () dix, which we alreadly know
equals 4.
Neither; both integrals come out as zero because the

—1-to-0 and O-to-1 portions of the integrals cancel each
other.

Sometimes true, namely when dA = [f(x) — g(X)] dxis
always nonnegative. This happens when f(x) = g(x) over
the entire interval.

[-15, 1.5] by [-15, 1.5]

Thecurvesintersectat x = 0and x =
symmetry:

1 o2x
ZL <x2+ 1

+1. Usethe area’s

1
x3) dx = Z[In <x2 + 1) - lx“}
4 1y

—2in2-1%
2

=|n4—%~o.886

Inkgrsechion
w=.89zB6z2az1 IV=. 80079785

[—1.5, 1.5] by [~1.5, 1.5]

The curvesintersect at X = 0 and x = +0.9286. Use NINT
0.9286

to find 2[ (sin x — x3) dx ~ 0.4303,
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43. Firstgraphy = cosx and y = x°.

Inkgrsection
H=.B2uizzzl IV=.67819407

[—-1.5, 1.5] by [-0.5, 1.5]

The curves intersect at x = *£0.8241. Use NINT to find
0.8241

2 f (cos x — x?) dx =~ 1.0948. Multiplying both
(o]

functions by k will not change the x-value of any

intersection point, so the area condition to be met is

0.8241
2= Zf (k cos x — kx?) dx
0.8241

O2=k- ZJ (cosx — x?) dx

O 2= k(1.0948)

0 k= 1.8269.

44. (a) Solvefory:

X Yy _
2+ 2L =
a b !
2
v -o{1-%)
2
X

(c) Answers may vary.

a
B _ X 5 X ag X
d, 2£ab [1-% =2 2 h-% +2 a],a
—Zb[ () - 2sn (- 1)}
= qrab

45. By hypothesis, f(X) — g(x) is the same for each region,

where f (x) and g(x) represent the upper and lower edges.
b

But then Area = f [f(¥) — g(x)] dx will be the same for

each.
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46. The curves are shown for m = %
1
2.
3.
[-15,15] by [—1, 1]
4.
In general, the intersection points are where 21 =™
5
whichiswherex = 0or elsex = * /m 1. Then,
6
because of symmetry, the areais
V(Wm)—1 X
2[ ( o — mx) dx 7.
0 x“+1
V(Um-1 8

= 2[1|n(x2+ D - 2mx

2]0

—In(m) — 1.

In(m—1+1>
e

m Section 7.3 Volumes
(pp. 383-394)

Exploration 1 Volume by Cylindrical Shells
1. Itsheightisf(x) = 3x, — x2.
2. Unrolling the cylinder, the circumference becomes one
dimension of arectangle, and the height becomes the other. 9
The thickness Ax is the third dimension of a slab with
dimensions 2m(x, + 1) by 3x, — x 2 by Ax. The volume is
obtained by multiplying the dimensions together.

3
3. Thelimit is the definite integral f 2m(x + 1)(3x — x?) dx.
(0]

4 451
2

Exploration 2 Surface Area

The limit will exist if f and f’ are continuous on the interval

[a, b].

2. y=s8nx, soﬂ

f2n-y /1+ dx

= f 27 sSinXx V1 + cos? x dx =~ 14.424.
0

= cos x and

dy 1
3. y:\/;,so———and
2V

fzw\& /1+<2\fx) dx = 36.177.

10.

Quick Review 7.3

2
S:L g)Area:szzx_z
V2 2
=12 or X
2 2
2 2
L,(E) or ™
2 \2 8
.b=xandhzﬁx,szoAreazlbh:ﬁx2
2 2 4
X2
.b=h=x s0Area= bh >
b=h:LsoArea=1bh=X—2
\/5’ 2 4°
2X 2X
X
b=xandh= (2x)2—<%x> =—215x,so
Area =1 h:—415x2

. Thisisa3-4-5right triangle. b = 4x, h = 3x, and

Area = %bh = 6X2

The hexagon contains six equilateral triangles with sides of

\/§2> 3\/52

length x, so from Exercise 5, Area = 6(

Section 7.3 Exercises

1 L "omy 1+ (%)2 dx L

In each case, the width of the cross section is
w=2V1-x%

2
(@ A= mr? wherer = g S0 A(X) = 77(%) = (1 — x?).
(b) A= 5% wheres=w, s0 AX) = W? = 4(1 — x?).

() A=< wheres=

Y00 = () = 21—

(d) A= ?WZ (see Quick Review Exercise 5), so
AX) = ?(zv 1-x3)2=V31-xd.



2. In each case, the width of the cross section isw = 2Vx.
2

(@) A= a2 wherer = % SOAKX) = 77(%) = 7x.

(b) A =% wheres=w, s0 A(X) = w? = 4x.

() A= s wheres= % 50 A(X) = (%)2 =2

V3

(d) A= TW2 (see Quick Review Exercise 5), so

A(X) = %(2\&)2 = V3x.

. A cross section has width w = 2\/)—< and area
2
AX) =s? = (ﬂ) = 2x. The volume is
V2
4 4
f 2x dx = [xz} = 16.
0 0

. A cross section haswidthw = (2 — x3) — x? = 2 — 2x?

2
and area A(X) = rr? = w(%) = (1 — x%2 The volume is

1 1
| w1 —xPdc=n[ (- 22+ 1)
-1 -1
1
= w[lxs ~ 234 x]
5 3 3
_ 16
= —1T.
15

5. A cross section has width w = 2V1 — x? and area

AX) = s> = w? = 4(1 — x?). The volume is

1 1 1
f 41 - X3 dx=4f 1-x3 dx:4[x—lx3] =16
-1 -1 3 ], 3

6. A cross section has width w = 2V1 — x? and area

AX) =2 = (i)z = 2(1 — x%). The volume is

1 \/E 1 1 1 8
f 2(1 - x%) dx = Zf (1-x3dx= Z[X - —x3] =2
1 1 3 _1 3

7. A cross section has width w = 2V sin x.
(@) AKX) = %wZ ~\V/3sinx and
V:f V/3sin x dx
0
= \/éf sin x dx
(0]
= \@[—cosx}
0
=2V3.

(b) A(X) = s> =w?=4sinx, and
V=r4sinxdx=4fwsjnxdx=4[fcosx] =8.
0 (0] 0

8.

10.

11.

12.

13.

14.
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A cross section has width w = sec x — tan x.

(@) AX) = mr2 = w(gf = T(sec x — tan x)%, and

/3
V= f T(sec x — tan x)2 dx
— 34

/3
w

= (sec?® x — 2 sec x tan X + tan® X) dx
—a/3

_ /3
=3tanx—ZSecx+tanx—x}
4 _
L 3

/3

I
NIE]

tanx — secx — —X]
L —l3

I
NIE]

(1525 (-2

6

2
=7V3-"
6

(b) A(X) = s> = w? = (sec x — tan x), and
/3
V= f (sec x — tan x)? dx, which by same method as
—/3

in part (a) equals 43 - %w.

. A cross section has width w = V/5y2 and area

= S%y“. The volume is

2
= w(ﬂ>
2
25, 4y = 7|5 2 =8
L=y L‘ "
A cross section has width w = 2V'1 — y? and area
%52 = %WZ = 2(1 — y?. The volume is
: 131" _8
| 20-yydy= 2[y - gyﬂ =5
) .
(a) Thevolumeisthe same asif the square had moved
without twisting: V = Ah = sh.

(b) Still s?h: the lateral distribution of the square cross
sections doesn’t affect the volume. That's Cavalieri’'s
Volume Theorem.

Since the diameter of the circular base of the solid extends
fromy = % =6toy = 12, for adiameter of 6 and aradius
of 3, the solid has the same cross sections as the right
circular cone. The volumes are equal by Cavalieri’'s

Theorem.

The solid isaright circular cone of radius 1 and height 2.
V =1Bh = Y(mrd)h = L(r19)2 = 25

3 3 3 3
The solid is aright circular cone of radius 3 and height 2.

V=1Bh = Y@rdh = 27392 = 67
3 3 3
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15. A cross section hasradiusr = tan (%y) and area

A(Y) = @12 = 1 tan? (%y). The volumeis
. 2 (T 4 T 1

J 7 tan (—y) dy= w[— tan (—y) — y]

o 4 T 4 o

77(% - 1)

=4 - 7.

16. A cross section hasradiusr = sin x cos x and area

A(X) = 72 = 7 sin? x cos? x. The shaded region extends

from x = 0 to where sin x cos x drops back to O, i.e., where

= % Now, since cos 2x = 2 cos? x — 1, we know

1+ cos2x

COSZ X = and since cos 2x = 1 — 2 sin? X, we

. 1-— % 77/2 .
know sin? x = %.fo ar sin? x cos? X dx

w24
:WJ 1 cost.l-s-costdX
o 2 2

/2 - 72
f (1—00522x)dx=—j sin? 2x dx
0 4 Jo

w2, /2
RS g = T [ (1 — cos 4 dx
o 2 g Jo

1. ml2 | (T w?
[x—fsm4x} =—{(—— )—0}=—.
4 o 8[\2 16

CIERENERENE]

17.

(-2, 4 by[-19]

A cross section has radius r = x? and area

A(X) = 7r? = 7x*. The volume is

2 2
J ax* dx = WFXS} = 327
o 5 o 5

18.

-
[-4,6 by [-19

A cross section has radius r = x° and area

A(X) = 72 = mx8. The volume is

2 2
J 77)(6 dx = 7T|:1X7:| = @
0 7 ] 7

19.

[~6,6] by [-4, 4]

The solid is a sphere of radiusr = 3. The volume is

é'17r3 = 367.
3

20.

[—-0.5, 1.5] by [-0.5, 0.5]

The parabola crosses the liney = 0 when
x=x>=x(1—x)=0,i.e,whenx=0o0rx= 1A cross
section has radiusr = x — x? and area

AX) = 72 = 7(x — x2)? = 7(x% — 2 + x4).

The volume is

t 13 14, 15" =
f (X% — 23 + x¥) dx = 7| 2x® — =x* + =x°| = Z.
o 3 2 5 0 3

21.

[-1,21by[-1,2]
Use cylindrical shells: A shell has radiusy and height y.
The volumeis

[ntoon oy = 2ol 7] -

2
—T.
3

22.

[-L3by[-13

Use washer cross sections; A washer has inner radiusr = X,

outer radius R = 2x, and area A(X) = m(R? — r?) = 3mx°.

1 1
The volume isJ 3mx2dx = 377[%X3] =
o o



23.

24.

25.

[
[-2,3] by [-1, 6]
The curves intersect when x2 + 1 = x + 3, which is when
X2—x—2=(X-2)(x+1)=0,ie,when
X = —1or x = 2. Use washer cross sections; a washer has
inner radiusr = x? + 1, outer radius R = x + 3, and area
AX) = m(R? — r?)
= a(x + 3)% — (¢ + 1)
= m(—x* — X% + 6x + 8). The volume is

2
J m(—x* — x% + 6x + 8) dx
1

2
— -5 - L3 4+ 3¢2 + 8x
50 3 -

=w[<—g—§+12+16>—<1+1+3—8)}=@.
5 3 5 3 5

| e,
[-2,3] by [-1, 5]
The curves intersect when 4 — x2 = 2 — x, which is when
X¥—x—2=(X—-2)(x+1)=0,ie,whenx=—1or
X = 2. Use washer cross sections; a washer has inner radius
r =2 — x outer radiusR = 4 — x4, and area
AKX = 7(R? — r?)
=7l(d - x)? - (2-x%7
= (12 + 4x — 9% + x%).

The volumeis

2
f w(12 + 4x — 9% + x%) dx
-1

2
= 'n'[lZX +2x% — 33+ %xs}
-1

=w[<24+8724+£>7(712+2+371>]=—108W.
5 5 5

[

[—g, ﬂ by [~0.5, 2]

Use washer cross sections: a washer has inner radius
r = sec x, outer radius R = \/5, and area

AX) = 7(R? — 12 = (2 — sec? X).

The volumeis

7l4

Jﬁ/;w(Z — sec?x) dx = w[Zx — tan x}

—ml4

A5+

Il
3

N

|
N
3

26.

27.

28.

29.
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[-1,5 by [-3,1]

The curves intersect where —Vx = —2, which is where

x = 4, Use washer cross sections: a washer has inner radius
r= \/>_<, outer radius R = 2, and area

AX) = m(R? — 1)) = (4 — ).

4 1 4
Thevolumeis [ (4 — x) dx = 77[4x - EXZ} — 8
0 0

II'I'CQI’S an
n=.FEEZ8E1E WV=1.41i4zizE
[—0.5, 1.5] by [-0.5, 2]

The curves intersect at x = 0.7854. A cross section has
radiust = V2 — sec x tan x and area
AX) = 712 = (V2 — sec x tan X)%. Use NINT to find

0.7854
f (V2 — sec x tan x) dx ~ 2.301.
(6]

(L3 by[-13

The curve and horizontal line intersect at x = % A cross
section hasradius 2 — 2 sin x and area

AX) = 712 = 47(1 — sinX)? = 47(1 — 2 sin x + sin? ).
The volumeis

/2
[ am(1 — 2sinx+ sn? %) dx
(0]
/2
= 477[§x + 2cosx — 1sin ZX]
2 4 o
= 477(3777 - 2) = 7(37 — 8)

[—1,3] by [-15, 1.5]

A cross section hasradiusr = \/gy2 and area

Aly) = 7r? = 5ay*.

1 1
The volume isf Smy* dy = W[yﬂ = 2
1 ,
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30.

31

32.

33.

l

[-1,4by[-13]

A cross section has radiusr = y¥2 and area

Aly) = 7r? = wy>. The volume is

2 1,7
f my° dy = W[Zy‘l} = 4.
0 0

[-12,35] by [-1, 2.1]

Use washer cross sections. A washer hasinner radiusr = 1,
outer radiusR=y + 1, and area

AY) = m(R? = 1) = @[y + 1)° — 1] = n(y* + 2y). The

.t 1 1,
volume |sf m(y? + 2y) dy = W[§y3 n yz} =4
0 0

[-17,3] by [-1, 2.1]

Use cylindrical shells: a shell has radius x and height x. The

! 13t _ 2
volumeis [ 2m(x)() dx = 277[?(3] -2,
0 0

(=24 by[-15]

Use cylindrical shells: A shell has radius x and height x.

2 1 2
Thevolumeis [ 2(x)() dx = 277[?(4} - 8n.
0 0

[-05, 1.5] by [-0.5, 1.5]

The curvesintersect at x = 0 and x = 1. Use cylindrical
shells: a shell has radius x and height V'x — x. The volume

1 1
is [ 2m0(Vx — ) dx = 2m] 2x52 — 1,3| = 27,
[0} 5 3 0 15

35.

36.

I

[-1,5by[-13]
The curved and horizontal line intersect at (4, 2).

(a) Use washer cross sections: awasher has inner radius
r= \/>_<, outer radius R = 2, and area
AX) = 7(R? — r?) = (4 — X). The volume is

4 1 4
[ - dx= 77'[4X - 5x"’] =8
0

(b) A cross section hasradiusr = y? and area
Aly) = 712 = my*.
15

2 2
The volumeisf mytdy = W[,y } = S2m
0 5

(c) A cross section hasradiusr = 2 — Vx and area
AX) = 712= 72 — VX)2 = 74 — 4Vx + X).
The volumeis

4 4
f (4 — 4Vx + x) dx = w[4x N lxz} =8
0 3 2§, 3

(d) Use washer cross sections: awasher has inner radius
r =4 — y?, outer radius R = 4, and area

Aly) = m(R? — r?) = 716 — (4 — y)?]

= m(8y* — Y.
Thevolumeis
2 2
2 _ § 3_15 _ 2241
[ =8y? - v* dy w[sy 2 ]o =

(-3 by[-1,3]
The slanted and vertical lines intersect at (1, 2)
(@) Thesolidisaright circular cone of radius 1 and
height 2. The volume is
gh = Ymryh = 122 = 2
3Bh 3(7Tr )h 3(71'1 )2 3"
(b) Usecylindrical shells: ashell hasradius 2 — x and
height 2x. The volume is
1 1
[ 2m(2 = (2 dx= am [ (2x— ) o
(0] 0

1

= 477[x2 - lxﬂ =8
3 I

3



37.

(2,21 by[-1,2]
The curvesintersect at (=1, 1).
(@) A cross section hasradiust = 1 — x? and area
AX) = 71?2 = m(1 — x3? = m(1 — 2¢* + x).
The volumeis
2.3

1
f 77(1—2x2+x4)dx:7r{x—7x +
1 3 5

(b) Usecylindrical shells: ashell hasradius 2 — y and
height 2\/3_/ The volumeis

f2w(2 Y(@VY) dy= 4wf @y =y

= 4r £y3/2 252" _ S6m
3 5 15

(c) Usecylindrica shells: ashell hasradiusy + 1 and

height 2\/3_/. The volumeis
J:?_Tr(y + 1)2Vy) dy = 4qrfl(y3V2 +Vy) dy

_ 252, 2,312 64
= + —_—
477[ =y y } .

38. (a) A crosssection hasradiusr = h(l - %) and area

2
AX) = mr? = 7rh2(1 - %) The volumeis
3+b
f ﬂ-h2<1 - —) dx = ﬂ-hz[ (1 - 5) ] = Thh2,
b) |, 3

(b) Usecylindrical shells: a shell has radius x and height

h<1 — %) The volumeis

b X
[ 27-r(x)h<l ) dx= 2h f (x - —) dx
o b
31b
- 27Th[ X2 — X—] = Theh,
3b 3
39,
[-2,3] by[-23]
A shell has radius x and height x — (—3) - gx.

2 3 2
The volume isf 27T(x)<5x) dx = w[x3] = 8.
0 0

1s v 167
15
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40.

[-2.2] by [-1,3]

x> =2 — xa x= 1. A shell hasradius x and height
2 — x — X2 The volumeis

1 2 2 1.3 oy
f2w(x)(2—x—x)dx=2w[x — =X ——x] ==
0 3 o 6

41.

(=15 by[-1,3]

A shell has radius x and height V/x. The volume is

f:z?r(x)(\&) dx = 277[%)(5/2]: _ % .

42.

[-22]by[-22]
The functions intersect where 2x — 1 = Vx, i.e, at x = 1.
A shell has radius x and height
Vx — 2x—-1) = VX — 2x + 1. The volume is
f 20()(VX — 2x + 1) dx= 27 j 032 — 22 + ) o

=27 3 52 2,3 4 1x2
3 2 o
_In
15

43. A shell has height 12(y? — y9).

(@) A shell hasradiusy. The volumeis

1 1
[, 2m1200% ¥ dy = 24m] (2~ v oy

1
4 5 o 5

(b) A shell hasradius 1—y. The volumeis
f 2m(1 - y)12(y* — y9) dy
= 247rf (v -2° +y2)dy
5 1y4 l _ A4r
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43. continued
(©) A shell has raolius§ —y. The volume iis
f 277( - y)12(y -y dy
=24wf( - By y)dy
= 241 [1 By —y} = 2m.
(d) A shell hasradiusy + g. The volumeis
j 2n{y + )12(y y) dy
= 247-rf0<—y +€y + %yz) dx
= 2477[—%y5 +2—:gy4 + 1—25y3£ = 2m.
44. A shell has heighty—zz - (y; -
(@) A shell hasradiusy. The volumeis

24 3

2 4
J, 22 = %) ey = 2] y* - 1y6} =&
o 4 0

(b) A shell hasradius2 — y. The volume is
2 4
f 2m(2 ~ y)(y2 - y—) dy

4
—277J( yz—y +2y2>dy
i 2
3

(c) A shell hasradius5—y. The volumeis

f “2n(5 - y)( y? - y—4) dy

—2f< y+5y)dy
= i6_15_14 53] _
277{24y 4y 4y +3y L 8.

(d) A shell hasradiusy + g The volume is
2 5\ .2 _y*
Ly + gl =)o
o (Y 3 B
—27Tf0< L%ty +?)dy

2
_ 16 15,14, 53] _
—oml -ty Lys L4 S31_4n
77[ 2 T Y T L ™

45.

[-1, 3] by [-1.4, 9.1]
The functions intersect at (2, 8).

(a) Use washer cross sections: awasher has inner radius
r = x3, outer radius R = 4x, and area
AX) = 7(R? — r?) = 7(16x> — x8). The volume is

2 2
f 716 — x) dx = | 23 - L7 | = 327
0 30 T, 2

(b) Usecylindrical shells: ashell hasaradius 8 — y and
height y¥3 — %. The volume is
8
[, 2@~y = %) oy
_ ZWJ <8y]J3 Zy y4/3+ ) dy

8
3 1 832
— 27T|:6y _ y2 _ ?y7/3 + Ey3:| _ 21’77

46.

[-0.5, 1.5] by [—0.5, 1.5]
The functions intersect at (0, 0) and (1, 1).

(@) Usecylindrica shells: ashell has radius x and height
2x — x2 — x = x — X2 The volume is

1 1 L .
f 27(X)(x — x) dx = 27T[—x3 - _Xﬂ =T
0 3 4 o 6

(b) Usecylindrica shells: ashell hasradius 1 — x and
height 2x — x> — x = x — x2. The volume is

1 1
jozw(l X — D) dx = 27rj 03 — 22 + X) dx



47.

48.

49,

50.

I
[-0.5, 2.5] by [-0.5, 2.5]
The intersection points are (% 1), (% 2), and (1, 1).

(@) A washer hasinner radiusr = %, outer radius R = 1

y?

and area (R — r?) = 77(% - 1—16> The volumeis

21 1\ [ 1 17 1x
Lty sl

(b) A shell has radius x and height % — 1. The volume is
X

1 1

f 271-(x)<i - 1) dx = 27-r[3x3/2 - 1xz] — Um

kbt Oy 3 2|, 4
@) Foro<xsmxf(x)=@=sjnx.

Forx=0,xf(x)=0-1=sn0=snx. So

xf(x) =sinxfor0<x= .

(b) Usecylindrical shells: ashell has radius x and height y.
The volumeis [ 2mxy dx, which from part (3 is
(0]

f 2r sinxdx = 277[—cosx} = 477
0 0

a) A cross section has radiusr = —\V/36 — x? and area
A ion has radi 1X2v 36 — x% and
AX) = 712 = ﬁ(%x2 — x%. Thevolume is
6 6
f T (36x% — x* dx = l[12x3 - EXS} =367 o3,
0 144 144 5 o 5

(b) (36?77 cm3>(8.5 g/em®) =~ 192.3 g

A cross section has radiusr = |c — sin x| and area

A(x) = @12 = zr(c — sinx)? = m(c? — 2c sin x + Sin? ).
The volumeis

[[7(& - 2csinx + s x) dx

(6]

— 2 1 1. &
—wcx+2¢cosx+§x—zsm2x

= W[(CZW —2c+ %’ﬁ) - ZC]

= 72c? — 4mc + %
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(@) Solve
2
i[ 2c2 — 4mc + 77_]: 0
dc 2
2w%c — 4r =0
mc—2=0
c=2
a
This value of ¢ gives aminimum for V because
a®Vv )
F = 2’7T > O
2 2 2
Then the volume is 772<£) — 47-r<3) +A_T gy
T T 2 2

(b) Since the derivative with respect to c is not zero
anywhere else besides ¢ = 3, the maximum must occur
T
2
ac=0orc=1 Thevolumeforc=0 is% ~ 4,935,

(37

andforc=1itis 2_8)%2.238.c:0

maximizes the volume.

©

[0, 2] by [O, €]

The volume gets large without limit. This makes sense,
since the curve is sweeping out space in an
ever-increasing radius.

d 2
2
following areas (in square inches, rounded to the

. e _ _c? .
51. () Usingd ==, and A = 71'(7) = — yieldsthe
T 4

nearest tenth): 2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7,

10.7,9.3, 6.4, 3.2.

b

~

If C(y) isthe circumference as a function of y, then the

area of across sectionis
_ _(Cu)im\? _ CHy)
AY) 77( 2 ) 4
1 (%,
and the volume |s—f C4(y) dy.
4a)o

6 6
© [ Ay =[ iy ay
~ i<ﬂ>[5.42 + 245 + 442
47\ 24

+512+ 632+ 7.82 + 9.42 + 10.82 + 11.6?

+11.6° + 10.82 + 9.0%) + 6.37 = 34.7in’
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52. (a) A cross section hasradiusr = V 2y and area 55. Solve ax — x? = 0: Thisistrueat x = 0 and x = a. For
5 5
w12 = 27y, The volume is f 27y dy = w[yz] = 25 revolution about the x-axis, a cross section has radius
o 0
r =ax — x? and area

b) V(h A(h) dh, ——Ah
(b) V() = [A(h) ch, 50 . A) = % = (e — X = (e — 288 £ ¥,

LV v
Tt dh " dt ’
dh_ 1 v The volumeis
d A dt N . . L
For h = 4, the areais 2 (4) = 8, fo m(a®? — 2ax3 + x%) dx = W[§a2x3 - Eax4 + EXS}
dh_ 1 units_ 3 units °
0f8=2=.3 == . 1 s
dt 8m sec 87  sec = %Wa .
53. (@) y
For revolution about the y-axis, a cylindrical shell has
-1 2r
27
7
AR radius x and height ax — x2. The volume is
1 |
1 |
1 1 t 1 1 X a
L [ 2n(0)(ax — ) dx = 20] Fax® — 1t = Lrat,
N 0 3 4 |, 6
\\ 1
N Setting the two volumes equal,
. . 1 1 1 _
The remaining solid is that swept out by the shaded %Wa = Ewa yields —Oa 5 soa=>5.
region in revolution. Use cylindrical shells: a shell has
radius x and height 2V/r? — x°. The volume is 56. The dant height As of atiny horizontal slice can be

written as As = VAXZ + Ay2 = V1 + (g'(y))?Ay. So the
| 20()(2VrZ — ) dx
ViZ—22

surface area is approximated by the Riemann sum

n
r > 2mg(y ) V1 + (g'(y))? Ay. The limit of that is the
_ _ 2,2 232 k=1
277[ 22— ]

ViZ=a integral.
3277'
i g) = 247
( ) 57. g’(y) :%:i‘ and
(b) The answer |smdependent of r. & 2Vy

f277\/§/ /1+( \[) dy = jw\/4dey

54. Partition the appropriate interval in the axis of revolution
- [7(4y + 1)3’2}
6 0

and measure the radius r (x) of the shadow region at these
. . . . —_ T ~
points. Then use an approximation such as the trapezoidal T3 - 13.614

b
rule to estimate the integral f ar3(X) dx.
a 58. g'(y) = — =y and

Ez#(y;)\/m dy = %w[%(l n y4)3/2T
= g(z\ﬁ — 1) ~ 0.638.

—1/2

59. g'(y) = ==y ¥, and

L= G [ o
-l (e

Using NINT, this evaluates to ~16.110

N~

Wl



61.

62.

63.

65.

a'(y) @:m and
2
Lszw\/Zy—l 1+<\/%) dy
~ 25 Vayay
/8
:2\/§7T[§y3/2]5/8

fr(x) = dy = 2x, and

2
j 2mxV1+ (207 dk = [ 2mV1+ 4 ok evaluates,
0 (0]

using NINT, to = 53.226.

fr(x) = dy—s 2%, and

f 27(3x — x)V1 + (3 — 2X)2 dx evaluates, using NINT,
0

to =~ 44.877.

fr(x) = dy_ 17x

f 27V 2x — X2 /l+ dx—277- 1dx
0.5
15
ZZW[X]
0.5

and

= 27 =~ 6.283
_dy_ 1
(%) o 2Hl,and
2
f27r\/x+ 1+<\/_> dx
2Vx+1

5
= Zﬂ-f [X + de
1 4
3/215
e
3 4 1

32 3/2
= ﬁ[(é) — <g> } = A9 51.313
3[\4 4 3

Hemisphere cross sectional area: w(\/ﬂ 2= A
Right circular cylinder with cone removed cross sectional
area wR2 — wh? = A,

Since A, = A,, the two volumes are equal by Cavalieri’s
theorem. Thus, volume of hemisphere

= volume of cylinder — volume of cone

=R - LR = 2R
3 3
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66. Use washer cross sections: a washer has inner radius

r=b—VaZ—y? outer radiusR = b + Va2 — y2 and
aream(R% — r?)

=al(b+ V& —y)? — (b - V& — y)

= 47bVa? — y2 The volumeiis

f‘a47rb\/ a® — y? dy= 4ab ﬁa\/ryz dy

= 47Tb<Laz)
2

= 2m%a%h

67. (a) Put the bottom of the bowl at (0, —a). The areaof a
horizontal cross section is w(Va? — y?)? = m(a® — y?).
The volume for height his

h—a a " )
f W(a - y2) dy = w{azy — Eyﬂ _ M
-a

3

(b) For h =4,y = —1and the area of across section is
m(5% — 1%) = 24a. Therate of riseis
dh _ 1 dv 1 1

==-—= 0.2) = —— m/sec.
dt A dt 2477( 1207

68. (a) A cross section has radiusr = Va? — x? and area
AX) = 712 = m(Va? — x?)? = (@ — x?). The

volumeis

a a

f m@®—x?)dx = w[azx - lxﬂ

a 3

—a
A 3929
=48
3

2
Aly) = 72 = 7t (1 - —) = wrz(l % + #) The
volumeis
h 2 2 31h
2 2y Y ) y y
— a4 = [ ST
fowr (1 h h2> dy= mr [y b 3h2L

= 1'n'r 2h.
3
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m Section 7.4 Lengths of Curves
(pp- 395-401)

Quick Review 7.4

1

10.

. V1 + cos2x = V2 cos? x, which, since —

V1+ 2x+ x2 = V(1 + x)?2, which, sincex = —1, equals

1+ xorx+ 1

| 2 x\2 . .
) —x+7— 1—E , Which, since x = 2, equals

1-Xor2=X
2 2

. V1 + (tanx)2 = V(sec X)2 which, since 0 < x < %

equals sec x.

2
1+ XL\ 1+ixz+i2=1 (x +24) which,
4 X 2 16 X 4 X

X2+ 4

since x > 0, equals

T

equals V2 cos x.

. f(X) hasacorner at x = 4.

d 2/3 10

. —(5x“®) = = isundefined at x = 0. f(x) has a cusp
dx 3Vx
there.

: —( Vx+3) =

)4,5 is undefined for x = —3.

f(x) has avertlcal tangent there.

. Vx? — 4x+ 4 =|x — 2| hasacorner at x = 2.
(1 +Vsnx ) COS))(Z,S is undefined for x = kar,

where k is any integer. f (x) has vertical tangents at these

values of x.

Section 7.4 Exercises

1

2.

@y =2x%0
2 2
Length=f \/1+(2x)2dx=f V1 + 4x2 dx.
-1 -1

_

[-1,2] by [-1 5]
(c) Length = 6.126
(@) y' = sec? x, so Length = f V1 + sec* x dx.
—a/3
(b)

(b)

T
[—5, o} by [-3, 1]
(c) Length = 2.057

3. (a) x' = cosy, so Length = JOWV1 + cos? y dy.
(b)

[-1,2] by [—-1 4]
(c) Length = 3.820

4. (@ X' = -yl-y) 2

1/2 yz
Length = sz 1+ 2 2

(b)

e ]

[7lv 2] by [71v 1]
(c) Length = 1.047

5. () y’+2y=2x+ 1,0
y2+2y+1=(y+1)2:2x+2 and
y=V2x flTheny—

Length = f 1+
/

[-1.71by[-2 4]
(c) Length = 9.294

, and

Vox+ 2

(b)

{

6. (@) Yy = cosX+ XsSinX— COSX = X SN X, SO

Length = f 1+ x° sin® x dx.
(0]

(b)

[0, 7] by [-1, 4]
(c) Length =~ 4.698
7. (@) y' = tanx, so Length = f V1 + tan? x dx.

(b) y = [tan xdx = In (sec x)

a
[o, E} by [~0.1,02]
(c) Length = 0.549
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w4 —
8. (@) X = Vsec?y — 1, so Length = /3secydy. 10.y' _(e" soLength—f *ex

— 7

(b)

(b) X' = Vsec?y — 1 = [tanyl,
{ In (cosy) __< =0 K_/
SO X =

—In (cosy) 0<ys7T

4 [-3 3] by [-2, 1]
(c) Length = 20.036

1y = %(x2 + 2)12(2x) = xVXZ + 2, so the length is

3 3
/ f\/1+(x\/x2+2)2dx=f\/x4+2x2+1dx
0 0
3 3
- 2+1d:[13+}:12.
[~ 2424]by[ ™ 727] fO(X ) dx = |2 J

(c) Length = 2.198
12y = 3\/;< so the length is

9. (@) y = secxtanx, so /
I3 f 1+ \/)_< dx—f /1+%dx
Length = f V1 + sec? x tan® x dx. o
—al3 9)(
(b) [27 4) L

e | 80\/f) 8

13. x' = 2, sothelength |sj \/ﬁ
- 5|13 /
(0 Lt[engih i} 3.139 B f y2 : ZF dy } 6

14 x =y% — ls,sothelengthls
f\/ zy—s dy = f\/ 4y3
-
[ o),

_ 13

32°

15. x =y5—2yi so the length is

L

_[as_A1P_1
& 2y, 12
4
(4x + 4)?

1

6.y =x2+ 2+ 1— =(x+1)2—4(x+1)2

so the length is
2 2
2 1
fo \/1 + ((x P +1)2) o

- Lz\/<(x 12+ 4(X11)2)2 dx

Y OUR SRS S -
_[3(X+1) 4(x+l)]0 6"
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17. X' = Vsec*y — 1, sothelength is
w4 l4

f \/1+(sec4y—l)dy=f sec?y dy
—ml4 —l4

w4
= [tan y] =2

—ml4
18. y' = V3x* — 1, so thelength is
-1 -1
| VITad-Da=] Valax
2 -2
= \/éFngl E
5 .

3
-2

as— Then

19. (a) ( X) correspondsto— here, sotake e
X

y= Vx + C, and, since (1, 1) lieson the curve, C = 0.

Soy:\/;.

(b) Only one. We know the derivative of the function and
the value of the function at one value of x.

dx 1 dx 1
20. (a ( ) corresponds to —; here, so take — as .
@ dy Esri y* dy y?
Thenx = —; + C and, since (0, 1) lies on the curve,

1
_X.

C=1Soy=1

(b) Only one. We know the derivative of the function and
the value of the function at one value of x.

21. y' = Vcos 2, sothelengthis
w4
f 1+c052xdx—f V2 cos® x dx
w4
= \/_[sm x} =1

22,y = —(1 — x¥3)Y2~13 s thelength is
1
8f 1+ (1 — x¥3)x 28 dx
V2/4

1
=8| VxZgx

24

1
= 8] x~ 13 dx
\2/4

= SBXZBT
V24

_ SF _ §(1>] 6
2 2\2
23. Find the length of the curvey = sin %X for 0 = x = 20.
3 3
y' = —cos—x sothelength is

cos—x dx which evaluates, using NINT,

to = 21.07 inches.

24. The areais 300 times the length of the arch.

y' = ( ) sin (50) so the length is
n2<”—;) dx, which evaluates, using NINT,
to =~ 73.185. Multiply that by 300, then by $1.75 to obtain

the cost (rounded to the nearest dollar): $38,422.

25. For track 1: Y, = Oatx= +10V5~ +22.3607, and

, —0.2x
yi = el
V100 — 0.2x

10V5
f v 1+(y,) 2 dx because of the undefined slope at

NINT failsto evaluate

the limits, so use the track’s symmetry, and “back away”
from the upper limit alittle, and find

22.36

2f V1 + (y,)* dx =~ 52.548. Then, pretending the last
0

little stretch at each end is a straight line, add

2V100 — 0.2(22.36)% =~

track 1 as = 52.704. Using a similar strategy, find the

0.156 to get the total length of

length of the right half of track 2 to be = 32.274. Now

enterY, = 52.704 and

—0.2t

V150 — 0.2t2
graph in a[—30, O] by [0, 60] window to see the effect of

2
Y2=32.274+NINT<\/1+< ),t,x,O)and
the x-coordinate of the lane-2 starting position on the length
of lane 2. (Be patient!) Solve graphically to find the
intersection at x = —19.909, which leads to starting point

coordinates (—19.909, 8.410).

26. f'(X) = l —28 4 éx U3 but NINT fails on

fo \/m dx because of the undefined slope at
= 0. So, instead solve for x in terms of y using the

quadratic formula. (x¥3)2 + x3 — y = 0, and

(i —lx V1t ay

= % Using the positive values,

X = l(v 1+ 4y — 1) Then,
SV1+dy— (
2], f 1+ 4y
f \/1 T (X)2dy ~ 36142,
(0]

)and



27.

28.

2. y=

30.

ey @2+ 1) — (82 —8X) _ _4ax®—8x—1
Y (4x% + 1)° (4x+ 12 ' so the
452 — 8x — .
length |sf \/ (4x 1 ) dx which evaluates,

using NINT, to =2.1089.

Thereisacorner at x = 0:

[-2,2) by [-1, 5]
Break the function into two smooth segments:

- —2=x=0 d
Y= 13 + 5x 0<x=1

—-2=x<0

.32 -5
Y=132+5 o<x=1

Thelengthlsf V1+ (y)?dy
—f V1+ (3x° - 5) dx+fv1+(3x + 5)2 d,

which evaluates, using NINT for each part, to = 13.132.
1-VxX30=x=1

N

[—0.5, 2.5] by [0.5, 1.5]
L Vx-1
y

, but NINT may fail usingy’ over the entire
X

interval becausey’ is undefined at x = 0. So, split the curve

into two equal segments by solving Vx + \/;_/ = 1 with

1 ot
y = x: X = =. Thetota length is ZJ
4 14

which evaluates, using NINT, to = 1.623.

[0, 16] by [0, 2]

y' = %x’y“, but NINT may fail using y’ over the entire
interval, because y' is undefined at x = 0. So, use
x=y%0=y=2x =4y®andthelengthis
J:\/m dy, which evaluates,

using NINT, to = 16.647.

31.

32.

33.
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Because the limit of the sum > Ax, as the norm of the
partition goes to zero will aways be the length (b — a) of

theinterval (a, b).

No; the curve can be indefinitely long. Consider, for

example, the curve ;sn (X> +05for0<x< 1

(a) Thefinisthe hypotenuse of aright triangle with leg

lengths Ax and | Ax = f(x,_)Ax,
ax X=X—1

() lim > VT + (70 )ax)
=lim %AXKW

fim 2. k1))

- fbw T (F()2 dx

. Yes. Any curve of theformy = =x + ¢, wherecisa

constant, has constant slope *+1, so that

foa\/ 1+ (y)%dx = f:\/ﬁ dx = aV2.

m Section 7.5 Applications from Science
and Statistics
(pp. 401-411)

Quick Review 7.5

1

N

w

e

o

o

~

oo
(b) =~ 0.632
1 J
@ foe dxz[e]oze,l
(b) =~ 1.718
- (@ j;fsin x dx = [fcos XIZ = %
(b) = 0.707
o [ -2
(b) 15
2 2
@ -[I_X3X+ 1 [ In (< + 1)}
%Un 9-1n2|
i
(b) =~ 0.501
J:Z’IT(X + 2) sin x dx

fo "1 = )@y dx
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7
8. f ar COS? X dx

0. [ (X w0y oy
10f sin? x dx

Section 7.5 Exercises

5 5
1 f xe 3 dx = [—3e’x’3(3 + x)] =
° 0
3 3
2. J xsin (W_X) dx = i[isin (W—X) - xcos<lx>]
0 4 w7 4 4],
_ 4_\/5(3 N §>
T\ 2
~ 3.8473 J

3 3
3.fo9—x2dx:[—1(9—x2)3’2} =99
0 0

—% +9~ 44670

10

e

10 . .

("X cosx + 2) dx= [es‘"x + ZX}
0 0
=¢e""10 + 19 ~ 19,5804 J

5. When the bucket is x m off the ground, the water weighs

F(X) = 490(20 - X) 490(1 - 2—’:)) = 490 — 24.5x N.

Then
20

20
w= [ (490 - 2450 dx = [490x - 12.25x2] = 4900 J.
0

0
6. When the bucket is x m off the ground, the water weighs

F() = 490<L‘W5) 490(1

- i) = 490 — 19.6x N.
20 25

Then
20 20

W= (490 — 19.6x) dx = [490x — 9.8x2} = 5880 J.
0 0

7. When the bag is x ft off the ground, the sand weighs
18 — x/2
8

F(x) = 144( ) - 144(1 - 3—2) =144 4x b,

Then

18 18
w= [ (144 - 4x) ox = [l44x - 2x2} — 1944 ft-Ib
0 0
8. (a) F = ks, 50800 = k(14 — 10) and k = 200 Ibin.

2 2
(b) F() = 200, and | 200x dx = [lOOxZ} = 400 in-Ib.
0 o

(c) F = 200s, sos—@—s in.
200

9. (a) F = ks, s0 21,714 = k(8 — 5) and k = 7238 Ibin.
1/2 1/2
(b) F(x) = 7238x W= | 7238xdx = [3619x2]
0 o

1
= 904.75 = 905 in.-lb, and W = I 7238x dx
V2

1
- {3619x2} = 2714.25 ~ 2714 in-Ib.

12

10. (a) F = ks, 50 150 = k(%) and k = 2400 Ib/in. Then for
s=LF= 2400<1> =3001b.
8 8

us
=18.75in.-Ib
0

1/8
() [ 2400x dx = [1200x2]
(0]
11. When the end of the rope is x m from its starting point, the
(50 — x) m of rope still to go weigh
F(X) = (0.624)(50 — x) N. The total work is

f (0.624)(50 — x) dx = 0. 624[50x - % 2] =780J.
0

(p. ) (p. )
12. (a) Work = j F()dx—j Y2 nd =] " 2o av
Py Vp) Py, 1)

109 350 and

(b) p,V,** = (50)(243)'* = 109,350, so p =

av

(Py Vo)
Work = J 2 V2 109i3:150
(ppvy VU

= 109,350[—2.5v—0-4]V ¥
V=243
= —37,968.75 in.-Ib
13. (a) From the equation x° + y? = 32, it follows that a thin
horizontal rectangle has area 2V'9 — y? Ay, wherey is
distance from the top, and pressure 62.4y. The total
n
forceis approximately  (62.4y,)(2V9 - y,%) Ay
n K=1
=% 1248y,V9-y2Ay.
k=1

s 3
(b) j 124.8yV9 — y2 dy = {—41.6(9 _ yz)slz}
° 0
=1123.21b

2 2
14. (a) From the equation % + é =1, it follows that athin

2
horizontal rectangle hasarea6 /1 — éAy, whereyis

distance from the top, and pressure 62.4y. The total

force is approximately

2(624yk)(6F ) Ay = 23744yk F Ay,
®) [[sray [1- L ay~|-row721- L) ]

=7987.21b



15. (a) From the equation x = gy, it follows that a thin
horizontal rectangle has area %yAy, wherey isthe
distance from the top of the triangle, the pressure is

62.4(y — 3). The total force is approximately

n 3 n
S 624(y, — 3)<Zyk) Ay =Y 46.8(y2 — 3y Ay.
K=1 k=1

8

8
(b) L 46.8(y,2 — 3y) dy = [15.6y3 - 70.2y2]
— 3494.4 — (—210.6) — 3705 Ib

3

2
16. (a) From the equationy = X? it follows that a thin

horizontal rectangle has area 2V 2yAy, wherey is
distance from the bottom, and pressure 62.4(4 — ).
The total force is approximately

n
kz 62.4(4 — y)(2V 2y )Ay

=1

= kz 124.8V2(4Vy, — y3?)Ay.
=1

4
(b) [ 1248V2(4Vy — y¥?) dy
0
4
- 124.8\/5[§y3’2 - Eyfﬂ
3 5 o
= 1064.96V/2 ~ 1506.1 Ib
17. (a) Work to raise athin slice = 62.4(10 X 12)(Ay)y.
20 20
Total work = | 62.4(120)y dy = 62.4[60y2}
0 o

= 1,497,600 ft-Ib

(b) (1,497,600 ft-Ib) = (250 ft-Ib/sec) = 5990.4 sec
~ 100 min

10
(c) Work to empty half the tank = f 62.4(120)y dy
0

10

- 62.4[60y2} — 374,400 ft-Ib, and
0

374,400 + 250 = 1497.6 sec = 25 min

(d) The weight per ft3 of water is asimple multiplicative
factor in the answers. So divide by 62.4 and multiply

by the appropriate weight-density

For 62.26:

1,497,600(%) = 1,494,240 ft-Ib and

5990.4<@) — 5976.96 sec ~ 100 min.
62.4

For 62.5:

1,497,600<%) — 1,500,000 ft-Ib and

62.5

5990.4(—
624

) — 6000 sec = 100 min.

18.

19.

20.

21

22.
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The work needed to raise athin disk is 7(10)3(51.2)yAy,
wherey is height up from the bottom. The total work is

30 1 30
[ 100m(51.2)y dy = 512077[Ey2} ~ 7,238,229 ft-Ib
0 0

Work to pump through the valve is (2)3(62.4)(y + 15)Ay

for athin disk and

jo *4m(62.4)(y + 15) dy 249.677[%y2 + 15y}6
~ 84,687.3 ft-Ib i

for the whole tank. Work to pump over therim is

m(2)%(62.4)(6 + 15)Ay for athin disk and

L647r(62.4)(21) dy = 4m(62.4)(21)(6) ~ 98,801.8 ft-Ib for

the whole tank. Through a hose attached to a valve in the

bottom is faster, because it takes more time for a pump with

a given power output to do more work.

The work is the same as if the straw were initialy an inch
long and just touched the surface, and lengthened as the

liquid level dropped. For athin disk, the volume is

y + 175
( 14
y+ 175
( 14

7 2
| 'rr( y *117'5) (g)(s —y) dy, which using NINT evaluates
(0]

to = 91.3244 in.-oz.

2
) Ay and thework toraiseitis

2
) (g)(S — y)Ay. The total work is

The work is that already calculated (to pump the oil to the
rim) plus the work needed to raise the entire amount 3 ft
higher. The latter comes to

(%wr2h>(57)(3) — 57m(4)X8) = 22,921.06 ft-lb, and the

total is 22,921.06 + 30,561.41 =~ 53,482.5 ft-1b.

The weight density is a simple multiplicative factor: Divide
by 57 and multiply by 64.5.

30,561.41(%) ~ 34,582.65 ft-Ib.
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23. Thework to raise athin disk is
ar3(56)h = (V102 — yA(56)(10 + 2 — y)Ay
= 567(12 — y)(100 — y?)Ay. The total work is
jo Ps6m(12 — y)(100 — y?) dy, which evaluates using NINT
to =~967,611 ft-Ib. This will cometo
(967,611)($0.005) ~ $4838, s0 yes, there's enough money

to hire the firm.

24. Piperadius = %ft;
) ] 360 /112

Work to fill pipe = f 77(6) (62.4)y dy = 112,320 ft-Ib.
o
385

Work to fill tank = [ m(10)%(624)y dy
360

= 58,110,000 ft-1b.
Total work = 58,222,320+ ft-1b, which will take

58,222,3207 + 1650 =~ 110,855 sec =~ 31 hr.

25. (a) The pressure at depth y is 62.4y, and the area of athin
horizontal strip is 2Ay. The depth of water is % ft, so
thetotal forceonan end is

fo " 62.4y)(2 dy) ~ 20073 1b,

(b) On the sides, which are twice as long as the ends, the
initial total force is doubled to =419.47 Ib. When the
tank is upended, the depth is doubled to 1—31 ft, and the

113

force on a side becomes f (62.4y)(2 dy) =~ 838.93 Ib,

0
which means that the fluid force doubles.

26. 3.75in. = > ft, and 7.75 in. = “= ft.
16 48
. 31/48 5
Forceonaside = fp dA = f (64.5y)<— dy) = 4.21h.
o 16

27. (a) 0.5 (50%), since half of anormal distribution lies
below the mean.

65
(b) UseNINT tofind | f(x) c, where
63
f() = —L—e (8342 32) Theresiltis
32Var
~0.24 (24%).
(c) 6ft=72in. Pick 82in. as a conveniently high upper
82
limit and with NINT, findj f(x) dx. Theresult is
72

~0.0036 (0.36%).

(d) Oif we assume a continuous distribution. Between
59.5in. and 60.5 in., the proportion is

60.5

L7409 ok = 0071 (7.1%)
59.5

1 o~ (x—498)(2 - 1007

100V 27
@ jz’f (x) dx ~ 0.34 (34%)

28. Usef(x) =

(b) Take 1000 as a conveniently high upper limit:
1000
[, (9 dx = 0.217, which means about
0.217(300) = 6.5 people

29. Integration is a good approximation to the area (which
represents the probability), since the areais akind of

Riemann sum.
30. The proportion of lightbulbs that last between 100 and 800
hours.
35,780,000 35,780,000
3L | 1000MG 4 — 1000 MG[—E} , which for
6,370,000 " 16,370,000

M = 5.975 X 10%*, G = 6.6726 x 10~ evaluates to

~ 5.1446 x 1019 J.

32. (a) The distance goesfrom 2 mto 1 m. The work by an
external force equals the work done by repulsion in
moving the electrons from a 1-m distance to a 2-m
distance:
Work =

2
=23 % 10*29[—1]
Tl

2 -29
j 23><:;.0 dr
1 r

=115% 10728

(b) Again, find the work done by the fixed electronsin
pushing the third one away. The total work is the sum
of the work by each fixed electron. The changesin
distance are 4 mto 6 m and 2 m to 4 m, respectively.

6 -29 4. -29
Work = [ BX 107 Xrio o+ [ B2 Xrio dr
4 2

e[

~ 7.6667 X 10720 ],



35.

36.

37.

38.

39.

40.

w= [ 209 dx
X1
xl dx
'V,
= [ Zmwav
Vi
_1 2 1 2
UL I L)
. Work = Change in kinetic energy = lmvz.
_ 20z _ U8lb _ 1
M= Dfvse?  32fused 256 siug, o
Work = ( )(160)2 = 50 ft-Ib.
2\ 256
0.3125 Ib = 03%55 b _ 0.009765625 slug, and
90 mph = 90(5280_“)( Lhr ) = 132 ft/sec, 0
1mi /\3600 sec

Work = change in kinetic energy = %(0.009765625)(132)2

=~ 85.1 ft-lb.

160z =16 oz( Lb )/(32 ft/sec?) = 0.003125 slug, s
Work = 2(0.003125)(280)? = 1225 ft-Ib

202=2 oz<1—|b)/(32 ft/sec?) =

5280 ft)(

1
255 slug, and
1lhr
3600 sec
=~ 64.6 ft-lb.

1mi

1 2 o
0 Work = (256>(181 867)2 =

124 mph = 124 mph( ) — 181.867 ft/sec,

14507 = 145 02( 11b )/(32 ft/sec?) ~ 0.02832 slug, s
Work = £(0.02832)(88)? ~ 1007 ft-Ib

6502 =65 oz( L1b )/(32 ft/sec?) ~ 0.01270 slug, S0
Work = 5(0'01270)(132)2 ~ 1106 ft-lb.

20z = % b= 2—;6 slug. Compression energy of spring
2
- - %(18)(%) — 0.5625 ft-Ib, and final height is
0.5625

given by mgh = 0.5625 ft-lb, so h = = 4.5 ft.

(1/256)(32)

Chapter 7 Review

m Chapter 7 Review Exercises
(pp. 413-415)

1 fv(t) dt = fos(tz— 0.269) dt

5
= [1t3 - 0.05t4] ~ 10417 ft
3 0

7 7
2. [ ot dt= [ (4+ 0.001t% dt
(0] 0
.
= [4t + O.OOOZtS] ~ 31.361gd
0

100 100
3. [ B d= f (21 — €29 dx
° 100
[le — 33.333¢ °°3X] ~ 1464

0

2
=14¢9

4, f 2p(x) dx = f 2(11 — 4x) dx = [11x - 2x2}
(6] 6] 0

5, jo “E dt - [ 24300(2 ~ cos (%)) dt

t 24
Z&n(Z)| = 14,400
12 o

o

= 300[2t

[7lv 3] by [71v 2]

The curvesintersect at x = 1. The areais

1 2 1 2
fxdx+fizdx=[1x2} + [—1]
0 1X 2 X

[—4, 4] by [-4, 4]

The curvesintersect at x = —2 and x = 1. The areais

1 1
[ 32—+ D= [ (-x2 - x+2) dx
—2 —2

- [_lxs
3

; X2 + ZX}
2

317
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8. Vx+ Vy=1limpliessy = (1 - VX2=1-2Vx + x.

[—0.5, 2] by [-0.5, 1]

2 o

1 1
Theareaisf a- 2V + X) dx = {x — %x3’2 + EXZ]
(0]
1
R

9. x = 2y? impliesy = \/%

[

[-1,19] by [-1,4]
The curves intersect at x = 18. The areais
18 3/2718
| 37\# dx = | 3x — 3% - 18
o 2 3\2 o
3 3
24— 23] =
orf0 2y dy—[gy ]0—18.
10. 4x =y? — 4impliesx = %yz —1,and 4x =y + 16 implies

-1
—4y+4.

[_6! 6] by [_61 6]

The curves intersect at (3, —4) and (5.25, 5). The areais

[l - (-l
NYEEE

_[_13. 1>
—|—Ly3+ L2 4
oY gy Sy]f4

_ 425 _ <_§> = 28 _ 30375,
24 3 8
11.
|

[—0.1, 1] by [-0.1, 1]

a4 1 w4
Theareaisf (X — sinx) dx= [Eszrcosx
(0]

0
2
_m N2,
2 2

=~ 0.0155.

12.

13.

14.

15.

16.

>

[—1 3—”} by [-3, 3]

2' 2
The areais

f (2sinx — sin2x) dx = {72005x+%0032x} =4,
0 0

Inkgrsection
H=z.izBizet IV=-.LtzR9zzZ

[=5,5] by [-5,5]

The curvesintersect at x = +2.1281. The areais
2.1281

f (4 — x? — cos ) dx,
—2.1281

which using NINT evaluates to =~ 8.9023.

N\

Inkgrsection |
W= B2EEENOL IV=2.1744450

[-4,4] by [-4,4]

The curves intersect at X = +0.8256. The areais
0.8256

| @ sy o

—0.8256

which using NINT evaluates to =~ 2.1043.

Solve 1 + cos x = 2 — cos x for the x-values at the two

ends of the region: x = 27 = % ie, 5?77 or 7?77 Use the

symmetry of the area:
Tml3

ZJ [(1 + cosx) — (2 — cosx)] dx
2

T T3
= Zf (2 cosx — 1) dx
2
= 2[2 snx — X}Z”B

T

—2V/3- %T ~ 1.370.

57/3
f [(2 = cosx) — (1 + cosx)] dx
™3 5ml3
= j (1 — 2 cosx) dx
/3

= {x —2sin X]SW/?’
/3

=2V3+ %W ~ 7.653



17. Solvex® — x =
x=0andx = t2”4. Then use the area’s symmetry:

the areais
1/4

2f02 [Xz)jrl - (x3—x)] dx

2
[In(x +1) - x+1x]
2 o

14

=In(V2+1) + V2 -1~ 1.2956.

18. Use the intersect function on a graphing calculator to
determine that the curves intersect at x = *+1.8933.
The areais
J'1.8933 31_)(2 B 2 -3 o

—1.8933 10 ’

which using NINT evaluates to =~ 5.7312.

19. Usethe x- and y-axis symmetries of the area:
4f xsinxdx = 4[sinx - xcosx] = 4.
0 0
20. A cross section has radiusr = 3x* and area
AX) = 7r? = 9mx8.

1 1
V= J 9mx8 dx = W{Xg} = 21r.

21.

S

[-5,5] by [-5, 5]
The graphs intersect at (0, 0) and (4, 4).

(@) Usecylindrical shells. A shell hasradiusy and height

y— yZZ_ The total volume is
[2mt(y - )dy zwj( £y
!

T'

(b) Usecylindrical shells. A shell has radius x and height

2V/x — x. The total volume is

4 4
[ 272V = %) dx = 2] (2632 — ) dx
0 0

4
= om| 2x52 — L1y3

5 3 0
_ 1287

15 °

to find the intersection points at
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(c) Usecylindrica shells. A shell hasradius4 — x and
height 2V/x — x. The total volume is
f 27(4 — X2V — X) dx
- 277f VX — 4x — 232 4 x?) dx
=27TE3’272x 45’2+1x3 = 847
3 5 3 0 5
(d) Usecylindrica shells. A shell hasradius4 — y and
2
heighty — y? The total volumeis
4 y2
J,2mte =y %) o
(0]
4 3
= 27rf <4y— 2y2+y—)d
]
22. (a) Usedisks. Thevolumeis

wLZ (V2y)2 dy = wfoz 2y dy = wyz]z = 4r.
0

(b) wjokzydy - wyﬂk = 2

0

(¢) SinceV = k2, %—2 k%
- _:Ld_v, -1
Whenk = 1, 27k dt <2w>( 2=

so the depth isincreasing at the rate of = unit per
T

second.

23. Thefootball is asolid of revolution about the x-axis. A

cross section has radius /12(1 - 121) and area

2
ar? = 1271 — %) The volume is, given the symmetry,

11/2 2 11/2 2
2f 12q(1 - 2 dx=24wf 1— ) ax
o 121 b 121

2ol (],
ety

= 887 ~ 276 in°.

24. The width of across sectionis 2 sin x, and the areais

%wrz = %77 sin x. The volume is

T T 2
flwsinzxdx:ZEX—lsinZX =7
o2 2|2 4 o 4
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25.

26.

27.

28.

[-1,2] by [—-1, 2]
Use washer cross sections. A washer hasinner radiusr = 1,
outer radius R = &2, and area m(RZ — r?) = ar(e* — 1).
The volumeis
In3
[ e - ox= w[ex— }
0 o
=7(3—-1In3-1)

In3

=72 —In3).

Use cylindrical shells. Taking the hole to be vertical, a shell
has radius x and height 222 — x°. The volume of the
piece cut out is
V3 V3
f 27(X)(2V 2% — x?) dx = 27 f 2XV4 — x? dx
0 2 V3
— 2n -2(a - x2)3’2]

0

- 2%” ~ 29.3215 {3,

The curve crosses the x-axisat x = +3.y' = —2x, so the
3 3

lengthis | VI+ (—292dx= | VI+ 43 dx, which
-3 -3

using NINT evaluates to = 19.4942.

[-2,21by[-22]

The curvesintersect at x = 0 and x = *=1. Use the graphs’

x- and y-axis symmetry:

%(x3 — %) = 3x? — 1, and the total perimeter is

1
4] V1+ (3 = 1? dx, which using NINT evaluates to
(0]

~ 5.2454.

29.

30.

31

32.

33.

35.

A AN
[N

[-1,3] by [-3,3]

y' = 3x? — 6x equals zero when x = 0 or 2. The maximum

isat x = 0, the minimum at x = 2. The distance between
2

them along the curveis [ V1 + (3x2 — 6197 dx, which
0

using NINT evaluates to = 4.5920. The time taken is about

igzo = 2.206 sec.

If (b) were true, then the curvey = k sin x would have to
get vanishingly short as k approached zero. Since in fact the
curve's length approaches 27 instead, (b) isfalseand (a) is
true.

F()=Vxt-1s

[V EwP o= [Vidax
= L " dx
= [%x3]5 =39,

(a) (100 N)(40 m) = 4000 J i

(b) When the end has traveled a distance y, the weight of
the remaining portion is (40 — y)(0.8) = 32 — 0.8y.

The total work to lift the ropeis
40

40
(32— 0.8y) dy = [32y - 0.4y2}
o 0

=640J.

(c) 4000 + 640 = 4640 J

The weight of the water at elevation x (starting from x = 0)

is (800)(8)(M> - @<4750 - 1x>. The total work
4750 95 2
4750 4750
isf 128( 4750 — Lx) dx = 28] 4750x — 1x2
b % 2 % i
= 22,800,000 ft-Ib.
F= ks,soszzﬂzﬁN/m.Then
03 3
0.3 0.3
Work = f 800, gx = [@xz} =12J
o 3 6 o

To stretch the additional meter,
1.3

Work = f 800, dx = [@xz}
03 6 03

The work is positive going uphill, since the force pushesin
the direction of travel. The work is negative going downhill.

13
~ 213.3J.



36.

37.

38.

39.

40.

41.

The radius of a horizontal cross section is V8% — y?, where
y is distance below the rim. The areais (64 — y?), the
weight is 0.047(64 — y?) Ay, and the work to lift it over
the rim is 0.04m(64 — y?)(y) Ay. The total work is
8 8
| 0.0amy(64 — y?) dy= 0.047 (64y — v dy
2 2
8
= 0.047{32y2 - ly“]
4 2
= 367 =~ 113.097 in.-Ib.

The width of athin horizontal strip is 2(2y) = 4y, and the
force against it is 80(2 — y)4y Ay. Thetotal forceis

2 2 5
J, 32052 ~ ) oy = 320[ (~y? + 29) oy

1 2
= 320[—7y3 + yZ]
3 0

= 1280 _ 42667 Ib.
5.75in. = 22 ft, 35in. = — ft, and 10 in. = 2 ft.
48 24 6
For the base,
Force = 57(§ x L x 5) ~ 6.6385 Ib,
48 24 6
For the front and back,
5/6
Force = f 57( ) ydy = @[5 } ~577261b.
0
For the sides,
Force = f 57( ) ydy = @[Ey ] ~ 9.48351b,
0

A square's height isy = (\/6 - \&)2, and itsareais
6

y2 = (V6 — V)*. Thevolumeis [ (V6 — V) dx,
(0]

which using NINT evaluates to exactly 14.4.

Choose 50 cm as a conveniently large upper limit.
fso—l e~ -17.2%(2:34%) g4y avaluates,

20 3.4V 27

using NINT to =~ 0.2051 (20.5%).

Answers will vary. Find ., then use the fact that 68% of the
classiswithin o of u to find o, and then choose a
conveniently large number b and calculate

b
1 o (-w)i20?)
——€ dx.
J;O oV2m

42.

45.

46.

47.
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Usef(x) = ——e 72,
2m

1
(€] f f(X) dx evaluates, using NINT, to
-1
~ 0.6827 (68.27%).
2
(b) | () dx = 0.9545 (95.45%)
-2

© | ® £ dx ~ 0.9973 (99.73%)
-3

. Because f(x) = 0 and f_mf(x) dx=1

[-1,3 by [—1, 3]
A shell has radius x and height 2x —
1 3 1
volumeis f 2w(x)(—x) dx = w[xﬂ
o) 2

0

X. The tota

N w

X
2

= .

ﬁ

[_3! 3] by [_31 3]

A shell has radius x and height% The total volume is

f;zw(x)< )dx - f 277 dx = [ZWXL/Z = 3
]
[ z Sﬂ by [~2,2]

A shell hasradius x and height sin x. The total volume is

f 27(X)(sin x) dx = Zw[sin X — X COS x} = 272,
0

0
i

r

(-1, 4] by[-41]

The curvesintersect at X = 1 and x = 3. A shell hasradius
x and height x — 3 — (x> — 3x) = —x® + 4x — 3. The total

volumeis

3 3
[2m(9(—>2 + 4x — 3 ox = 2wf (3 + 42 — 3¥) dx
1
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48. Use the intersect function on a graphing calculator to X COoS x

3 Y, = X The graphs of y, and y, clearly show

determine that the curves intersect at x = +1.8933. A shell that I' Hopital's Rule does not say that lim Y1 is equal to

2 _ X-0
has radius x and height 31> — X1—03' The volume, which I|m ()ﬁ) 2

Y.
is caculated using the right half of the area, is z

TEscosii)

J»1.8933 12 xX2-3 4 hich us
A 27r(x)(3 - T) X, which using NINT ﬂ&

evaluatesto = 9.7717.

n=l =1

49. (a) y = —g(x +2)(x—2)=5-— %xz [-3.3by[-22]

Quick Review 8.1
(b) Revolve about the line x = 4, using cylindrical shells. 1 X
X (1 + %>
X

A shell hasradius4 — x and height 5 — x The total

1 1.1000
volumeis 10 1.1046
f 2m(4 — (5 — 7X ) dx 100 1.1051
1000 1.1052
= 107 f (%x3 2~ x+4)dx 10000  1.1052
-2
2
— 100 L4 — L3 - L2 4 4y 1,000,000 1.1052
16 3 72
=320~ 3351032in% ASX— (1 + —) approaches 1.1052.
3
2. " Sn%)
50. Since & = +f (¥) must equal V1 + (f'(x))?, _r r
dx o , 01 27183
1+ (') = L f () + (f'(x)% and 00l 27183
f'(x) = —x - = Then f(x) = —x — In x + C, and the 0.001 2.7183
0.0001 2.7183

requwement to pass through (1, 1) means that C = 3 The
1., 1 3 - 2inx+a 0.00001 2.7183

functionisf(x) = =x2 — = Inx + > = X —£NX* 3 E—
4 2 4 4

Asx- 0", x¥("%) approaches 2.7183.

w4
51. y' = sec? x, so the areaisj 2mr(tan X)V'1 + (sec? x)2 dx,
(6]

3. X
1
which using NINT evaluates to ~ 3.84. X (1 - ;)
-1 05
52. x=tandx = -1, sothe areais ~01 078679
2 Y 1 yl 2 —~001  0.95490
L2”(§> L <7F> el ~0001  0.99312
which using NINT evaluates to =~ 5.02. —0.0001  0.99908
—~0.00001 0.99988
—0.000001 0.99999
Chapter 8
L’'Hopital’s Rule, Improper Integrals, ASXL0", (1_ a approaches 1.
and Partial Fractions .
RN
m Section 8.1 L'Hopital’s Rule (pp. 417-425) X
-11 13981
Exploration 1 Exploring L’Hoépital’s Rule -1.01 105.77
Graphically -1.001  1007.9
1. lim SNX _ |jm 08X _ 4 —-1.0001 10010
l x-0 X x-0 1 X
2. The two graphs suggest that lim L I|m Asx-—1", (1 + ;) goes to .
x-0Y, x-0 y2





