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(b) Year of Q Slope of PQ

1995 _201-27 =348
2000 — 1995

1996 201-48 _ 535
2000 — 1996

1997 01278 _ 4y
2000 — 1997

1998 201-112 _, e
2000 — 1998

1999 201-152 _ 4
2000 — 1999

(c) Approximately 5 billion dollars per year.

(d) y = 0.3214x? — 1.3471x + 1.3857
2 _ _ 2 _
Y0+ )~ y(10) _ [0.3214(10 + h)2 — 1.3471(10 + h) + 1.3857] — [0.3214(10)% — 1.3471(10) + 1.3857]

lim
h-0 h h-0 h
— Jim 9:3214(20n + h?) — 1.3471h
h-0 h

= 0.3214(20) — 1.3471

~ 5.081

The predicted rate of change in 2000 is about
5.081 billion dollars per year.

Chapter 3
Derivatives

m Section 3.1 Derivative of a Function (pp. 95-104)

Exploration 1 Reading the Graphs

1

The graph in Figure 3.3b represents the rate of change of the depth of the water in the puddle with respect to time. Sincey is

measured in inches and x is measured in days, the derivative% would be measured in inches per day. Those are the units that

should be used along the y-axisin Figure 3.3b.

. The water in the ditch is 1 inch deep at the start of the first day and rising rapidly. It continuesto rise, at a gradually decreasing

rate, until the end of the second day, when it achieves a maximum depth of 5 inches. During days 3, 4, 5, and 6, the water level
goes down, until it reaches a depth of 1 inch at the end of day 6. During the seventh day it rises again, aimost to a depth of
2 inches.

. The weather appears to have been wettest at the beginning of day 1 (when the water level was rising fastest) and driest at the end

of day 4 (when the water level was declining the fastest).

. The highest point on the graph of the derivative shows where the water is rising the fastest, while the lowest point (most

negative) on the graph of the derivative shows where the water is declining the fastest.

. The y-coordinate of point C gives the maximum depth of the water level in the ditch over the 7-day period, while the

x-coordinate of C gives the time during the 7-day period that the maximum depth occurred. The derivative of the function
changes sign from positive to negative at C’, indicating that this is when the water level stopsrising and begins falling.

. Water continues to run down sides of hills and through underground streams long after the rain has stopped falling. Depending

on how much high ground is located near the ditch, water from the first day’s rain could still be flowing into the ditch several
days later. Engineers responsible for flood control of major rivers must take this into consideration when they predict when
floodwaters will “crest,” and at what levels.
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Quick Review 3.1

1 lim@+h? -4 _ |j;p, 4+4n+h2) -4
0

li
h-0 4 he.

h
=lim4+h
h-0
=4+0=4
X+3_2+3_5
2 lim*5==55"=3
3. SinceM= —1fory<o, IimMz -1
y y-0"Y
_ 20V + 2)(Vx — 2)
4 im 28 i
X-4VX—2 x-4 Vx -2

=rl]ir712(\/>_<+2)=2(\/£_1+2)=8

5. The vertex of the parabolais at (0, 1). The slope of the line

through (0, 1) and another point (h, h? + 1) on the parabola
2 _
(P -1
h—-0
tangent to the parabola at its vertex is 0.

= h. Sincelim h = 0, the dope of theline
0

6. Use the graph of f in the window [—6, 6] by [—4, 4] to find
that (O, 2) is the coordinate of the high point and (2, —2) is
the coordinate of the low point. Therefore, f isincreasing
on (—oe, 0] and [2, ).

7. lim f() =lim (x—1)?=(1-1°=0
x-1* x-1*
lim f()=Ilim x+2=1+2=3
X-1" X-1"
8. lim f(L+h)y=Iim f(x) =0
h-0* x-1*
9. No, the two one-sided limits are different (see Exercise 7).
10. No, fisdiscontinuous at x = 1 because lim f(x) does not
X-1

exist.

Section 3.1 Exercises

1. (@) Thetangent line has slope 5 and passes through (2, 3).
y=5x-2)+3
y=5-7

(b) The normal line has slope —% and passes through

23).
1
y= _E(X -2+3
1 17
= —xX+ —
y 5X 5

2.f'(3) = J]ingw

=lim
h-0 h

_ . 3-(3+h)
=lim=—™——+
h-o 3n(3+h)

m -1

=i =1
h.03@+h) 9

3. 1(@) = lim [¥ =10
X-3 -

—lim-+=-1
X-3 3X 9
, i f(x+h)y—f(x)
4. f'(xX) = -7
) l'L”g) h
i 1B+ 0 = 12) - (3x -~ 12)
h-0 h
—lim3N = |im3=3
h-0 h h-o
5 dy _ lim y(x+h) — y(x)
"dX  hoo h
- lim 7(x + h) — 7x
h-0 h
—imM = im7=7
h-0o h n-o
6. Letf(x) = x2

A = f/(x) = lim (XD =)
dx(x) f'(x) rlwlf?) h

(x+h?2—x°
h
X2+ 2h + h? - X2
=|limX——"—— =
h-0 h

3

=1
h-

o

= lim (2x + h) = 2x
h-0

7. The graph of y = f,(X) is decreasing for x < 0 and
increasing for x > 0, so its derivative is negative for x < 0
and positive for x > 0. (b)

8. The graph of y = f,(X) is always increasing, so its derivative
isaways = 0. (a)

9. The graph of y = f,(X) oscillates between increasing and
decreasing, so its derivative oscill ates between positive and
negative. (d)

10. The graph of y = f,(X) is decreasing, then increasing , then
decreasing, and then increasing, o its derivativeis
negative, then positive, then negative, and then positive. (c)
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X h-0
— im 2+ h)2 — 13(x + h) + 5] — (2x% — 13x + 5)
h-0 h
—lim 2%+ 4xh + 2h? — 13x — 13h + 5— 2> + 13x — 5
h-0 h
i 20+ 2h? — 13h
h-0 h

=rl1in?)(4x+ 2h —13) = 4x — 13
Atx =3, % = 4(3) — 13 = —1, so the tangent line has
slope —1 and passes through (3, y(3)) = (3, —16).
y=—-1x—-3) — 16

y=-x—13

12. Letf(x) = X3,

£1(1) = lim [N @)

:”;n (1+ h)® — 13
h-0 h

_im Lts8h+3n’+hi-1

h-0 h
=lim@B+3h+h)=3
h-0

(a) Thetangent line has slope 3 and passes through (1, 1).
Itsequationisy = 3(x — 1) + 1,ory = 3x — 2.

(b) The normal line has slope —% and passes through

(1, 1). Itsequationisy = —%(x -1 +10r
1 4
= —X+ —.
y 3X 3

13. Since the graph of y = x In x — x is decreasing for
0 < x < landincreasing for x > 1, its derivative is
negative for 0 < x < 1 and positive for x > 1. The only
one of the given functions with this property isy = In x.
Note also that y = In x is undefined for x < 0, which
further agrees with the given graph. (ii)

14. Each of the functionsy = sinx,y = X,y = V/x has the
property that y(0) = 0 but the graph has nonzero slope (or
undefined slope) at x = 0, so none of these functions can be
its own derivative. The function y = x? is not its own

derivative because y(1) = 1 but
1+ h)? - 12 rn2h+h2

=i
h-o h

y'(1) = lim
h-0
=lim@2+h)y=2
h-0
This leaves only €*, which can plausibly be its own
derivative because both the function value and the slope

increase from very small positive values to very large
values as we move from |eft to right along the graph. (iv)
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15. (a) The amount of daylight isincreasing at the fastest rate
when the slope of the graph is largest. This occurs
about one-fourth of the way through the year, sometime

around April 1. The rate at this time is approximately

4 hours
24 days

(b) Yes, the rate of change is zero when the tangent to the
graph is horizontal. This occurs near the beginning of
the year and halfway through the year, around
January 1 and July 1.

(c) Positive: January 1 through July 1
Negative: July 1 through December 31

16. The slope of the given graph iszero at x = —2 and at

x = 1, so the derivative graph includes (—2, 0) and (1, 0).

The slopesat x = —3 and at x = 2 are about 5 and the

slope at x = —0.5 isabout —2.5, so the derivative graph

includes (=3, 5), (2, 5), and (—0.5, —2.5). Connecting the
points smoothly, we obtain the graph shown.

or% hour per day.

17. (a) Using Figure 3.10a, the number of rabbitsis largest
after 40 days and smallest from about 130 to 200 days.
Using Figure 3.10b, the derivative is 0 at these times.

(b) Using Figure 3.10b, the derivative is largest after
20 days and smallest after about 63 days. Using
Figure 3.10a, there were 1700 and about 1300 rabbits,
respectively, at these times.

18. (@) Thedlopefromx= —4tox =0is 2-0 _1
0-(-4 2

Thesopefromx =0tox = 1is _12__02 =-
The slopefromx = 1tox = 4is% =0.

Thedopefromx=4tox=6 is% =2

Note that the derivative is undefined at x = 0, x = 1,
and x = 4. (The function is differentiable at x = —4
and at X = 6 because these are endpoints of the domain
and the one-sided derivatives exist.) The graph of the
derivative is shown.
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18. continued
(b) x=0,1,4
19. o
Midpoint of Ay
Interval (x) Slope (ﬂ)
05 33-0_33
1-0
15 133-33 _ 10.0
2-1
25 29133 _ 156
3-2
35 5322299 _ 533
4-3
45 832-532 _ 47
5-4
55 1198 — 832 _ 36.6
6—-5
65 1630 — 1198 _ /55
7—6
25 21291630 _ 459
8—-7
85 269.5 — 2129 _ 56.6
9-8
95 332.7 - 2695 _ 44
10—9
A graph of the derivative data is shown.

[0, 10] by[—10, 80]
(a) The derivative represents the speed of the skier.

(b) Since the distances are given in feet and the times are

given in seconds, the units are feet per second.

(c) The graph appears to be approximately linear and

passes through (0, 0) and (9.5, 63.2), so the dlopeis

63.2—-0
95-0
approximately D = 6.65t.

=~ 6.65. The equation of the derivativeis

20. (a)

[—0.5, 4] by [700, 1700]

21.

b
(b) Midpoint of Ay
Slope (==
Interval (x) (AX)
000 +086 _ gog | 11271577 _ 44607
0.56 — 0.00
056+ 092 _ (o, | 1M48-1512 -0
2 0.92 — 0.56
0.92 + 1.19 1384 — 1448
2 05| 190w 370
1194130 _ g op5 | 131971384 _ _gg591
2 1.30 — 119
130+139 g gpn | 1255-1319 4099
2 1.39 - 1.30
1394157 _ g0 | LOL-1255  aopcg
157 — 1.39
LS7T+174 _ ) geg | U26—1191 g5 o
2 1.74 — 1.57
174+198 _ jgo | 1062-1126 o000
198 — 1.74
1984218 _ 50 | 998-1062 _ o004,
2 218198
218+241 _ 2.295 933-998 _ —282.61
241218
2414264 5eon | B89-933 0040
2 264 — 241
2644324 _ 5, | 805-869 _ o0k
2 3.24 — 264

A graph of the derivative data is shown.

[0, 3.24] by [—800, 100]

(c) Sincethe elevation y is given in feet and the distance x
down river is given in miles, the units of the gradiant
are feet per mile.

(d) Sincethe elevation y is given in feet and the distance x
dy

downriver is given in miles, the units of the distance o

are feet per mile.

(e) Look for the steepest part of the curve. Thisis where
the elevation is dropping most rapidly, and therefore the
most likely location for significant “rapids.”

(f) Look for the lowest point on the graph. Thisis where
the elevation is dropping most rapidly, and therefore the
most likely location for significant “rapids.”

COZK)

SINCEY

N

[=ar, ] by [-1.5, 1.5]
The cosine function could be the derivative of the sine
function. The values of the cosine are positive where the
sine isincreasing, zero where the sine has horizontal
tangents, and negative where sine is decreasing.




22. We show that the right-hand derivative at 1 does not exist.

FLR) 1) iy 30 - @F

lim = lim
h-0" h-0*
—lim 213 _im (3+3>:
h-o0* h-o* \h
23, lim f@+MN —f© _ - Vh-Vo _ . Vh
h-0* L h h-o* h h_o* h
=lim — =
h-0" Vh

Thus, the right-hand derivative at 0 does not exist.

24. Two parabolas are paralel if they have the same derivative
at every value of x. This means that their tangent lines are
parallel at each value of x.

Two such parabolas are given by y = x? and y = x® + 4.
They are graphed below.

Nt/

[—4, 4] by [-5, 20]
The parabolas are “everywhere equidistant,” as long as the
distance between them is aways measured along a vertica
line.

25. For x > —1, the graph of y = f(X) must lie on aline of
slope —2 that passes through (0, —1): y = —2x — 1. Then
y(=1 =
y = f(X) must lie on aline of slope 1 that passes through
(-4, 1):y=1x+1) +1lory=x+ 2.

—2(—-1) — 1= 1, sofor x < —1, the graph of

_(xt2 X< -1
Thusf(x) = {_2)(_ L oo 1
y
5L
1 1 1 1 i 1 1 1 1 |5 X
26. (a) f'(x) = ||mM
-0
2_ 2
“m (x+ h)? —x? — lim 2xh + h
h-0 h h-0 h
=lim (2x + h) = 2x
h-0
() f'(x) = ||m W
-0
I|m 2Ax+ ) - =lim2=2
h-0 h h-0

(@) lim 09 = lim 2x = 2(1) = 2

@ lim f/0) =1lim 2=2
x-1" x-1"

27.
28.

29.
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(e) Yes, the one-sided limits exist and are the same, so

i 1100 =2

- s

@ lim fEHN =@, A+ 0717
h-0" h ) hoo

=lim 2 jim 2+ =2
h-0 h-0"

_12

(@) lim (NI _ jjm 240 -1
h-0 hoO

=lim 1+2h:“m (—+2>= —©
h-o- h h_o \h

The right-hand derivative does not exist.

(h) It does not exist because the right-hand derivative does
not exist.

The y-intercept of the derivativeisb — a.

Since the function must be continuous at x = 1, we have

Iim Bx+k=f(1)=1s03+k=10ork= -2
x=1

Thls givesf(x) = {3X 2 x>1

Now we confirm that f(x) is differentiable at x = 1.
fa+h —f@) _,, @+ h)® — (1)°

lim
h-0 h h-0 h2 s
_|im 3ht3n*+h
h-0 h
—||m(3+3h+h2)—
-0
lim fA+D —f@) _ o B+ h) =2 = (1))
h-0* h h o+ h
h-0* h h-0*

Since the right-hand derivative equals the left-hand
derivative at x = 1, the derivative exists (and is equal to 3)
whenk = —2.

@ 1- 364 363
365 365

P,
Alternate method: 33 =~ 0.992
365

~ 0.992

(b) Using the answer to part (&), the probability is about
1 - 0.992 = 0.008.

(c) Let P represent the answer to part (b), P = 0.008. Then
the probability that three people all have different
birthdaysis 1 — P. Adding a fourth person, the
probability that al have different birthdaysis
1- P)<362) 50 the probability of a shared birthday is
1-(1- P)<362> 0.016.

(d) No. Clearly February 29 is amuch less likely birth
date. Furthermore, census data do not support the
assumption that the other 365 hirth dates are equally
likely. However, this simplifying assumption may still
give us some insight into this problem even if the
calculated probabilities aren’t completely accurate.
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m Section 3.2 Differentiability (pp. 105-112)

Exploration 1 Zooming in to “See”
Differentiability
1. Zooming in on the graph of f at the point (0, 1) aways
produces a graph exactly like the one shown below,
provided that a square window is used. The corner shows
no sign of straightening out.

[—0.25, 0.25] by [0.836, 1.164]

2. Zooming in on the graph of g at the point (0, 1) begins to
reveal a smooth turning point. This graph shows the result
of three zooms, each by a factor of 4 horizontally and
vertically, starting with the window
[—4, 4] by [—1.624, 3.624].

[—0.0625, 0.0625] by [0.959, 1.041]

3. On our grapher, the graph became horizontal after 8 zooms.
Results can vary on different machines.

4. Aswe zoom in on the graphs of f and g together, the
differentiable function gradually straightens out to resemble
its tangent line, while the nondifferentiable function
stubbornly retains its same shape.

[—0.03125, 0.03125] by [0.9795, 1.0205]

Exploration 2 Looking at the Symmetric

Difference Quotient Analytically

f(10 + h) — f(10) _ (10.01)* — 10?
h 0.01

f'(10)=2.10=20

= 20.01

The difference quotient is 0.01 away from f’(10).

f(10 +h) — (10 — h) _ (10.01)* — (9.99)? _ 2
2h 0.02
The symmetric difference quotient exactly equals f '(10).

0

f(10 + h) — f(10) _ (10.01)® — 10°
h 0.01
f'(10) = 3. 10> = 300

= 300.3001.

The difference quotient is 0.3001 away from f'(10).

f(10+h) — f(10 — h) _ (10.01)° — (9.99)°
2h 0.02

The symmetric difference quotient is 0.0001 away from

= 300.0001.

£/(10).

Quick Review 3.2
Yes

. No (The f(h) term in the numerator is incorrect.)

Yes 4. Yes

. No (The denominator for this expression should be 2h).
. All reals

[0, ) 8. [3, )

. The equation is equivalent toy = 3.2x + (3.27 + 5), so the
slopeis 3.2.

© N O U W N P

10, f(3+0.001) — (3~ 0001) _ 5(@3 + 0.001) — 53 — 0.001)
' 0.002 0.002
_ 5(0002) _ ¢

0.002

Section 3.2 Exercises

1. Left-hand derivative:

_ 2_
lim fO+0N =10 _ iy =0 _im h=0
h-0 h h-o~ h h-0"
Right-hand derivative:
lim w:”m M:”m 1=1

h-0* h h-o* h h-0*
Since 0 # 1, the function is not differentiable at the
point P.

2. Left-hand derivative:
lim w:”m ﬂ:”m 0=0
h-0 h h-o~ h h-0
Right-hand derivative:
lim fA+h =f@) _ iy 2840 =2 _ o2 )
h-0* h h-0* h h-0*
Since 0 # 2, the function is not differentiable at the
point P.

3. Left-hand derivative:
im fAFN =@ _ V1+h -1

h-0" h h-0
(Vith-1)(Vi+h+1)

Thao h(VI+h+ 1)
L+h) -1

=lim

hoo h(V1+h+1)

=lim

1 —
h-0"Vi+h+1

N[~

Right-hand derivative:

lim w = lim

21+h)—1 -1
h-0* h h.0* h

. 2h
=lim —
h-o" h

=lim 2=2
h-0*

Si nce% # 2, the function is not differentiable at the

point P.



4.

10.

11.

12.

13.

14.

Left-hand derivative:
lim (N =@ iy A0 =1y g
h-0" h-0" h-0"
Right-hand derivative: L,
im fAF—f@ _ o 1* h
h-o0" h-0* h
_ 1-(1+h)
h-o" h(L1+ h)
=)m S h
: 1
I
Since 1 # —1, the function is not differentiable at the
point P.
(@) All pointsin[—3, 2]
(b) None
(c) None
(@) All pointsin[—2, 3]
(b) None
(c) None
. (@) All pointsin[—3, 3] exceptx =0
(b) None
(c) x=0
(@) All pointsin[—2, 3] exceptx = —1,0, 2
(b) x=-1
(€ x=0,x=2
(@) All pointsin[—1, 2] exceptx =0
(b) x=0
(c) None
(@) All pointsin[—3, 3] except x = —2, 2
(b) x=-2,x=2
(c) None
Since)l(irrcl) tan"!x = tan"1 0 = 0 # y(0), the problemisa
discontinuity.
lim YOEW =YO _ oy PPy L
Y 0+h) — y(©O 0 h#® 0 h15
Jim YOO < lim B = fim =

The problem is a cusp.

Notethaty = x + V32 +2 = x+ X + 2
:{ 2, x=0

2X + 2, x> 0.
lim YO+ =¥0 _im 222 _jim0o=0
h-0 h h-0" h-0
lim YO+ =y0 _ i, @Gh+2) =2 _ 055
h-0* h-0o* h-0o*
The problem is a corner.

3 3

lim YO0 =y©) _ ;. G-V -3 _ . Vh
h-0 h-0 h h-o h

: 1
= im () =

The problem is a vertical tangent.

15.

16.

17.

18.

19.

20.

21.

Section3.2 75

_ 5% =1, XxX=0
Note that y = 3x — 2/ 1—{)(_1’ <=0
lim YO YO _ i Gh=D =D _ iy 5=5
h-0" h h-0" h-0"
lim YO =¥O) _ iy =D =1 i 129
h-0* h h-0" h h-0"
The problem is a corner.

3 3
lim YO0 @ _ o Vil =o Vi
h-0" h h-0" h-o- h
—im (=L )= _
=l (=) ; ;
lim YO+ =y© _ . Vi-0 - Vh
h-0" h-o" h h-o" h
. 1

S

The problem is a cusp.

Find the zeros of the denominator.

X2 —4x—5=0

x+1Yx—-5=0

X=—-1lorx=5
The function is arational function, so it is differentiable for
al xinitsdomain: all reals except x = —1, 5.

The function is differentiable except possibly where

3x — 6 =0, that is, at x = 2. We check for differentiability
at x = 2, using k instead of the usual h, in order to avoid
confusion with the function h(x).

h(2 + K) — h(2) V321K _6+5 -5
K

lim = lim
k-0 3 k-0
V 3k 3 1

=lim XX = V3lim 5. ==
k-0 k k-0 k23

The function has a vertical tangent at x = 2. It is
differentiable for all reals except x = 2.

Note that the sine function is odd, so
o . _[=snx—=1, x<0
P() = sin (|x) 1_{sinx— 1 x=o

The graph of P(x) has a corner at x = 0. The function is
differentiable for all reals except x = 0.

Since the cosine function is even,
0 Q(¥) = 3 cos ([x) = 3 cosx. The function is
differentiable for all reas.

The function is piecewise-defined in terms of polynomials,
so it is differentiable everywhere except possibly at x = 0
and at x = 3. Check x = 0:

_ 2 _ 2
lim g(0+hr)] g(0) —lim (h+:|r.]) 1=“m h®+ 2h

h-0" h-0" h-0"
—lim (h+2) =2

h-0"
lim 90N Z90) _ iy D=1 _ iy o -
h-0" h h-0* h h-0"

The function is differentiable at x = 0.
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21

22.

23.

24,

25.

26.

Section 3.2

continued

Check x = 3:

Sinceg(3) = (4 — 3)>=1and

Iirgﬁ g(x) = Iirgf (2x+ 1) = 2(3) + 1 = 7, thefunction is
Xr;ot continu);;s (and hence not differentiable) at x = 3.

The function is differentiable for all reals except x = 3.

x<O0 .
,Soitis
x=0

differentiable for all x except possibly at x = 0.

2
Note that C(x) = X|x| = {xz ’

Check x = 0:
lim SOEM = CO _ i =0 _ iy 1= o
h-0 h h-0 h h-0

The function is differentiable for all redls.

(@) x = 0isnotintheir domains, or, they are both
discontinuous at x = 0.

b) For L: NDER (2, 0} = 1,000,000
X X

For -1 NDER (iz o) -0
X X

(c) It returns an incorrect response because even though
these functions are not defined at x = 0, they are
defined at x = =0.001. The responses differ from each
other because iz is even (which automatically makes

NDER (X—12 o) — 0) and % is odd.

[-5, 5] by [-10, 10]
dy _ 3
dx X

ANA
WV

[—27r, 27r] by [—1.5, 1.5]

dy :
-2 =sinx
dx
[=6,6] by [-4,4]
dy
— = r
5 = BsKo X

27.

28.

29.

J Y )
(L]

[—27r, 2] by [—4, 4]

dy
=2 =tan x
dx

Note: Due to the way NDER is defined, the graph of

y = NDER (x) actually has two asymptotes for each
asymptote of y = tan x. The asymptotes of y = NDER (x)
occur at X = % + kar + 0.001, where k is an integer. A
good window for viewing this behavior is [1.566, 1.576] by
[—1000, 1000].

N
MR

[—27r, 2] by [—-20, 20]

The graph of NDER (x) does not look like the graph of any
basic function.

@  lim 169 =f(
Iirrl):j(S —x) = a(1)? + b(1)

- 2=a+b
Therelationshipisa + b = 2.

(b) Since the function needs to be continuous, we may
assumethata + b =2and f(1) = 2.

A+ h —f(Q) _ o 3-@+h -2

lim
h-0" h-0"
=lim (-1) = -1
h-0"
_ 2 _
im FAEN —f@Q) _ o al+h)?+bl+h) -2
h-o" ho0" h
_|im @+2ah+ah’+b+bh—2
h-0 h
—lim 2ah+ah’+bh+(a+b—2)
h-0 h

=lim (2a+ah + b)

=2a+b

Therefore, 2a + b = —1. Substituting 2 — a for b gives
2a+(2—a)=—-1,s0a= —3.
Thenb=2—-a=2-(—3) =5. Thevauesare
a=—-3adb=5.

30. The function f(x) does not have the intermediate value

property. Choose someain (—1, 0) andbin (0, 1). Then
f(a) = 0and f(b) = 1, but f does not take on any value
between 0 and 1. Therefore, by the Intermediate Value
Theorem for Derivatives, f cannot be the derivative of any
function on [—1, 1].



31. (a) Notethat —x < sin1 = x, for al x,

so lim (x sin ) 0 by the Sandwich Theorem.

X-0
Therefore, f is continuous at x = O.

.1
fO+h) —f(0) _ hsing =0
h

=gn
h

(b)

S

(c) Thelimit does not exist because sin % oscillates

Section 3.3

9. These are all constant functions, so the graph of each
function is a horizontal line and the derivative of each
function is 0.

x+h _ x
10. (a) /() = lim (&M =10 _ g 7
h-0 h h-0
= lim Xt =X_jjm1-1
h-0 wh h-0 7 T
o 77T
(b) 100 ”m FxCHR) =09 _ i xh X
h h-0

X — 7T(X +h _ —ah

77

between —1 and 1 an infinite number of times - r|1 m hx(x + ) o hX(X + h)
arbitrarily closeto h = 0 (that is, for h in any open = tL "(‘) X(XZ N _% = —mx?
interval containing 0). Section 3.3 Exercises
d) No, because the limit in part (c) does not exist.
@ (pl)() 1.%=E(—x2)+i(3)=—2x+o=—2x
h?sin(=) -0
90+h —90 _ h —hsint H:_
(e h b hsin " v ( 2X) =
As noted in part (a), the limit of this as x approaches o dy _ g(}xs> _ Q(x) 21
“dx dx\3 dx
2
zerois0, s0 g'(0) = %=£(x2) —%(1) =2x—0=2x
m Section 3.3 Rules for Differentiation 3. 9 dx ( X) + _(1) =2+0=2
(pp. 112-121) K - _(2)
Quick Review 3.3
LP-2x t+)=xx1+x?-1-2x1-2-1 4. dx (x2) —(x)+i(1) =2X+1+0=2x+1
=x+xi-—2x1-2 o
L , d73’—7(2x)+7(1)—2+o 2
2 () = e e
5 ¥ i<1x3> +4 (l 2) —(x)
2 2.5 .o oy 1 2 dx dx\3 dx\ 2
3. 3x —;+?—3x—x + 5x =2+ x+1
;-2 +4_ 3 ¥, 4 _3, —2 ———(xz) —(x)+£(1)=2x+1+0=2x+1
e e e +
4 2x2 22 22 T X X o® dx dx
5X1+2x?+1)=xX?+xt1+2x2+2-1 6. ﬂ:i(l) —i(x)+£(x2) _E(X3)
=x34+xliox 249 dx  dx dx dx dx
=0—-1+2x—3%=—1+2x—3%x°
6. 7714”( =x3x" 1+ x9) =x%+x dy _ d d d,. >
B 2= S+ 2 -2
dx?  dx g dx(zx) dx(3x )
7'\ / =0+2-6x=2—6x
dy _ d, 4 d 3 d 2 d
=) - = + = + =
v ! dx dx(x ) dx(7x ) dx(2X ) dx(ls)
HoiA7zuizy w0 = 4x3 — 21x% + 4x + 0 = 4x3 — 21x% + 4x
[0, 5] by [-6, 6] @ d s d . d )
Atx ~ 1.173, 500x° ~ 1305. 32~ a¥) T 2 + () = 12x7 — 42 + 4
At x =~ 2.394, 500x8 ~ 94,212
After rounding, we have: 8. Q _ 1 (5x3) _ 1 (3x5) — 152 — 15¢
At x = 1, 500x% =~ 1305. 2
At x = 2, 500x° ~ 94,212. % (;1 (15x) — (15x% = 30x — 60x°
8. (a) f(10) = 7 x? o
_ dy _ d 2 d
b) f(0) = 7 A9 A+ 4
(b) £(0) 9 o dx (4x™%) — X(8X) OIX(1)
© fx+ =7 = 8 ®-8+0=-8%-8
f(X) f(61) _ — i _ d?y _ _ _
d) lim I|m —I|m0—0 —=— 3 _ = 4_p= 4
(d) lim fim e = lim v ( 8x~9) X(8) 24x 0 = 24x
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10.

11.

12.

13.

14.

15.

16.

17.

dy _ d/1__4 d/l -3 d/l > d, —1
= = —{=X - —=x + —{=x - —(x
dx dx<4 ) dx(3 ) dx<2 ) dx( )
d
+ =
e
= xS +x*-x3+x2+0

= X P4+ x 4-x34+x7?

(@ =210+ Do + 1)
= (DL D+ + ) Sx+ D)
= (x+ 1)) + x>+ 1))
=2+ 2+ x2+ 1

=32+ 2x+1

() & = L+ Do + 1)
:%(x3+x2+x+l)

=32+ 2x+1

(@ﬂ_E@i%

dx  dx\  x
A2 ~ 62+ 39
de(x +3)— (x*+ S)dx(x)

X2

_X2) - (*+3
=22

(b) Y —(2—> = X Ax H=1-37?

Thisis equivalent to the answer in part (a).

dy _ d2x+5_ (Xx—-2Q-(x+5@) _ _ 19

dx dx3x—2 (3x— 2)7? (3x — 2)?

dy _d/x*+5—1)_ d 1 -2
W_d /(X% 1)_d gy g1y
dx dx( X2 ) dx( )

=O—5x_2+2x‘3=—%+x—23
ﬂ:£<(x—l)(x2+x+l) _d x3—1
dx  dx x3 dx\ x3
_d -3y _ —4_ 3
=—1-x°)=0+3X "=
dx( ) x4

dy _ d(1-x)\_ (@+x3(=1) - (1-x()
dx dx<l+x2) 1+ x?)?

o xXP-2x-1

1+ x??

dy _ d (X \_ (1-x3)(2) - x*(=3x) _ x*+ 2x
dx dx( )

dx  dx\1-x° 1-x%2 1-x3

18

19

20.

21.

22.

23.

Tdx dx

Vx+ ) - (Vx-1-L

dy:d<\/)_(_1): 2Vx A 2Vx

dx  dx \Vx+1 (Vx+1)
_(\&+1)—(W—1)_ 2 - 1

T 2Vx(Vx+ 12 2VX(VX+ 12 (VX + 1)2

dx \ @ —3x+2

ﬂ:i((x+ 1)(x+2)): 4

o d <x2+3x+2>

_ (= 3+ 2)(2x+3) — (x* + 3 + 2)(x — 3)

(X2 — 3x + 2)?
_ (23— 3% — 5x + 6) — (2x3 + 3x* — 5x — 6)
(X% — 3x + 2)?
_ 12-6¢
(X% — 3x + 2)?

(@) Letf(x) = x

f(x+h) —f(x) - lim (x+h) —x

d .
— X)) =f'(X) =lim
dX() ) h-0 h-0

(b) Notethat u = u(x) isafunction of x.

A ) = Jim 2 — [—ul]
g0 = fim

_ _u(x + h) —ux)

.L'f%( h )

— _lim Ux+h —ux) _ _du
=-jim h dx

%(c f() =c- %f(x) +(9 - %(c)

—c. 9 —c.d
=0 +0=c- =79

i)

(3) Atx =0, % (W) = uOV'(0) + V(0)u’(0)

f9-0-1-2f(x
[fe01%

N ()
[F091°

=0O@+(-D(-3 =13

— 4 (u\_ vOu'(0) — u@Ov'(0)
(b) Atx =0, <v> 2
_ENE3-060 - 4
(-1)?

© Atx=0, 2 (¥) = UV OYOUO)

dx \u [u(0)]?
_BG@-CEHE=3y _ 7
(5)? 25

(d) Atx =0, %(7\/ — 20) = 7v'(0) — 2u(0)

=7(2) - 2(-3) = 20
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24. () Atx =2, % (W) = u@2v'(2) + v(2)u'(2) 29.y'(x) = 2>(<22— 6x — 21)2
=QR)@+ D)4 =2 =6(x + 1)(x — 2)
The tangent is parallel to the x-axiswheny’ = 0, atx = —1
1oy , and at x = 2. Sincey(—1) = 27 and y(2) = 0, the two
(b) Atx =2, % (%) - VAU'@2) — u2V'(2) (2[3/(2)]112(2)\/ @) points where this occurs are (—1, 27) and (2, 0).
_ (D=9 —2 3@ _ _10 Graphical support:
(€
_ d (v) _ u@Vv'(2) — v(2u'(2)
(c) Atx =2, ™ (G) = 4[[](2)]2 /_\\ /
- -0)(4 _ 10 ,n’
(37 9
[—3, 3] by [—10, 30]
(d) Use the result from part (@) for - (uv). 30. y'(x) = 3x°
o y'(-2) =12

Atx = 2,1(3u —2v + 2w)
ax g The tangent line has slope 12 and passes through (—2, —8),
=3u'(2) — 2v'(2) + 2— (uv)
dx soitsequationisy = 12(x + 2) — 8, ory = 12x + 16. The
=3(—4) - 2(2) + 2(2) 4
x-intercept is 3 and the y-intercept is 16.

=-12

Graphical support:
5. yX)=2x+5 @ PP

y'(3)=23)+5=11
The slopeis 11. (iii)
26. The given equation is equivalenttoy = gx + 6, so the /

.3,
slopelsE. (iii) [—3, 3] by [—20, 20]

27.y'(X) = 3x° — 3
y'(2=32°-3=9

02+ 1)(4) — 4X(2X) _ —4x2+ 4
(x® + 1)? (x® + 1)?
At the origin: y'(0) = 4

3Ly'(¥) =

The tangent line has slope 9, so the perpendicular line has

slope f% and passes through (2, 3). Thetangentisy = 4x.

y=—é(x—2)+3 At(1,2:y'(1) =0

y:—lx—k@ The tangentisy = 2.
9 9 Graphical support:
Graphical support: i
NS |
mE —
[—4.7,47 by [-3.1,3.1]

[-4.7,47) by [-2.1, 4.1]

20) —

28, y/(09 = 3¢+ 1 2.y = PO = B
The slopeis4 when 3x? + 1 = 4, at x = = 1. The tangent , 1
at x = —1 has slope 4 and passes through (—1, —2), so its y'(2 = 5

equationisy = 4(x + 1) — 2, or y = 4x + 2. The tangent at
x = 1 has slope 4 and passes through (1, 2), so its equation
isy=4(x— 1) + 2,ory = 4x — 2. The smallest slope o1 _ 1
occurs when 3x? + 1 is minimized, so the smallest slopeis equationisy = E(X 9+ Lory= 2% +2
1 and occursat x = 0. Graphical support:

Graphical support: >

[=3,58] by [-2.4]

The tangent has slope —% and passes through (2, 1). Its

[-4.7,47 by [-3.1,31]
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djzi(nRT an2>

“dv  avi\v-nmb V2
4 _ dn_
- (V= nb) Z(nRT) — (nRT) (v — nb) d o ora
= —— (an“V™9)
(V — nb)? dv
_ 0—nRT 2 /-3
=—_4
V= b2 2an‘V
___nRT__, 2n?
(V-nb)?®
ds _ digo) =
34, 5= 4 49) = 98t
d>s _d _
proi Clt(9.8t) =98
dR_ dfyzC_M
3. d dM[M (2 3)}
= i(EMZ — 1M3>
dm\ 2 3
CM — M?

36. If the radius of acircle is changed by avery small amount
Ar, the change in the area can be thought of as a very thin
strip with length given by the circumference, 27, and
width Ar. Therefore, the change in the area can be thought
of as (27r)(Ar), which means that the change in the area
divided by the change in the radiusis just 27r.

37. If the radius of a sphere is changed by a very small amount
Ar, the change in the volume can be thought of as a very
thin layer with an area given by the surface area, 4sr?, and
athickness given by Ar. Therefore, the change in the
volume can be thought of as (41 2)(Ar), which means that
the change in the volume divided by the change in the
radiusisjust 4zr?2.

38. Let t(x) be the number of trees and y(x) be the yield per tree
x years from now. Then t(0) = 156, y(0) = 12, t'(0) = 13,
and y'(0) = 1.5. Therate of increase of production is
%(ty) = t(Q)y’(0) + y(O)t'(0) = (156)(1.5) + (12)(13)

= 390 bushels of annual production per year.

39. Let m(x) be the number of members and c(x) be the
pavillion cost x years from now. Then m(0) = 65,

¢(0) = 250, m’(0) = 6, and c¢'(0) = 10. The rate of change

0)c’'(0) — c(0O)m'(Q;
of each member’s shareis %(%) = %

_ (65)(10) — (250)(6) -
(65)

member’s share of the cost is decreasing by approximately

—0.201 dollars per year. Each

20 cents per year.

40. (a) Itisinsignificant in the limiting case and can be treated
as zero (and removed from the expression).
(b) It was “rejected” because it isincomparably smaller
than the other terms: v du and u dv.

d du dv . .
—(W) =v_-+u_.T
(C) dX(UV) VdX ax hisis equwal ent to the pI’OdUCt

rule given in the text.

(d) Because dx is ‘infinitely small,” and this could be
thought of as dividing by zero.

© d(%>:u+du_g

v+dv v
_ (u+du)(v) = (u)(v + dv)
(v + dv)(v)
_w + vdu — uv — udv
v2 + vav
_vdu — udv

V2

m Section 3.4 Velocity and Other Rates
of Change (pp. 122-133)

Exploration 1 Growth Rings on a Tree

1. Figure 3.22 is a better model, as it shows rings of equal
area as opposed to rings of equal width. It is not likely that
atree could sustain increased growth year after year,
although climate conditions do produce some years of
greater growth than others.

2. Rings of equal area suggest that the tree adds
approximately the same amount of wood to its girth each
year. With access to approximately the same raw materials
from which to make the wood each year, thisis how most
trees actually grow.

3. Since change in areais constant, so dso is

changein area

> . If we denote this latter constant by k, we
s

k
change in radius
inversely as the change in the radius. In other words, the

= r, which means that r varies

change in radius must get smaller when r gets bigger, and
vice-versa

Exploration 2 Modeling Horizontal Motion

1. The particle reverses direction at about t = 0.61 and
t = 2.06.

T=0
LH=0 Y=g

2. When the trace cursor is moving to the right the particle is
moving to the right, and when the cursor is moving to the
|eft the particle is moving to the left. Again we find the
particle reverses direction at about t = 0.61 and t = 2.06.

r

c:'"_::-
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3. When the trace cursor is moving upward the particle is Quick Review 3.4
moving to the right, and when the cursor is moving 1. The coefficient of x2 is negative, so the parabola opens
downward the particle is moving to the left. Again we find downward.
the same values of t for when the particle reverses .
direcii Graphical support:
irection.

\] —

N
[—1, 9] by [—300, 200]
4. We can represent the velocity by graphing the parametric 2. The y-intercept isf(0) = —256.
equations See the solution to Exercise 1 for graphical support.
x,(0) = x,'(t) = 12t% — 32t + 15, y,(t) = 2 (part 1), 3. The x-intercepts occur when f(x) = 0.
x5(1) = x,'(t) = 12t% — 32t + 15, y(t) = t (part 2), —16x% + 160x — 256 = 0
_ R PAS 2 _
Xs (1) = t,yg() = x/(t) = 12t% — 32t + 15 (part 3) —16(x> — 10x + 16) =0
—-16(x — 2)(x —8) =0
X=20rx=28
The x-intercepts are 2 and 8. See the solution to Exercise 1
for graphical support.
4. Sincef(x) = —16(x*> — 10x + 16)
(=8, 20] by [~3, 5] = —16(x* — 10x + 25 — 9) = —16(x — 5)* + 144,
therange is (—o°, 144].
(X4 ¥y

See the solution to Exercise 1 for graphical support.

5. Since f(X) = —16(x% — 10x + 16)
T | — —16(x2 — 10x + 25 — 9)= —16(x — 5)% + 144,
——— the vertex is at (5, 144). See the solution to Exercise 1 for
graphical support.

[—8, 20] by [3, 5] 6. , f(x) = 80
(les) —16x° + 160x — 256 = 80
> —16x% + 160X — 336 = 0
—16(x?> — 10x + 21) = 0
\ ~16(x — 3)(x—7) =0
x=30orx=7
NS f(x) =80ax=3andatx=7.

See the solution to Exercise 1 for graphical support.
[—2, 5] by [—10, 20]

(A 7. Y _ 100
For (x,, ¥,) and (xg, yg), the particle is moving to the right dx
when the x-coordinate of the graph (velocity) is positive, —32x + 160 = 100
moving to the left when the x-coordinate of the graph
(velocity) is negative, and is stopped when the x-coordinate 60 = 32x
of the graph (velocity) is 0. For (X5, V), the particleis X = 15
moving to the right when the y-coordinate of the graph 8
(velocity) is positive, moving to the left when the Y _q100ax=L2
y-coordinate of the graph (velocity) is negative, and is dx 8
stopped when the y-coordinate of the graph (velocity) is 0. Graphical support: the graph of NDER f(x) is shown.
Exploration 3 Seeing Motion on a Graphing -]

Calculator \

1. Let tMin = 0 and tMax = 10.

2. Since the rock achieves a maximum height of 400 feet, set
yMax to be dlightly greater than 400, for example

[—1, 9] by [—200, 200]

yMax = 420.

4. The grapher proceeds with constant increments of t (time), 8. L5 0
SO pixels appear on the screen at regular time intervals. dx
When the rock is moving more slowly, the pixels appear —32x + 160 >0
closer together. When the rock is moving faster, the pixels —32x > —160
appear farther apart. We observe faster motion when the X <5

pixels are farther apart. dy >0whenx <5

dx
See the solution to Exercise 7 for graphical support.



82

9.

10.

Section 3.4

Note that f'(x) = —32x + 160.

lim f@+ 0 @)
h-0 h
For graphical support, use the graph shown in the solution

—f'(3) = —32(3) + 160 = 64

to Exercise 7 and observe that NDER (f(x), 3) =

f'(x) = —32x + 160

f'(x) = —32

At x = 7 (and, in fact, at any other of x),
3

e

Graphical support: the graph of NDER(NDER f (X)) is
shown.

[—1, 9] by [—40, 10]

Section 3.4 Exercises

1

2.

3.

dv

Since V = s°, the instantaneous rate of change isg = 352,

(a) Displacement =5(5) —s(0)=12—-2=10m

(b) Average velocity = % = 2 m/sec

(c) Velocity =s'(t)=2t—3
Att = 4, velocity = s'(4) = 2(4) —
(d) Acceleration = s'(t) = 2 m/sec?

3 =5m/sec

(e) The particle changes direction when

s’(t):2t—3:0,sot:gsec.

(f) Since the acceleration is always positive, the position s

is at a minimum when the particle changes direction, at

t= 3 sec. Its position at thistime iss<§> =-1 m
2 2 4
(a) Velocity: v(t) = % - i(24t — 0.8t = 24 — 1.6t m/sec

E = —(24 — 1.6t) = —1.6 m/sec?

(b) Therock reaches its highest point when
v(t) =24 — 1.6t = 0, at t = 15. It took 15 seconds.

(c) The maximum height was s(15) = 180 meters.

Acceleration: a(t)

(d) () = 5(180)

24t — 0.8t2= 90
0 = 0.8t2 — 24t + 90
(=24 +V/(—24)? — 4(0.8)(90)
2(0.8)
~ 4.393, 25.607

It took about 4.393 seconds to reach half its maximum

height.

G st) =0

24t — 0.8t2 = 0

0.8t(30—1) =0
t=0o0rt=30

Therock was aloft fromt = 0tot = 30, so it was aloft
for 30 seconds.

. On Mars:

Velocity = = = —(1 86t%) = 3.72t

Solving 3.72t = 16.6, the downward velocity reaches
16.6 m/sec after about 4.462 sec.

On Jupiter'
Velocity = = = —(11 44t%) = 22.88t

Solving 22.88t = 16.6, the downward velocity reaches

16.6 m/sec after about 0.726 sec.

. The rock reaches its maximum height when the velocity

s'(t) =24 - 9.8t =0, at t = 2.449. Its maximum height is
about $(2.449) =~ 29.388 meters.

. Moon:

st) =0
832t — 2.6t2 =0
2.6t(320 —t) = 0

t=0ort=320
It takes 320 seconds to return.
Earth:
st) =0
832t — 16t2 =0
16t(52 — t) = 0
t=0ort=52

It takes 52 seconds to return.

. The following is one way to simulate the problem situation.

For the moon:

x,(t) = 3(t < 160) + 3.1(t = 160)
y,(t) = 832t — 2. 6t2
t-vaI ues: 0to 320
window: [0, 6] by [—10,000, 70,000]
For the earth:

x,(t) = 3(t < 26) + 3.1(t = 26)
yl(t) = 832t — 16t2
t-values: 0 to 52
window: [0, 6] by [—1000, 11,000]

. The growth rate is given by

b'(t) = 10* — 2 . 10% = 10,000 — 2000t.
Att = 0: b’(0) = 10,000 bacteria’hour
Att = 5: b’'(5) = 0 bacteria/hour

Att = 10: b’(10) = —10,000 bacteria/hour



9.

10.

11.

12.

Q(t) = 200(30 — t)2 = 200(900 — 60t + t?)

= 180,000 — 12,000t + 200t?

Q'(t) = —12,000 + 400t

The rate of change of the amount of water in the tank after
10 minutesis Q'(10) = —8000 gallons per minute.

Note that Q'(10) < 0, so the rate at which the water is
running out is positive. The water is running out at the rate
of 8000 gallons per minute.

The average rate for the first 10 minutesis

Q(10) — Q(0) _ 80,000 — 180,000 _
10-0 10

minute.

—10,000 gallons per

The water is flowing out at an average rate of 10,000

gallons per minute over the first 10 min.

(a) Average cost = @ = 11000 _ $110 per machine
(b) c'(x) = 100 — 0.2x
Marginal cost = ¢’(100) = $80 per machine
(c) Actual cost of 101st machineis
¢(101) — ¢(100) = $79.90, which is very close to the
marginal cost calculated in part (b).

—

[0, 50] by [—500, 2200]
The values of x which make sense are the whole
numbers, x = 0.

@)

(b) Marginal revenue = r'(x) = %[2000(1 - i)}

X+ 1
_d 2000
= &(2000 20 1)
_ o (+ 1O — (2000)(1) _ 2000
(x + 1) (x + 1)?
(©) 1'(5) = g 37 = g = 5556

The increase in revenue is approximately $55.56.

(d) Thelimitis0. This means that as x gets large, one
reaches a point where very little extra revenue can be
expected from selling more desks.

v(t) =s'(t) =32 — 12t + 9

at)=v'(t)y =6t — 12

Find when velocity is zero.

32— 12t+9=0

3(t2—4t+3)=0

t—1(t—-3)=0

t=1ort=3

Att = 1, the acceleration is a(1) = —6 m/sec?

Att = 3, the acceleration is a(3) = 6 m/sec?

13.

14.

15.
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a(t) = v'(t) = 6t — 18t + 12

Find when acceleration is zero.

6t>— 18t +12=0

B(t>—3t+2) =0

6t—1Et—2=0

t=1lort=2

Att = 1, the speed is [V(1)| = |0 = 0 m/sec.
Att = 2, the speed is|v(2)| = |—1] = 1 m/sec.

@ 9’09 = S0 = 3¢
h'(x) = %(x3 —2) =32
t'(x) = %(x3 +3) =3x?

(b) The graphs of NDER g(x), NDER h(x), and NDER t(x)
are al the same, as shown.

\|/

[—4, 4] by [-10, 20]
(©) f(x) must be of the form f(x) = x® + ¢, wherecisa
constant.

(d) Yes. f(x) = x®
(e Yes. f(x) =x3+3
(@

[0, 200] by [—2, 12]
(b) The values of x which make sense are the whole
numbers, X = 0.

AN

[0, 200] by [—0.1, 0.2]
P is most sensitive to changes in x when |P’(X)| is
largest. It is relatively sensitive to changes in x between
approximately x = 60 and x = 160.

(d) The marginal profit, P’(X), is greatest at x ~ 106.44.
Since x must be an integer,
P(106) = 4.924 thousand dollars or $4924.

(e) P’(50) = 0.013, or $13 per package sold
P’(100) = 0.165, or $165 per package sold
P’(125) = 0.118, or $118 per package sold
P’(150) = 0.031, or $31 per package sold
P’(175) = 0.006, or $6 per package sold
P’(300) =~ 107, or $0.001 per package sold

(f) Thelimit is 10. The maximum possible profit is
$10,000 monthly.

(g) Yes. In order to sell more and more packages, the
company might need to lower the price to a point
where they won't make any additional profit.

©
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16. (a)
(b)
(©
(d)
(e)
®)

190 ft/sec

2 seconds

After 8 seconds, and its velocity was O ft/sec then

After about 11 seconds, and it was falling 90 ft/sec then
About 3 seconds (from the rocket’s highest point)

The acceleration was greatest just before the engine
stopped. The acceleration was constant fromt = 2 to
t = 11, while the rocket was in free fall.

17. Note that “downward velocity” is positive when McCarthy
is falling downward. His downward velocity increases
steadily until the parachute opens, and then decreasesto a
constant downward velocity. One possible sketch:

Downward velocity

18. (a)

Time
We estimate the slopes at several points as follows,
then connect the points to create a smooth curve.

t (days) 0|10| 20 | 30 | 40|50
Slope (flies/day) |0.5]3.0({13.0|14.0{35|0.5

p' (slope)
20t

Horizontal axis: Days
Vertical axis. Flies per day

(b) Fastest: Around the 25th day

Slowest: Day 50 or day 0

19. The particleis at (5, 2) when 4t% — 16t2 + 15t = 5, which
occursatt = 2.83.

20. The motion can be simulated in parametric mode using
x,(t) = 2t — 13t + 22t — 5and y,(t) = 2in [~6, 8] by
[—3,5].

(a) It begins at the point (—5, 2) moving in the positive

direction. After alittle more than one second, it has
moved a bit past (6, 2) and it turns back in the negative
direction for approximately 2 seconds. At the end of
that time, it isnear (—2, 2) and it turns back again in
the positive direction. After that, it continues moving in
the positive direction indefinitely, speeding up as it
goes.

(b) The particle speeds up when its speed is increasing,

©

which occurs during the approximate intervals

1153 =t = 2.167 and t = 3.180. It slows down during
the approximate intervals 0 =< t = 1.153 and

2.167 =t = 3.180. One way to determine the
endpoints of these intervalsis to use a grapher to find
the minimums and maximums for the speed,

\NDER x(t)|, using function mode in the window

[0, 5] by [0, 10].

The particle changes direction at t = 1.153 sec and at

t = 3.180 sec.

(d) The particleis at rest “instantaneously” at

C

®

t=~ 1.153 sec and at t = 3.180 sec.

The velocity starts out positive but decreasing, it
becomes negative, then starts to increase, and becomes
positive again and continues to increase.

The speed is decreasing, reaches 0 at t = 1.15 sec, then
increases until t = 2.17 sec, decreases until

t = 3.18 sec when it is 0 again, and then increases after
that.

The particleis at (5, 2) when

2t3 — 13t + 22t — 5=5at t ~ 0.745 sec,

t = 1.626 sec, and at t = 4.129 sec.

21 (@) s(ft)

50

5
(b) s'(1) = 18,5'(2.5) = 0,5 (3.5) = —12
22. (a)

t(sec)

s(ft)
30k

t(sec)

N0

(b) s'(1) = —6, §'(2.5) = 12, §(3.5) = 24

23. (a) The body reverses direction when v changes sign, at

t=2andatt=7.

(b) The body is moving at a constant speed, V| = 3 m/sec,

betweent = 3andt = 6.



©

(d)

24. (a)

(b)

The speed graph is obtained by reflecting the negative
portion of the velocity graph, 2 <t < 7, about the
X-axis.

Speed(m/sec)

3_

2_

1

7 4 6 8§ 10 (9

b

ok

_3—
ForOst<1:a=%=3m/sec2
Forl<t<3:a=733:13:—3m/s>ec2
For3<t<6:a=_:i‘)_f(;g)=Om/sec2
For6<t<8:a:%:3m/sxec2
For8<t=10a=-2"% = —15msec?

10— 8

Acceleration (m/sec?)

3o o—o0
ol 1,3 (6,3 (873

-2 3.3 (10, -1.5)

- o——o

1.-3

The particle is moving left when the graph of s has
negative slope, for 2 <t < 3andfor5<t=6.
The particle is moving right when the graph of s has
positive dope, for 0=t < 1.

The particle is standing still when the graph of sis
horizontal, for 1 <t < 2andfor 3 <t <5.

ForOst<1:v=H=Zcm/sec

Speed = V| = 2 cm/sec

For1<t<2:v:%:0cm/sec

Speed = V| = 0 cm/sec

For2<t<3v= _32:22 = —4 cm/sec

Speed = M = 4 cm/sec
For3<t<5:v=7§%(;2)=00m/sec
Speed = V| = 0 cm/sec
—4-(=2) _
6—5
Speed = |v| = 2 cm/sec

For5<t=6:v= —2 cm/sec

Section 3.4

Velocity graph:
v(t) (cm/sec)
4k

2 p—o

t(sec)
2+
A4r o—o0

Speed graph:

[v(t)] (crvsec)

41+ o—o0
2 p—o0
——0—0b—6—L 61> t(seC)
1 2 3 4 5 6
2L

4

25. (a) The particle moves forward when v > 0, for

O=st<landfor5<t<7.

The particle moves backward when v < 0, for
1<t<5.

The particle speeds up when v is negative and

85

decreasing, for 1 < t < 2, and when v is positive and

increasing, for 5 <t < 6.
The particle slows down when v is positive and

decreasing, for 0 =t < 1 and for 6 <t < 7, and when

Vv is negative and increasing, for 3 <t < 5.

(b) Note that the acceleration a = % is undefined at

t=2t=3,andt=6.

The acceleration is positive when v is increasing, for
3<t<6.

The acceleration is negative when v is decreasing, for

O=st<2andfor6<t<?7.
The acceleration is zero when v is constant, for
2<t<3andfor7<t=0.

(¢) The particle moves at its greatest speed when |V| is
maximized, att =0andfor2 <t < 3.

(d) The particle stands still for more than an instant when v

stays at zero, for 7 <t = 9.
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26. (a) To graph the velocity, we estimate the slopes at several

points as follows, then connect the points to create a
smooth curve.

t (hours) 025 5 | 75|10|125| 15

v (km/hour) | O | 56| 75 | 56 | O | —94| —225

v(km/hr)
100}

L h
3 12 t(hours)

-100

—200

-300r

To graph the acceleration, we estimate the slope of the
velocity graph at several points as follows, and then
connect the points to create a smooth curve.

t (hours) 0125 5 | 75| 10 [125]| 15

v (km/hourd) | 30| 15| 0 |-15| 30| —45| —60

a(km/hr2)
50}

N

10 1'5' t(hours)

95 _ o _ 32
(b) < =30t 3t

[0, 15] by [—300, 100]

d%s
— =30 — 6t
dt?

[0, 15] by [—100, 50]
The graphs are very similar.

27. (a) Solving 160 = 490t2 givest = i;.

It took 4 of asecond. The average velocity was

160 cm
<4) sec = 280 cm/sec.

7

28.

29.

30.

(b) v = s'(t) = 980t
a=s'(t) = 980
The velocity was s' <$) = 560 cm/sec.

The acceleration was s”(é) = 980 cm/sec?.

(c) Since there were about 16 flashes during g of a second,
the light was flashing at a rate of about 28 flashes per
second.

Graph C is position, graph A is velocity, and graph B is
acceleration.

A isthe derivative of C becauseit is positive, negative, and
zero where C isincreasing, decreasing, and has horizontal
tangents, respectively. The relationship between B and A is
similar.

Graph C is position, graph B is velocity, and graph A is
acceleration.

B is the derivative of C becauseit is negative and zero
where C is decreasing and has horizontal tangents,
respectively.

A isthe derivative of B becauseit is positive, negative, and
zero where B isincreasing, decreasing, and has horizontal
tangents, respectively.

o233

(b) Thefluid level isfalling fastest when% is the most
negative, att = 0, When% = —1. Thefluid leve is

falling Slowest at t = 12, when% -o.

(©

AT
[0,12] by [-2, 6]

y is decreasing and % is negative over the entire
interval. y decreases more rapidly early in the interval,
and the magnitude of % is larger then. % isOat

t = 12, where the graph of y seemsto have a horizontal

tangent.



31.

32.

33.

35.

36.

& _dfa s\,
(a) 5 dr<37Tr ) At
Whenr = 2, ;_"\r/ = 47(2)? = 167 cubic feet of

volume per foot of radius.

(b) Theincrease in the volumeis

37(2.2)3 - %(2)3 ~ 11.092 cubic feet.
For t > 0, the speed of the aircraft in meters per second
.. 20 Cr 3600 sec 1km
after t seconds |sgt. Multiplying by h Toom

we find that thisis equivalent to 8t kilometers per hour.
Solving 8t = 200 givest = 25 seconds. The aircraft takes
25 seconds to become airborne, and the distance it travels

during thistime is D(25) = 694.444 meters.

Let v, be the exit velocity of a particle of lava Then
S(t) = vt — 16t feet, so the velocity is% =, — 32

Solving % = 0givest = % Then the maximum height, in

2
feet, |ss<—>—v(vo — 16| i) =
5 32 32 32

% = 1900 gives v, = +£348.712. The exit velocity was
about 348.712 ft/sec. Multiplying by

v, 2 i
-9 Solving
64

3600 sc 1mi

5280 ft'
find that this is equivalent to about 237.758 mi/h.

. By estimating the slope of the velocity graph at that point.

Since profit = revenue — cost, the Sum and Difference

. d o d _d .
Rule glves&(proflt) = dX(revenue) dX(cost), where x is
the number of units produced. This means that marginal
profit = marginal revenue — marginal cost.

(a) It takes 135 seconds.

AF _5-0 _ 5
(b) Average speed =~ = =1 = 73

~ 0.068 furlongs/sec.

(c) Using a symmetric difference quotient, the horse's

speed is approximately
AF 4-2 2

N 9" 6 1— ~ 0.077 furlongs/sec.

(d) The horseis running the fastest during the last furlong
(between 9th and 10th furlong markers). This furlong
takes only 11 seconds to run, which is the least amount
of time for afurlong.

(e) The horse accelerates the fastest during the first furlong
(between markers 0 and 1).

37.

38.
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(@) Assumethat fis even. Then,

f(—x+ h) — f(—x)
h

w, and substituting k = —h,

£/(=x) = lim

= lim &
h-0
i FXH R~ (0
k-0 -k
f(x + K) —
k

= —lim ) -

k-0

')

So, f' isan odd function.

(b) Assumethat fis odd. Then,

/(- = lim f(—x + hr)] )
— (]
h-0 h

and substituting k = —h,

i —TOCHR) + (9
k-0 -

10 _ 00

=lim

f(x + k) —
k-0 k

So, f’ isan even function.

d _d . d d
&(fgh) = —[f(gh)] =f. _x(gh) +gh- _X(f)
dg df

—f(g —+h ™ +gh- o

(gl

m Section 3.5 Derivatives of Trigonometric
Functions (pp. 134-141)

Exploration 1
1.

Making a Conjecture with NDER

When the graph of sin x isincreasing, the graph of
NDER (sin x) is positive (above the x-axis).

. When the graph of sin x is decreasing, the graph of

NDER (sin x) is negative (below the x-axis).

. When the graph of sin x stops increasing and starts

decreasing, the graph of NDER (sin x) crosses the x-axis
from above to below.

. The slope of the graph of sin x matches the value of

NDER (sin x) at these points.

. We conjecture that NDER (sin x) = cos x. The graphs

coincide, supporting our conjecture.

i sl

[—2m, 2] by [—4, 4]
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6.

When the graph of cos x isincreasing, the graph of
NDER (cos x) is positive (above the x-axis).

When the graph of cos x is decreasing, the graph of
NDER (cos x) is negative (below the x-axis).

When the graph of cos x stops increasing and starts
decreasing, the graph of NDER (cos X) crosses the x-axis
from above to below.

The slope of the graph of cos x matches the value of
NDER (cos x) at these points.

We conjecture that NDER (cos X) = —sin x. The graphs
coincide, supporting our conjecture.

AN

[—2m, 27] by [—4, 4]

Quick Review 3.5

1

10.

135° . T =37 _ 5356
180° 4
17 B - (@> ~ 97.403°
a aa
S'nz =§
3 2
. Domain: All reds
Range: [—1, 1]
. Domain: x # k77Tfor odd integers k
Range: All reals
.cosa=*V1-snfa=+V1—-(-1)2=+V0=0
.Iftana= —1,thena= 3777 + kar for some integer k, so
: 1
sna=*—.
V2
1-cosh _ (1—cosh)(1+cosh) _ 1- cos’h
h h(1 + cosh) h(1 + cos h)
_ _ sir*h
h(1 + cos h)
LY (X) = 6x% — 14x

y'(3) =12

The tangent line has slope 12 and passes through (3, 1), so
itsequationisy = 12(x — 3) + 1, ory = 12x — 35.

a(t) = v'(t) = 6t% — 14t

a(d =12

Section 3.5 Exercises

1

%(1+xfcosx)=0+1f(fsjnx)=1+sinx

.%(Zsinx—tanx):Zcosx—seczx

.£(1+55inx>= —X—12+5005x

dx\ x

d d d
. — = X— + —
4 dX(x SECX) = X OIX(szec: X) + Sec x dX(x)

= Xsecxtanx + sec x

10.

11.

d inx = -9 — |29 in -4
54 x2sin x)= +@ [xzdx(sm X) + (sin x)dx(xz)]

=0 —[x?cosx + (sin X)(2X)]

—X2 cosX — 2x Sin X

. %(Sx + xtanx) = %(3X) + [X%(ta“ X) + (tan X)%(X)}

=3+ x sec?X + tan x

d/ 4 d
. — = —(4secx) =4secxtanx
dx(cosx) dx( )

d d
(1 + cos x)—dx(x) - x—dx(l + COSX)

a_x _
dx 1+ cosx (1 + cos x)?
_ 1+ cosx+xsinx
(1 + cos x)?
d d
+ = - =1+
d cotx  _ (1 + cot x) dX(cot X) — (cot x) dx(l cot x)
" dx 1+ cotx (1 + cot X)2
_ (1 + cot x)(—csc?x) — (cot X)(—csc?X)
(1 + cot x)?
_ esc?x  _ _ cscxsm®x 1
(1 + cot x)? (1 + cot x)? sin® x (sin x + cos X)?
. d 7 d .
d cosx  _ A+ sn x)&(cos X) (cosx)dx(l +sinx)
dx 1+ sinx (1 + sinx)?
_ (1 + sinx)(=sinx) — (cosx)(cos X)
(1 + sinx)?
_ —sinx — sin?x — cos®x
(1 + sinx)?
_ —(1+sny)
(1 + sinx)?
_ 1
1+ sinx
P P _
y'(x) = &(smx + 3) = cos x

y'(m) =cosm = —1
The tangent line has slope —1 and passes through
(r, sinm + 3) = (m, 3).

Itsequationisy = —1(x — o) + 3,ory = —x + 7 + 3.



2
The normal line has slope —~——— = — 7
8T —16 16 — 8=«

iz
and passes through %, 4 =<3, i).

m 4 7
4

Its equationisy =

2
™ (x-T)+ 4 or
16 — 8 4 T

2 3
y= T x— T +i.
16 — 87 64 -7

Using decimals, this equation is approximately

y = —1.081x + 2.122.

, d - d, . . d
13. y'(x) = &(XZ sinx) = XZ&(SII’] X) + (sin x)&(xz)

2

= X°CoSX + 2x sin X

y'(3)=9cos3 + 6sn3

The tangent line has slope 9 cos 3 + 6 sin 3 and passes
through (3, 9 sin 3). Its equation is
y=(9cos3+6sn3)(x—3)+9sn3 or
y=(9cos3+ 6sin3)x — 27 cos3 — 9sin 3. Using
decimals, this equation is approximately

y = —8.063x + 25.460.

14. lim cos (x + h) — cos x
"h-0 h
(cosx cosh — sinxsin h) — cos x

h

3

=i
h-

o

cosx(cosh — 1) —sinxsinh
h

cosh—1 (Sinx)g?]h>

3

=li
h-

o

= Iim<(cosx)
h-0

= (cos x)( lim

cosh — 1) _
h

= (cosx)(0) — (snX)(1) = —sinx

d _ d sinx _

(cos x)i(si nx) — (sin x)%(cos X)

5@ dx tanx = dx cosx (cos x)?
_ (cosx)(cosx) — (sinX)(=sinx)

cos? x

cox+sn’x _ 1 _ sc?x
cos® X cos® X

16. (a) %cotx =—

17.

18.

19.
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d d
1 (cos x)&(l) - (1)&(005 X)

COS X (cos x)?
cos x)(0) — (1)(—sinx)
cos? X

gla

d
(b) &secx

o~

_sinx

= = sec X tan x
cos? X

d cosx
dx sinx

(sin x)%(cos X) — (cos x)i(si nx)

(sinx)?

_ (sinx)(=sinx) — (cos x)(cos x)
sin?x

_ —(sin®x + cos?x)
sin®x

d d 1
(B) G X = G Snx
) d d,.
B (sin X)&(l) - (1)&(5|n X)

(sin x)?

_ (sin x)(0) — (1)(cos x)
sinx

_ coSX _
sin®x

—CSC X cot X

%secx= sec X tan x which is 0 at x = 0, so the slope of

the tangent lineis 0. % cosx = —sinxwhichisOat x = 0,

so the slope of the tangent lineis 0.

9 tanx = sec? x = —L_ which is never 0.

dx cos? X

9 oot x = —csc?x = ———, which is never 0.
dx sin“x

y'(x) = %(\/5 COSX) = ~V2sinx

4

T LT 1
V(=)= -V2snZ = —\/§<—) =-1
(§)=Vasni =V
The tangent line has slope —1 and passes through

<E, V2 cosz) = <1, 1), 50 its equation is
4 4 4

= 1x-7 = —x+ 7
y=-1x 4)Jrl,ory x+4+1.
The normal line has slope 1 and passes through <% 1), SO

T

its equation isy = 1<X_Z> +1ory=x+ 1—%.
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20.

21.

22.

, d 2
X) = —tan X = sec” X
y'(%) &

YR =4(29=2

sec?x =2
secx = *+V2
cosx = +—L

2

on (—% %) the solutions are x = i%. The points on the

curve are (—1, —l) and (E, 1).
4 4

y'(X) = %(4 + cot X — 2 €sC X)
=0 — csc® X + 2 ¢SC X cot X
= —csc? X + 2 ¢se X cot X
@ y'(ﬂ) — —es? T+ 2ec Teot T
2 2 2 2
=-12+2(1)(0) = -1
The tangent line has slope —1 and passes through
P(% 2). Its equation isy = —1(x - %) + 2, 0r
=-x+Z+2
y X 5 2
(b) y'(x) =0

—cse?x + 2cscxcotx =0

1 2 cosX
— + =
snx  sin?x
1
2cosx—1) =0
sinzx( )
cosx =+
2
x=%mmMQ

vVl

The coordinates of Q are (% 4 — \/§>

The equation of the horizontal lineisy = 4 — V3.

y'(X) = %(1 +V2csex + cot X)

0+ V2(—csc x cot X) + (—csc? X)

= —\V/2 csc x cot x — csc?

(@ y'(g)

X

2m

4

-\V?2 csc% cot% —csC
~V2(V2)(1) - (V2

=-2-2=-4

The tangent line has slope —4 and passes through

s

P(%, 4). Itsequationisy = —4(x — Z) + 4, or

y=-—4&+m7+4

(b) y(® =0
~V2csexcotx — csc2x =0
_\/Ecosx_ 1 _
sin? x sin? x

—%(\/5 cosx+1) =0
sin® X

1
COSX = ———
3VE

X =T7TatpointQ

ys—” —1+V2ese 3T 4+ cot 27
4 4 4

=1+V2(V2) + (-1
=2
The coordinates of Q are (3777 2).

The equation of the horizontal lineisy = 2.

23. (a) Velocity: s'(t) = —2 cost m/sec

Speed: [s'(t)| = |2 cos t| m/sec
Acceleration: s'(t) = 2 sin t m/sec?
Jerk: s"(t)= 2 cost m/sec®

(b) Velocity: —2 cos% = —V2 m/sec
Speed: |[-V2| = V2 m/sec
Acceleration: 2 sjn% = V2 m/sec?
Jerk: 2 cos% = V2 m/sec?

(c) The body starts at 2, goes to 0 and then oscillates
between 0 and 4.

Speed:

Greatest when cost = *1 (or t = ki), at the center of
the interval of motion.

Zerowhencost =0 (ort = I%T k odd), at the
endpoints of the interval of motion.

Acceleration:

Greatest (in magnitude) when sint = =1
(ort==%;,kodd)

Zerowhensint = 0 (or t = k)

Jerk:

Greatest (in magnitude) when cost = *1 (or t = k)

Zerowhencost =0 (or t= l%r k odd)

24. (a) Velocity: s'(t) = cost — sint m/sec

Speed: |s'(t)| = [cost — sint| m/sec
Acceleration: §'(t) = —sint — cos t m/sec?
Jerk: ”(t) = —cost + sint m/sec®



(b) Velocity: cos% - sin% = 0 m/sec
Speed: |0] = 0 m/sec
Acceleration: —sin% - cos% = —V2 misec?
Jerk: —cos% + sin%= 0 m/sec®

(c) The body starts at 1, goesto V/2 and then oscillates
between +V/2,

Speed:

Greatest whent = 3777 + kmr

Zero when t :%4- ke

Acceleration:

Greatest (in magnitude) whent = % + kar
Zerowhent = 3777+ kar

Jerk:

Greatest (in magnitude) when't = %77 + kmr

Zerowhent:%+ kar

AN

S

25. (a)

[—360, 360] by [—0.01, 0.02]

Thelimit is % because this is the conversion factor

for changing from degrees to radians.

LN

(b)

N

[—360, 360] by [—0.02, 0.02]
Thislimit is still 0.

. .8 +h)—s
(@] %smx=llm—sm(x h) — sinx

h-0
— lim sinxcosh + cosxsinh — sinx
h.0 h
= lim sinx(cosh — 1) + cosx sin h
h.0 h

= (lim sin x)(lim &h*l) + (Iim cosx)(hlim ihh

h-0 h_0 h-0

= (sin x)(0) + (cos x)(%())

=-" cosx
180
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cos (X + h) — cos x

d )
(@ oo fim S
= lim cosx cosh — sinxsinh — cos x
N h
— lim (cosx)(cosh — 1) —sinxsinh
h.0 h

- (Iim cosx)(lim M) - (Iim sin x)(lim ﬂ)
ho0 h-0 h h-0 hoo h

(cosX)(0) — (sin x)(l>

180
= T S'n X
180
(e) d_zs'nxzilcossz _Lsinx)
dx? dx 180 180\ 180
77.2
BT sin x
dd . d I e
—— SNX=—( ——— SN X| = ———{—— cos X
dx® dx( 1807 ) 1802<180 )
77.3
= _W COS X
2
9 cosx = £<—L sinx) = — (- cos x
dx dx\ 180 180\ 180
77.2
BT COS X
dd d w2 2 T
——= C0SX = — ———= C0SX| = ——— ——— Sin X
dx® dx( 1807 ) 1802( 180 )
773 .
BET sin x
d

26. V' = — = —
6. y dxcscx CSC X cot X

d
"= —(—csc x cot X
y'= )

—(csc x)%(cot x) — (cot x)%(csc X)

—(csc X)(—csc? X) — (cot X)(—csc X cot X)
= csc® X + csc X cot? X
27y = d—‘j}(e tan 6)
= Bd—de(tan 6) + (tan e)d—%(e)
=0sec?d +tan g
y'= d—c:)(e sec? § + tan 6)
= 01 1(sec 6)(sec )] + (sc? ) 2.(6) + i(tan 6)
= 6 (sec 6)%(59(: 6) + (sec B)d—%(sec e)] + s+
sec? §
=20 sec?ftan + 2 sec? §
= (26 tan 6 + 2)(sec? 6)

or, writing in terms of sines and cosines,

_2+20tan6

T cofe

_ 2cos6 +20sin6
cos® 9
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28.

29.

30.

31

32.

Continuous:

Note that g(0) = lim g(x) = lim cosx = cos (0) = 1, and
x- 0" x-0"

lim g(x) =lim (x + b) = b. Werequirelim g(x) = g(0),
X-0" X-0" X-0"

s0 b = 1. The function is continuous if b = 1.

Differentiable:

For b = 1, the left-hand derivative is 1 and the right-hand
derivativeis —sin (0) = 0, so the function

is not differentiable. For other values of b, the function is
discontinuous at x = 0 and there is no

|eft-hand derivative. So, there is no value of b that will
make the function differentiable at x = 0.

Observe the pattern:
icosx=—sinx d—scosx=—sinx
dx dx®

2 6
— COS X = —COS X —— COS X = —COS X
dx? dx®

3 7

d . d .
——~ COSX = SiN X — coSX = sin X
dx® dx”’

d* d®
— COSX = COS X — COSX = COS X
dx? dx®

Continuing the pattern, we see that

dn
d qon
k.

cos X = sin x when n = 4k + 3 for any whole number

9
Since 999 = 4(249) + 3, 999 COSX = sinx.

Observe the pattern:
d . S .
d—SnX:COSX FS“X:COSX
d? dé

sinx = —sinXx sinxXx = —sin X
ax? ax®
d3 d’

sinX = —CoS X sinX = —CoS X
a3 dx’

d4
d4S|nX_SnX

d8
dssmx—smx

Continuing the pattern, we see that

dn

——sinx = cosxwhenn =

dn
k.

Since 725 = 4(181) + 1,

4k + 1 for any whole number

5smx—cosx

The line is tangent to the graph of y=sinxat (0, 0). Since

y'(0) = cos (0) = 1,

the line has slope 1 and its equation isy = x.

(@) Usingy = x, sin (0.12)

~ 0.12.

(b) sin (0.12) = 0.1197122; The approximation is within
0.0003 of the actual value.

33 % sin2x = %(2 Sin X Cos X)
= Zi(sin X COS X)
= 2[(sin x)%(cos X) + (cos x)%(sin x)}
= 2[(sin X)(—sin xX) + (cos x)(cos X)]
= 2(cos? x — sin® X)

= 2 Cos 2X

34. d COS 2X = %[(cos x)(cos x) —

™ (sinx)(sin x)]

_ d d _

= [(cos x)&(;:os X) + (cos x)&;cos x)]
[(sm x)&(sm X) + (sin x)&(sm x)}

= 2(cos X)(—sin X) — 2(sin x)(cos X)

= —45n X cos X

= —2(2sinxcosXx)

= —-2sn2x

(cosh — 1)(cosh + 1)
h(cosh + 1)

_ cos?h — 1

h-o h(cosh + 1)

—sin?h
h-o h(cosh + 1)

~{im i seh o
ol

36. y' =£(Asjnx+ B cosx) =

35, lim €8N = D _ iy,
h-0 h h-0

Acosx — Bsinx
y’ =%(Acosxf Bsinx) = —Asinx — B cos x
Solve:

(—Asinx — Bcosx) —

—2Asinx — 2B cosx = sinx

1

Atx:%, thisgives —2A =1, 0 A = -5

Atx=0,wehave —2B=0,s0B = 0.

Thus, A = f% and B = 0.

m Section 3.6 Chain Rule (pp. 141-149)

Quick Review 3.6
1 f(gX) = f(x®+ 1) =sin (x* + 1)

2. £(9(h(9)) = (a7 = F(7x)* + 1)
= sin[(7%)? + 1] = sin (49x* + 1)

3. (goh)(X) = gh(X) = g(7x) = (7X)?> + 1= 49x%> + 1
4. (hog)(¥) =h@X) =hx®+1) =762+ 1) =72+ 7

y'—y =s8nx

(Asinx + Bcosx) = sinx



6.
7.

8.

9.
10.

Vecosx + 2 = g(cosx) = g(f(x))

V3 cos® x + 2 = g(3 cos® x) = g(h(cos X)) = g(h(f(x)))
3cosx + 6= 3(cosx + 2) = 3(Vcosx + 2)

= h(Vcosx + 2) = h(g(cos x)) = h(g(f(x)))

cos 27x* = £ (27x%) = £(3(3x?)?) = f(h(3x?)) = f(h(h(X)))
cos V2 + 3x% = cos V3x% + 2 = f(V3x° + 2)

= f(9(3¢9) = f(g(h(x)))

Section 3.6 Exercises

1

3.

6

Y b=

dy _ d _
2 =—gn(3x+ 1) =
dx  dx ( )

= [cos (3x + 1)](3) =

[cos (3x +1)]%(3x +1)

3cos(3x + 1)

d
=2 [cos (7 ~ 59](7 ~ 5%)

= [cos (7 — 5X)](—5) = —5cos (7 — 5X%)

& di cos (V3x) = [~sin (\/éx)]%(\/éx)

dx
= [—sin (V3X)](V3) = —V3sin (V3x)

W 9 2x — x3) = [sec? (2x — x3)] Sx-x)

dx  dx

= [sec? (2x — x9)](2 — 3x?) = (2 — 3x)) 8602 (2x — x3)

. d—i = %{5 cot (%ﬂ = [—5 csc? (%)]%(fol)

[l -2l

X

ﬂ:ﬂ( sin x )2: ( sin x )g( sin x )
“dx  dx\1+ cosx 1+ cosx/dx\ 1+ cosx
=2< snx )((1+cosx):xsinx—sinx£((l+cosx))
1+ cosx (1 + cosx)?
2( sin x )((1+cosx)(cosx) (smx)hsinx))
1+ cosx (1 + cosx)?
=2< sinx )(costrcosszrsm x)
1+ cosx (1 + cosx)?
2( sin x )( 1+ cosx )
1+ cosx/\ (1 + cosx)?
~ A5 oo 7 o)
1+ cosx/\1+ cosx
_ _ 2sinx
(1 + cos x)?
. % :%cos(sin X) = [—sin (sin x)]%(sin X)
= —sin (sin x) cos x
d d d
d—i =&sec(tan X) = sec (tan X) tan (tan x)&(tan X)

= sec (tan ) tan (tan x) sec® x
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9. = ——(x+\/_) 2= —2(x + \/_) 3d(x+ V%)
10. % = %(cscx + cot x) 71
= —(cscx + cot x)*Z%(csc X + cot X)
:7m(7cot XCSC X — C&:z X)
_ (escx)(cotx +escx) CSC X
(csc x + cot X)° csc X + cot X
11. % = %(sjn*5 X — €os® X)
= (~5sin"® x)%(sin X) — (3 coL x)%(cos %)
= —5sin"®xcosx + 3 cos? x sin X
12, % = %p@ (2x — 5)4
= (O£ @x— 5 + (2x ~ 5 (O)
= (x3)(4)(2x — 5) (2x — B) + (2x — 5)*(3x?)
= (x3)(4)(2x — 5)3(2) + 3x3(2x — 5)*
= 8x3(2x — 5)° + 3x%(2x — 5)*
= x%(2x — 5)%[8x + 3(2x — 5)]
= x3(2x — 5)3(14x — 15)
13, % = %(si n® x tan 4x)
= (sn? x)i(tan 4x) + (tan 4x)i(si n3 %)
= (sin® x)(sec? 4x) (4x) + (tan 4x)(3 sin? x) = (sinx)

= (sin® x)(sec? 4x)(4) + (tan 4x)(3 sin® X)(cos x)

= 4 sin® x sec? 4x + 3 sin x cos X tan 4x

Y _ oo x T X
14. v dx(4 Sec X + tan x)

=4. 1 —(secx+tanx)

2V'sec x + tan x ¥
2
= (sec x tan x + sec? X)
V sec X + tan X

Sec X + tan x

=2seCX
Vsec X + tan x

= 2sec XVsec x + tan x
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5.ﬂ:£< 3 ) 19. ———(1+cos,27x)3
dx ax\v2x + 1 B B
(M)&(S)f%(\/M) =3(1+co 7x) (1+co 7X)
= Vs 12 = 3(1 + cos’ 7x)2(2 cos 7x)&(cos 7X)
= 3(1 + cos? 742 cos 7X)(—sin 7x)%(7x)
\/ _ 1 \d
_ (V2x+ 1)(0) 3(2\/2x n 1>d><(2x D = 3(1 + cos® 7)%(2 cos 7X)(—sin 7x)(7)
L il = —42(1 + cos® 7X)? cos 7x sin 7x
-3 2
(2\/2>< + 1>( )
- dy _ d/ 1 d
x+1 20. o d( tan 5x) = 2\/—detan5X
_ 3
(x+ Vi1 = (P 5L (59
= —3(2x+ 1) = 2\/@“—&_»((Secz 5X)(5)
_ 5sec?5x 5 —12 2
= or 2(tan 5x) Y2 sec? 5
2V/tan 5x 2 ) §
16, ¥ -4 X
de XV 4 21.%‘:%005(%7&)
[ (z-aljéfz -2
- VI +
(V1+x)((1)x<X) )d(1+x2) B 7Sin<%7 3tﬂ(73)
s =3$in<z—3t>
1+ x2 2
1
v e ) 22 8= ;“ cos ( — 41)
- 1+ _ _ ond
Qi) = (t)a[cos (m 4tzj] + cos (7 4t)dt(t)
= LAV = {—sin (7 — 4017 — 41) + cos (m — 4)()
= (1 +x3) 32 = t[—sin (7 — 4t)](—4) + cos (7 — 4t)

=4t sin (7w — 4t) + cos (7 — 4t)
17. Thelast step here uses the identity 2 sinacosa = sin 2a.

ds _ d/ 4 4
. 23. 2 =52 gn3t + — cos 5t
W _dgn2@3x-2) 3 dt( sn3t+ — cos5>
dx  dx

_ . d
= 2sn(3x— 2)% sn(3x - 2) - 37(005 30&(30 * 5( Sin 5050
= i(cos 39(3) + i(—sin 50)(5)

= 2:8in (3 — 2) cos (3 — 2)%(3x -2
4

— 26N (3x — 2) cos (3% — 2)(3) = cos3t— 7~ sinst
=6sin(3x— 2) cos(3x — 2) 24.§=£{sin<3—”t)+cos<7—”tﬂ
= 3sin(6x — 4) @ !
= oo (F)3{5Y) ~ 9 (Ul %)
dt dt\ 4
dy_ d 2_ d =37 s (37 _ T g (17
18. i dx(l + cos 2x)° = 2(1 + cos 2x)dX(1 + cos 2X) > cos( t) ) sun( t)
= 2(1 + cos 2)(—sin 29-2(2x) N g
ax 25 4 _ 42— =2-0%2-0
= 2(1 + cos 2X)(—sin 2%)(2) do a9 do

=sec? (2 - 6)(—1) = —sec® (2 — 6)
= —4(1 + cos 2x)(sin 2x)

26. 373 = —(sec 26 tan 26)

= (sec 20)£(tan 26) + (tan 26)d%(sec 26)
— (sec 26)(sec? 29)(%(29) + (tan 20)(sec 20 tan 20)%(20)

= 2sec® 20 + 2 sec 26 tan? 26
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’ — d —
27@‘% gsing = Wg(esne) 33.f(u)—?(u5+1)—15u4
\/_[9 (sin6) + (sn o) S (9)} 909 = 5V ="
Zvosno | (fo0)() = 1'(e)g' W) = W' W) = B3] =
= 2\/m((u? cos 6 + sin 0) . | o
_ fcosf +sne 34.f’(u):a(l—u )=u =7
2Vosne (9= S(1-9 7=~ -9 A
28. @ = —(20\/ 9) =-1-0(1= @ —lx)2
r__ — f/ _ _— — 1 " —
- ey S (V) + (V) Sian (fog)(§> D =fe(-D)g' (- =1()o-1)
=@)(=] =
= 1 \d 4
_(20)(2@)d9(sece)+2\/sec(9 oo
- (20)( 1 )(%cetan 0) + 2\/sec 0 3. 1) = <°°t *) - ¢ (To)@(?o)
2Vsec 6 __m CSCZ(WU)
= (V'sec 6)(tan 0) + 2V sec 0 10 .
909 = 56V ==
T Vs tent +2) (fo0)(D) = F(D)g'(D) = B0’ (1)
T 7\ |/5
29,y = tanx = sac’x = _E[CSC: (5)}(5)
y' = sac? x = (2 560 X5 (secX) = 1002) =

= (2 sec x)(sec x tan X) 36. £/(U) = S {u+ (cos )2

= 25’ xtanx :1—2(cosu)‘3%cosu
va
30. y’=%cotx=—csc2x =1d+cj|523
y' = (o) = (~2 e S (ese ) IR =gl =
A\ Ay (L
(2 (- x CotX) (te0(3) = "aCna 3]
S\ (1
= 2 csc? x cot X =f (Z)g (Z)
3l,y':%cot(3x—l):—cscz(3x—1)%(3x—l) .. 7 .
= —3cs? (3 — 1) (i)
g V2
v = S1-3es?(3x - 1) - 57
= —32cs (3~ VIS o (3 - 1) e d 2 W0 - o
= —3[2csc (3x — 1)] - = du @1 (u?+1)°
[ s (3 — 1) cot (3~ IS (3x — 1) _ P+ 11(22171)(22u)(2u) _ (—uzzui +1)22
= —3[2csc (3¢ — D][—osc (3¢ — 1) cot (3x — 1](3) 9'(x) = %(mxz +x+1)=20x+1
= 18 csc” (3x — 1) cot (3 — 1) (fe9)'(0) = f'(9(0))g'(0) = f'(1)g’(0) = (O)(1) =0
,_ d x\] _ 2(x\d(x
2.y = glom(3)] = o= (55 (3)
=32 (X

o (5 el = (3

e[ ()
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38. f'(U) = i( - 1)2 - 2(“‘ 1)&(“ - 1) 41. == —(2 cost) = —2sint
+1 u+1/dulu+1 dt
d dy_d -
@t DIW-1-u-Diu+1 Y _ L2sint) = 2 cost
(u +1) (u+1)? s T,
t
u-1\U+D-(u-1) _4u-1) Y dt _ 29U _ ot
(u+1) (u+ 1) (u+1)3 dx % —2sint
g'(x) = di(x’2 -1 =-2x3 The line passes through (2 cosZ, 2sin ) =(V2,V?2)
X
(feg)'(=1) =" (g(=)g'(-1) and has slope fcot% = —1. Itsequation is
=1'(0)g'(-1
g1 y=—-(x-V2)+V2oy=-x+2V2
=(=4@ = -
dy _ dy du 42, &= —(sm 2mt) = (cos 2mt) (27-rt) = 2 cos 2mt
%@ dx du dx dt
d d
= Ycosu)L(ex + 2
au (@S W (B +2) % - —(cos 2mt) = (~sin 2m) (zm) — 2msin2at
= (—sin u)(6)
) dy _ dt _ —2msin2nt _
=—6snu dx dx 27 cos2mt tan 2mt
dt
= —6sin(6x+ 2)
The line passes through (smz—” cosz—w> = ( \/é 1)
6’ 6 22
(b) L -H 2
dx  du dx and has slope —tan e V3. lts equation is
d d -
= —(cos 2u)—(3x + 1)
du dx y_\/3_<x+\f)+;,ory—\/§x+2.
= (—sin2u)(2) - (3)
o X _ A2t )= d
= —6sin2u By dt(SeC t—1 (ZSGCt)dt(SGC t)
= —6sn(6x + 2) = (2sect)(secttant)

=2sc?ttant
40 (@ ¥ -F X

ddudx g Q=Etant—sect
=2 gin(u+ 1)—(x?
QO ( )dx( )

= cos (u + 1)(1) - 2x === =——0——==Cott.

=2xcos(u+ 1)
The line passes through

5] on[5) -

= 2xcos (X* + 1)

(o) & — oy du
dx ddu dx d gopel cot (—E> = —1. Its equation is
- denudod + 1) 2 42
du dx
y= ,i(x, )—1ory= e
= (cos u)(2x) 2 ' 25 2
= 2Xxcosu
44, %—%sect—secttant
= 2xcos (X% + 1)
dy _d
== = —tant = sec?t
dt
dy ot sec? t sect 1

dx  dx  secttant tant sint

i 2 1
The line passes through (sec 7, tan Z) = (— —> and
66/ \V3' Va3
has slope csc = = 2. Its equation isy = 2<x —) + =,
6 Vil V3

ory=2x—\/§.



46. —

47.

48.

—=—t=1
dtdt
dy_dyf- 1
dt o dt i
dy o _ V@Vy _ 1
dx  ox 1 Vi
dt
: 1 1 11
The line passes through (*, \/:) = <f 7> and has slope
4"\ 4 4'2
=1 Itsequattlonlsy—le1 Jr1 or
2 1 a) "2
1
=X+ =
y 4
ax _ 2
2t + 3
& ( ) =
dy _ d.a _ 43
2=Z(th =4
dt dt()
dy
dy_g_f_tz
dx dx 4t

The line passes through (2(—1)? + 3, (—1)%) = (5, 1) and

has slope (—1)? = 1. Its equation isy = 1(x — 5) + 1, or
y=x—4.

dx

———t sint) = 1 — cost
pra )

dy :
—=—1 cost) = sint

& ( )

ﬂ .
dy _ ot _ _sint
1- cost

The line passes through

T —snZ 1-cosZ|= z,ﬁi and has slope
3 3 3 3 2 2
. w
sn(3
V3. Its equation is
1,005()
3
y= \/§<x—E ﬁ>+1,or
3 2 2
y=Vax+2- T
3
dx _ d .
ex_4a = —din
& dtcost sint
ﬂ——(1+smt)—cost
dt
dy _ dt cost
=0 = 22 = _cott
dx dx —sint co

dt

The line passes through (cos— 1+sn ) (0, 2) and

has slope —cot(%) = 0. Itsequationisy = 2.

50.
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dx _ d
- (@ é;y @( +H=2t+1
T sint = cost
dy
dy _ dt _ cost
dx d&x 2t+1
dt
dfdy\ _ d cost
() dt(dx) do2tsL |
_ (2t + 1)a(cos t) — (cos t)a(Zt +1)
(2t +1)?
_ (2t+ 1)(—sint) — (cost)(2)
(2t + 1)°
_ (2t + 1)(sint) + 2 cost
(2t + 1)?
(© Letu dy

du dx du _ du
Then U = dudx oy du
dt  dx dt’ T dx dt

d/dy d/dy) . dx
dx(dx) dt(dx) Tdt
_ (2t + 1)(sint) + 2 cost
(2t +1)?

(2t + 1)(sint) + 2 cost
@ +1)°

dx
+ —. Theref
o erefore,

~(2t+1)

(d) The expression in part (c).

Since the radius passes through (0, 0) and (2 cost, 2 sin t),

it has slope given by tan t. But the slope of the tangent is

dy
dy _ ot _ —2cost
-2 =52 =_"-"""= —cott, which is the negative
dx  dx 2sint 9

reciprocal of tan t. This means that the radius and the
tangent are perpendicul ar. (The preceding argument breaks
downwhent = 7 where k is an integer. At these values,

either the radiusis horizontal and the tangent is vertical or

the radius is vertical and the tangent is horizontal, so the

result still holds.)

ds _ ds df
a—%a——(cose)—
= (- do
=( sme)(dt>

37 g% 5 O g3\ _
When 6 = > ando|t 5,OIt ( sin 2)(5)
dy _ dy dx _ dx
=2 = + —
dt ok dt (X XSy
=(2x+7)(—>

WhenX*landdy—f——[Z(l)—#?]( >
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53.

55.

56.

[

dy _d . _X x\d[x 1 X
_ = n —_ = —_— — = — —
dx dx s 2 (COS 2)dx(2) 2 cos 2

Since the range of the function f(x) = % cos |s[

the largest possible value of % is%.

211
2' 2|

dy _
dx

The desired line has slope y'(0) =

dg - ) =
&(sm mx) = (COS MX) dX(mx) m cos mx
m cos 0 = m and passes

through (O, 0), so its equation isy = mx.

dy _d X 2 wx\ d [ 7x
2L =_—2tan—=(2 — ==
dx  dx an4 ( ec 4>dx<4>
=T g2 (™

2 4

"M)=" 2 (=T 2 _
y(1) = T sec <4> (V2R =

The tangent line has slope 7 and passes through
<1, 2 tan %) = (1, 2). Itsequation isy = r(x — 1) + 2, or

y=mX—m+ 2.

The normal line has slope _1 and passes through (1, 2). Its
o

equation isy = —S(x — 1) + 2, 0ry = —x + = + 2
™ T ™

Graphica support:
/]
i

—47,47 by [-3.1,3.1]

(8 S1200 = 21'(9

At x = 2, the derivative is 2f '(2) = 2(%) = g

(b) %[f(X) +9(9] =) + g'(x
At x = 3, the derivativeisf’(3) + g'(3) = 27w + 5.

(9 %[f(X) - g(¥)] = 09" () + g0 f'(¥)

At x = 3, the derivative is
f(3)g'(3) + 9B f'(3) =
=15 — 8.

B + (=4)(2m)

d 19 _
@ o 9()

9’9 = F)g' (9
[909]®

At x = 2, the derivative is

1
g2 - fAg @ _ (2)(5) R GIE)
[9(2)]? 22

NI

3
3

57. (@) o579 — 9091 = 57'() ~

C % f(g(x)) = f'(9(x))g' ()

At x = 2, the derivative is

@@ = @I = (39 = -

) VIR = =19 =

At x = 2, the derivative is
1

f@ 3 11
Vi@ 2Ve g2v2)  12V2
g = 18002 = 2009 a0 =
At x = 3, the derivative is
_29'Q) _ 25 _ _ 10 _5

[o(3)® (43

_29'Kx

© [0

N.

-64 3

1
() SVIZ09 + 500 = /720 + 70 ol 1200 + 29

=

1
= V% - o0 [2f(x)%f(x) + 29(X)%9(X)]
T’ + 9¥g'(x)
VI + 020

At x = 2, the derivative is
@(3) + @9

fQf'(2) + 929’2

Vi42) + 042 ve?+ 22
_10 10

_ 3 3 _ 5
V68 2V 17 3V17

g'(x
At x = 1, the derivative is

5f/(1) — g'(1) = 5(—%) - (—%) -1

(b f(X)gs(X) = f(X) 93(X) + 93(X)—f(X)

= f(X)[392(X)] g(X) + %00 f'(%)

= 3f(X)92(X)9 ™ +g°f' ()

At x = 0, the derivative is 3f(0)g?(0)g’(0) + g%(0)f(0)

- 3(1)(1)2@) + (1)%5) = 6.

~



[0 + 11269 — 194 [g() + 1]
dx dx

d_f® _
© dx g(x) + 1 [g) + 112
_ o + 1f'(¥) — f(®g'(¥)
[g() + 112

At x = 1, the derivative is

1 8
o) + 101/ — g _ T n(=3) - 83
lo() + 1° (-4+1y

©|w©
Il
(I

(d

~

% f(909) = £'(9(x))g'(x)
At x = 0, the derivative is

(g9 (0 = f'()g(©0) = (—%)(1) Y

(e % g(f(x)) = g'(f(x))f'(x)
At x = 0, the derivative is

g (fO)'(0) = g (WF'(0) = (—g)(s) --%

() <1909 + (172 = ~2g09 + F(91° S [g(x) + ()

— _ A9 + ()]
(909 + f(1°

At x = 1, the derivative is

3
—6

A+t 26
(—4+3) mr)

[9() + f(1°
(@ <17+ g0 = F(x + g))-S1X + GO0
=10+ gL + g'09)
At x = 0, the derivative is
f'(0+g(0))(1+ g'(0)) =f'(0+ 1)(1 + %)

=13
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58. Fory = sin2x,y' = (cos ZX)%(ZX) = 2 cos 2x and the

slope at the origin is 2.

Fory = —sin X y = (fcosﬁ)£<5> = —LcosX andthe
2 2 /dx\ 2 2 2

slope at the origin is —%. Since the slopes of the two

tangent lines are 2 and f%, the lines are perpendicular and

the curves are orthogonal .

A graph of the two curves along with the tangentsy = 2x

andy = —%x is shown.

[-47, 47 by [-3.1, 3]

dy dy

. Because the symbols =*, ==, and % are not fractions. The

dx’ du
individual symbols dy, dx, and du do not have numerical

values.

60. Velocity: s'(t) = —2#7bA sin (27bt)

acceleration: s'(t) = —4w2b?A cos (2arbt)

jerk: s”(t) = 8w°b%A sin (2wbt)

The velocity, amplitude, and jerk are proportional to b, b?,
and b®, respectively. If the frequency b is doubled, then the
amplitude of the velocity is doubled, the amplitude of the
acceleration is quadrupled, and the amplitude of the jerk is
multiplied by 8.

61 (a) y'(t) = % 37sn |:2—7T(X - 101)] + %(25)

365

= 37 cos [2—”(x - 101)} : E[Z—W(X - 101)} +0
365 dx| 365

365
=147 os [z—w(x - 101)}

= 37 cos [Z—W(x - 101)} . 2m
365
365 365
Since cos u is greatest when u = 0, =247, and so on,
y'(t) is greatest when %(x —101) = 0, or
x = 101. The temperature is increasing the fastest on

day 101 (April 11).

(b) Therate of increaseis

y'(101) = ?Tg =~ 0.637 degrees per day.



100 Section 3.6

62. Velocity: s'(t) = %\/1 at=—2 94

2V1 + 4t ot

_ 4 _ 2
2V1+ 4t V1+ 4t

Att = 6, the velocity is# = = m/sec

V1+4(6)

[GINN)

. d 2
Accderation: s'(t)= —
dt /1 + 4t

1+ 4t)%(2) - 2%V1 + 4t
- (V1 + 492

1 \d

-2 1+ 4t
(2V1 + 4t)dt
1+ 4t

-4
Vi+4at 4

1+4 1+ 4%

4 4 msec?

[L+46)]%2 15

63. Acceleration = &V = v ds _ (%)(v) - [%(k\/g)](k\/%)

- (L>(k\/§) = k; a constant.

Att = 6, the acceleration is —

2V's

64. Note that this Exercise concerns itself with the slowing
down caused by the earth’s atmosphere, not the acceleration

caused by gravity.

Given: v = L

S

Acceleration = & = ¥ (—)(v) - (V)<_S>

_ (L) @Vs)

67.

68.

69.

dar _drd _(d, /L
"d dldu (dL 277\[9)(”‘)

1

fehesm
(et

No, this does not contradict the Chain Rule. The Chain
Rule states that if two functions are differentiable at the
appropriate points, then their composite must aso be
differentiable. It does not say: If a composite is
differentiable, then the functions which make up the
composite must al be differentiable.

Yes. Note that % f(g(x)) = f'(9(x)g’' (x). If the graph of

y = f(g(x)) has a horizontal tangent at x = 1, then
f'(9(1)g'(1) = O, so either g’'(1) = O or f'(g(1)) = O. This
means that either the graph of y = g(x) has a horizontal
tangent at x = 1, or the graph of y = f(u) has a horizontal

tangent at u = g(1).

Forh=1:

7ANW/AN
AN

[-2 35] by [-3, 3]
Forh = 0.5:

VANNA
VARV

[-2,35] by [-3,3]
For h= 0.2

AN
VARV,

[-2,35] by [-3, 3]
Ash - 0, the second curve (the difference quotient)
approaches the first (y = 2 cos 2x). Thisis because
2 cos 2x is the derivative of sin 2x, and the second curveis
the difference quotient used to define the derivative of
sin 2x. Ash - 0, the difference quotient expression should
be approaching the derivative.




70.

71.

Forh=1:

T
/

!

[_21 3] by [_5! 5]

Forh=0.7:
AL,
P

[721 3] by [75v 5]

Forh=10.3:
A

[
A

[—2,3] by [-5, 5]
Ash - 0, the second curve (the difference quotient)
approaches the first (y = —2x sin (x?)). Thisis because
—2x sin (x?) is the derivative of cos (x?), and the second
curve is the difference quotient used to define the derivative
of cos (x?). Ash — 0, the difference quotient expression
should be approaching the derivative.

(@) Letf(x) = [X.
Then
diy = 9 p = fru 9 = (9 ) (AU = Uy
&‘u‘ T dx T =1 dx (du |u|>(dx> lu u-
The derivative of the absolute value function is +1 for

positive values, —1 for negative values, and undefined

-1, u<o

atO.Sof’(u)={l o

But thisis exactly how the expression ﬁ evaluates.

CX2-9 _ (29(x*-9)
X2 —9 X2 -9

(b) /(9 = [i (2 - 9)]

g9 = S (X sinx)

— Iyl (g o d
=[x dX(sm X) + (sinX) o X
= X cos x + X3NX

R

Note: The expression for g'(x) above is undefined at

x = 0, but actually

g(0) = lim 90N =90 _ jjpy Inisnh_
h-0 h h-0
Therefore, we may express the derivative as
X cosx + XTXTX, xX#0

o= x=0.

1
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72. 96 = 9 \/v = S Vxix+ 0 = LV + o
dx  dx dx dx
_ 1 d, 2 2X+¢c _ X+ (x+c¢)
=—— Xt cx) = =
2V + ox dX 2V +ox  2Vx(x + 0)
_u+v_A
2Vw G

m Section 3.7 Implicit Differentiation
(pp. 149-157)

Exploration 1 An Unexpected Derivative
1. 2x— 2y — 2xy’ + 2yy’ = 0. Solving for y’, we find that
% = 1 (provided y # X).

2. With a constant derivative of 1, the graph would seem to be

aline with slope 1.

3. Letting x = 0 in the original equation, we find that
y = *2. Thiswould seem to indicate that this equation
defines two lines implicitly, both with slope 1. The two
linesarey =x+ 2andy = x — 2.

4. Factoring the original egquation, we have
[(x=y) = 2[x—y) +2]=0
SX—y—2=00orx—y+2=0
Ly=sx—200y=x+2
The graph is shown below.

[-4.7,4.7] by [-3.1, 3.1]
5. At each point (X, y) on either line, % = 1. The condition

y # X is true because both lines are parallel to the line
y = X. The derivative is surprising because it does not
depend on x or y, but there are no inconsistencies.

Quick Review 3.7

1. x—-y*>=0

X =y?

Vi -y
y1=\/)_(,y2=_\/)_(

/_ﬂfﬂ-’”
\\\‘H-__

[—6,6] by [—4, 4]

101
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2. &2+ 9y? =36

9y? = 36 — 4x?
2_36-4°_4¢g_ 2
y 9 9(9 X°)
2 )
= += —
Yy *3 9 —x

2,/ 2
Yi=3 9_X2vy2=—§V9—x2

T
R

[-4.7,47 by [-3.1,3.1]

3. X2 — 4y? =
(x+2y)(x—2y) =0
y ==
Yy = %=

[—6, 6] by [—4, 4]

4. x°+y?> =9
y2=9-x
y = V09—

y, =Vo-2xy,=-Vo-y
[~4.7,47) by [-3.1, 3]
5 x2+y?=2x+3

Y2 =2x+3-x2

y==V2x+3-

y = V3 Ry- VI3 R

—
s

[-4.7,47 by [-3.1,3.]]

6. Xy —2xy =4x—y

X' =4x—y+ 2xy
g =y oy

X2

7.y'sSnx—Xxcosx =xy' +y
y sinx —xy’ =y + XCcosXx
(sinx — X)y’ =y + xcosx

, _ Y+ xcosx

y sinx — X

8. Xy’ —y) =y (*—Y)
X2 =y (E—y+x)

y’ = L
XX —y+x
3
9. Vxx — Vx) =x¥(x — x¥3)
— 12y 12,13
_ X3/2 _ X5/6
2 203
10. Xi/—ax =% :32
>)<( x23
= + -
x¥2 ° x32
— U2 4 506

Section 3.7 Exercises

L Y _dooa_ 9 a-1_ 95
dx  dx 4 4
2. v _ d, -5 _3y(-35-1_ _3, -85
dx  dx 5 5
& _d3n_daus_Llwy-1_1;-2
L —=—=—\VX=—-X = =x = =x
3 dx dx\/_ dx 3 3
dy _dy doya_ 1 usy-—1_1 -
4.—:— X = —X :_X( ) l:_X 3/4
dx dx\/_ dx 4 4
dy d —1/2 1 _q2
5. ~=_—(2x+5 V2= —-Z(2x+ 5
dx dx( ) 2( )

= *%(Zx +5)7%2(2) = —(2x + 5) 732

&y d,, 23
6. pvie dx(l 6X)
— 201 _ g@3-1d 4 _
1~ &) 5L~ &)
2 _
=31 -697%-6)

= —41-6x" 13

d
7. Y- i+ )
dx  dx
= x%\/x2 +14+Vx2+ 1%()()
= x%(x2 + 1)V2 4+ (x2 + 1)12
= X+ 20& + 171220 + (& + DV

= XZ(XZ + 1)—1/2 + (X2 + 1)1/2
232+ 1
VX2 + 1

Note: This answer is equivalent to

,li

dx

(2x + 5)



X

2 wd,  d o 12
:(x +1) o de(x +1)

Q.|Q.
X<

d
X Vx2+ 1

X2+ 1

0 + Y2 = x - 20 + 1) ¥(2x)

x2+1

_ X +1-%2
0 + (% + 1)¥2

-1
o + 132

=(x2+1)7%2

9. X2y + xy? =

6

S03) + 093 = 26)

2dy dy 201\ —
X P + y(2x) + x(2y)& +y41) =0

20y

dx
dy

+x3)=> =
2y + X9

dy

dx

d
X +2xyd—§=

10. x3 + y3 = 18xy
A3y + 93 = 9
o) T 5 ) = 4, (18%)
dy dy
2 29 _
3x4 + 3y v 18de + 18y (1)

2dy

e _ a2
™ 18x: v 18y — 3x

3y

d
(32 — 180 = 18y — 3¢

dy 18y —3x?
dx  3y%— 18x
dy 6y —x?
dx  yZ—6x
-1
1. y?2=%
y Xx+1
d2_dx-1
dx dxx+ 1
dy _ (x+ @) - x= 1)
2y~ = 2
dx x+1
dy 2
Zydx_(x+1)2
dy_ 1
dx  y(x + 1)°

—(2xy +y?)

—(2y +y?)
2y +y?
2xy + X2

Section 3.7
12. x2=X"Y
X+y
d, 2 d X—y
7X =
dx() dx x+y
Y)Y
X:(x+y)<1 ™ (x y)1+&
(x+y)?
xfxﬂerfyﬂ - erxﬂfyfyg
dx dx dx dx
2= (x +y)?
dy
:nyZX&
(x+y)?
X(x +y)? = .
y y ax
dy 2
X— =y — X(X +
o A (R
dy _y—x(x+y?_Y 2
—_ =L N I = — +
dx X X x+y)
Alternate solution:
w2 =27
X+y

X(X+y) =x—y
X+ xy=x—y
d.3 d, 2, _ d d
N + = =2 (x) — —
proL At (0 ) Bort el )
dy dy
2 2 _q Y
3x4 + x v y(2x) =1 v
d
(x2+1)d—i=1—3x2—2xy
dy  1-3x%—2xy

dx X2+ 1
dy _d 1U21/2
13. —=—(1—-X
dx dx( )
_1 1/2y-1/2d 1/2
=-(1-x —(1—x
21— X)L — X
_ %(1 — xV2)~12 _%X—uz

— _%(1 _ Xl/2)-1/2x—1/2

1 Y= a2y )10
=~V Rz 4y
— —(2X_1/2 + 1)-4!3(_)(—3/2)

— X73/2(2X7112 + 1)74/3

dy_ d 32
15. r dXS(csc X)
=9 v2d.
2(cs:c X) dX(csc X)
=9
2

(csc X)Y3(—csc x cot X)

= f%(csc x)¥2 cot x

103
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16.

17.

18.

19.

20.

21.

&= Ssin (x+ 5%

- —[sm (x + 5)]1’4i sin (x + 5)

= S[sin (x + 5)]¥4 cos (x + 5)

4
X =tany
S0 = (tany)
=wczy%
;—di :sec%y: cos’y
X=sny
Jx=(sny)
1—cosy%
& = oy~ Y
X+tanxy=0

S+ Janxy) =
1+ s (00) ) =
1+ (s X)X + ()(1] = 0

(22 )9S = ~1 - (s X))
dy _ —l-ysec?xy

dx X sec? xy

Y L2y -

dx X X
X+ sny=Xxy

S0+ Sy = Jx)
1+ (cosy)y =X + ()1

ol
(cosy x)dX 1+y

dy _ 1ty 1-y

dx cosy—X X-—cosy

@) 1ff(x) = 2x¥3 — 3, then
f/(x) = X*]JS and f"(X) = 7%)(74/3

which contradicts the given equation f”(x) = X

(b) 1Ff(x) = 3x5’3 — 7, then
fr(x) = 3 2’3 and f7(x) = x~ 13,

which match&s the given equation.

—1/3

(c) Differentiating both sides of the given eguation
fr(x) = x 18 givesf”’(x) = —%x“"s, S0 it must be true

that fw(x) 3 *4/3

(d) 1Ff'(x) = 3 x%3 + 6, then £(x) = x~ V3, which matches
the given equation.

Conclusion: (b), (c), and (d) could be true.
4
22. (a) If g'(t) = 4Vt — 4, then
g = %(4t Vd_gy=¢34= t3’4’ which matches the

given equation.

(b) Differentiating both sides of the given equation

" w 3
g0 = g5 =t ¥ gvesg') =

4
-
Vi

© Ifglt)=t—7+ Et5’4 then g'(t) = 1 + 4t¥4 and

t~74 which is not

consistent with g”(t) = —

gt =t = t3’4’ which matches the given

equation.

@ 1f g'(t) = %t”“, then g'(t) = 1—16r3/4, which
contradicts the given equation.

Conclusion: (a) and (c) could be true.

23. XX+y2=1
d, o d, o _d
—_— + | = 7
o) T 50 = 5@
2xX+2yy' =0
2yy' = —2x
P _X
y y
po df_X
y dx( y)
_n@ - (x)(y )
y?
2e
B y
y2
_ X2 4y?
y3
Since our original equation was x? + y? = 1, we may
substitute 1 for X2 + y?, giving y” = —%_



24, X3+ 28 =1
S0+ 207 =
zx—ys n —y’”3y’ -0
3 3
S S
y y (
L d (Y U3
ol ()]
_ _L(y\"*Rd(y
3\ x dx\ x

_ 1(2)‘2’%’ - Q)

3\ x X2

lfm@fﬁw

Since our original equation was x?3 + y?3 =

substitute 1 for x23
25. y? =% + 2x
d, o _ d, 2 d
—(y9) = —(x) + —=(2X
dy(Y) dy() dy( )
2yy' =2x+ 2

2x+2_x+1
2y y
X +

y/

o

gl

Y y

- (y)(l) (x+ 1)y’
y2
X+

2 1)

y
_ ¥ - (x+ 1)?
- r=berdr

Since our original equation wasy? = x> + 2x, we may
writey? — (x+ 1)2= (x*+2) — (@ + 2x+ 1) = —

which givesy” = —=.

<o/

26.y?+2y=2x+1
d.2 _4d
Y T =X+

@y +2y =2

/: 1

y y+1

1 i 1

y 