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Chapter 2 4@ lim p(9 =3
Limits and Continuity

(b) Iig; p(s) =3
m Section 2.1 Rates of Change and Limits _
(pp. 55-65) (© lim p(s) =3

Quick Review 2.1 (d) p(=2) =3
1.2 =22%-50272%+4=0

2.1(2) = 42?-5_11 5 (@ XILT— F(x) =4

28+4 12
3.1(2) =sin(w-§)=sinw= 0 (b) lim F(x) = -3
x-0"
4.f2) =5 =1 _ .
-1 3 (c) lim F(x) does not exist, because the left- and
-0
5. X <4 y -
A<x<4 right-hand limits are not equal .
6. [x < c? (d) F(0) =4
—c2<x<c?
7. x-2 <3 6. (@ lim G(9 = 1
—3<x—-2<3 -
-1<x<5

(b) lim G(x) =1
8. x— ¢ < d? X-2
—d?<x—-c<d?

—d2+c<x<d?+c © lirr;G(x)=1
g X -H-18_(x+IX-6) _ oy g (d) G2 =3
X+ 3 X+ 3 ’ ) 12 ) L
7.1im 3x(2x—1) =32} |2 —=)—1|=3=|(—-2
10 2¢-x _  x(x-1) _ x w1 X —1/2 ( ) ( 2)[( 2) ] (4)( )
"2+ x—1 (X-Dx+1) x+1’ 2 _7%
Section 2.1 Exercises Graphical support:
=R H-10
1. (@ lim f(x)=3 /
X-3"
(b) lim f(x) = -2 f
x-3 w=-f T le=-1g
(c) lim f(x) does not exist, because the left- and [-3,3] by [-2 2]
X-3
right-hand limits are not equal. 8. lim (x + 3)19%8 = (—4 4+ 3)199%8 — (_1)19%8 — 1
X——4
df(d=1 Graphical support:
‘M=(H+=1"1088
2. (@) lim gt) =5
to—4
b) lim g(t) = 2 :
(b) lim_g(t) e
(©) lim g(t) does not exist, because the I&ft- and [—4.001, —3.999] by [0, 5]
t-—4
right-hand limits are not equal. 9. lim (3 +3x% — 2x — 17) = (1)° + 3(1)2 — 2(1) — 17
xX-1
(@) o(=4) =2 —1+3-2-17=-15
3. (a) lim f(h) = —4 Graphical support:
h-0" T1=HTeIHz-2E =17
(b) lim f(h)y=—4 | /
h-0"
(c) '!'I_r:l’g) f(hy=-4 %=1 =18

(d) f(0)= -4 [—3, 3] by [-25, 25]
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2
10, lim ¥ £ 816 _ 250 16 _ 20 _g

s 540 16. lim |n(sinx)=|n<sin§):|n1:o

y-2 X— /2
Graphical support: Graphical support:
TISCRZ+ER+EN (R +2) A=Tnlsing i)
\_._,_:—'_
Ll l"'=5 #=1.5707962 lr=o
=3, 3] by [-5, 10] [— o] by [-3, 1]
11 lim Y2+ 4ay+3 _ (=32 +4(— 3) +3_0_, 17. You cannot use substitution because the expression Vx — 2
vo-3 y*—3 (-3°2 - 6 is not defined at x = —2. Since the expression is not
Graphical support: defined at points near x = —2, the limit does not exist.
= (22+HH+31#(H2 1 . . . 1.
\\_ 18. You cannot use substitution because the expression — is
X
'\i I\ not defined at x = 0. Since% becomes arbitrarily large as x
=i approaches 0 from either side, there is no (finite) limit. (As
—5,5] by [-5, 9] . . T |
we shall seein Section 2.2, we may write lim 2= ®.)
-0
12. lim |ntx—|nt——0 §
Xz 19. You cannot use substitution because the expression L} isnot
Note that substitution cannot always be used to find limits ' X
of the int function. Its use here can be justified by the defined at x = 0. Since lim W _ = —1and I|m M _ 1, the
Sandwich Theorem, using g(X) = h(x) = 0 on the interval Xx=0— X X
(0, 2). left- and right-hand limits are not equal and so the limit
Graphical support:
® PP does not exist.
=ik -
_ 20. You cannot use substitution because the expression
- -
wee— leea (4+X)—16isnotdefinedatx=0.8ince
=5 — =i )2( )
[-4.7,47 by [-3.1,3]] @+ Xz( —16 _ & I X = 8+ xforal x # 0, the limit exists
13. |im2 (x—6)22=(-2-6)2=V(-8°=V64=14 and isequal tolim (8 + X) =8+ 0 = 8.
X — x-0
Graphical support:
M= F00E -2 21. T=CH-10A 00210
Hw —_
=z =y D =
[-10, 10] by [-10, 10] [—4.7,47 by [-3.1,31]
14. limVx+3=V2+3=V5 limX-t=1
X2 xo1 X —1 2
Graphical support: Algebralc confirmation:
e 1 im—2>x=1 _|imr_-_1 _1
‘/—'-"'"' xo1 X —1 xﬁl(x+l)(><—1) xo1 X+ 1 1+1 2
22 T=CRE-ZH+EN N
-~
n=z V=2.226060
[-4.7, 47] by [-3.1, 3.1] =
15. lim (e*cosx) = e®cos0=1-1=1 /I
x-0 H=2 =
Graphical support: [-47,47 by [-3.1,31]
e ] lim t - gt+2 1
tL2 - 4
I \ Algebraic confirmation:
o342 t-Dt-2 _ . t-1_2-1_1
- ™ | M =M o= =M =272

[~4.7,47) by [-3.1, 3.1]
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23. T=CERT AR - 1R

24, La s Ra el Al Ford P

25.

26.

H=n V=
[-4.7,47) by [-3.1,3]]
lim 2+8¢ _ 1
%0 3¢ — 162 2

Algebraic confirmation:

2
lim 5 + 8x° x%(5x + 8)

%0 X —16¢ 0 X4(3 — 16)

lim 5x + 8

%0 3¢ — 16
5(0) + 8

3(0)2 - 16

n=l (/-I'h

[-4.7,47) by [-3.1, 3.1]
11

. 2+X 2
lim =1

X-0 X 4

Algebrlaic c?nfirmation:
L 24x 2. 2—(2+4X)
lim =lim

x-0 X x-0 X2+

—X
PR

im——=
x-0 22+ x)

=_-1 __1
22+0) 4
=+ HIF =B
Hn=i |'|'=
[—4.7,4.7] by [-5, 20]
lim @+X°~8 _ 15
x-0 X

Algebraic confirmation:

. 37 .
lim M = |lim
x-0 X x-0 X

= lim (12 + 6x + x9)

X-0

=12+ 6(0) + (0)* = 12

T1=5inlzENA

AN

H=n =
[—4.7,4.7 by [-3.1, 3]

lim sin 2x
x-0 X
Algebraic confirmation:

=2

lim SN2 — = 2lim S”Z‘XZX =2(1) =2

x-0 X

12x + 6% + X3

27. Ly BHULE T ]

H=n V=
[—4.7, 4.7] by [-3.1, 3.1]

lim snx_ _ _
X-0 2¢

Algebraic confirmation:

lim

sin x = lim <S|nx
Xx-02X"=X x.0

X

1

2x—1

)

2(0) — 1

lim 30X jim 1) = (1)(=-L
x-0 X x-02x—1
28. =R sinin
H=n |'|'=
[-4.7, 47 by [-3.1,3]]
lim X+snx _ 2
x-0 X
Algebraic confirmation:
lim X+S0X _ jim (1+ —S'”X)
x=0 X x-0 X

29. =CincEnE

30.

:<ii£1?)1)+(iljr(1)

=1+1=2

=g W=

[-47,47) by [-3.1,3.]]

2
lim3"™X =g
x-0 X

Algebraic confirmation:
2
lim 22X = |im (smx
x-0 X X—0
=(|im sinx) (nm
-0 x-0 X

— (sn0)(1) = 0

szirj:[m\ﬁj | \
n=n V = \

[—2,2] by [—10, 10]

lim 3§|n ax _
x_0 Sin3x

Algebraic confirmation:

sin x

|Im3sn4x 4”m<sm4x.

x_0 Sin3x x>0\ 4X

= 4lim s’n4x) - <Iim sin3x)
x-0 4X Xx-0 3X

=4+ @ =

sin X>

=)

3x
sin 3x

sin x
X

)

=)

):—1
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32.

33.

35.

36.

37.

38.

39.

40.

41.

(@) True
(b) True

(c) False sincelim f(x) =
X-0"

(d) True, since both are equal to 0.
(e) True, since (d) istrue.
(f) True

(9) False sincelim f(x) = 0
X-0

(h) False, lim f(x) = 1, butlim f(x) is undefined.
X-1" x-1

(i) Fase lim f(x) =0, butlim f(x) is undefined.
x-1" x-1

() Fase sincelim f(x) =
X-2"

(@) True

(b) False sincelim f(x) = 1.
X—2

(c) Fase sincelim f(x) = 1.
(d) True 2
(e) True

(f) True, sincelim f(x) # lim f(x).
1 x-1*

(g) True, since both are equal to 0.

(h) True

(i) True, sincelim f(x) = 1fordl cin (1, 3).
X-C

2+ x-2 —D(x+2
y, =Xx2_ K )(Xl ) =x+2,x#1

x—1 X —
(0
_ X -x-2 _ (x+1)(x—2
V1 x—1 x—1
(b)
:x—2x+1 (x—l) oy
A o1 1 =x—1x#1
(d)
_XHx—2 _ (x—1(x+2)
Y1 x+1 x+1
@

Sinceint x = 0for xin (0, 1), lim intx = 0.
x-0"

Sinceintx = —1for xin (=1, 0), lim intx = —1.
X-0"

Sinceint x = 0for xin (0, 1), lim intx = 0.
X—0.01

Sinceint x = 1for xin (1, 2), lim intx = 1.
X2

Since X = 1forx> 0, lim =X = 1.
H x—0" X
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42. Smceﬂ— —1forx<O,lim ﬂ_ -1
X-0"

43. (a) lim (g(x) + 3) = ( lim g(x)) + ( lim 3) =3+3=6
X-4 X-4 X-4

(b) iiﬂxf(x) = (lmx)( m f(x)) =4.0=0

(© lim g®X) = ( lim g(x))z =32=9
X-4 X-4

limg(x)
d) lim 9% el 3 _ g
(d) e -1 ('X'ﬂf(x))‘(l'ﬂl)_ofl_

44. (a) lim(f(x) + g()= ( lim f(x)) + ( lim g(x))
X-b X-b X-b
=7+ (-3 =

(b) lim (f(x) - g(X))= ( lim f(x))( lim g(x))
X-b X-b X-b
=((-3) = -

(c) Iirrg 49(x) = 4Iim gx) =4(-3) = —

I|mf(x) 7

) _
(d) lim 5

x-b 9(¥) m a3

7
3

45. (a)
\\ -

[-3,6 by [-15]

(b) lim f(x) =2 lim f(x) =1
x-2" X2~

(c) No, because the two one-sided limits are different.

46. (a) \
N

[_3! 6] by [_11 5]

() lim f(x) =1 lim f(x) =1
x-2F X2

(c) Yes. Thelimitis 1.

47. (a) /{

[=5,5] by [—4, 8]
(b) lim f(x) = 4;lim f(X) does not exist.
x-1" X1~

(c) No, because the left-hand limit does not exist.
48. (a)

Wl

/1)

[-4.7,47 by [-3.1,31]
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48. continued 54. F=yzanmn
(b) lim f(x)=0;lim f(x)=0 \ /\
X-—1" X —17
(c) Yes. ThelimitisO. \
49 (a) Hn=i V=0

[—4.7,47) by [-5, 5]

f/_\\ \'\ f"/ lim (xsinx) =0
"'\_/" X0

Confirm using the Sandwich Theorem, with g(x) = —x? and

h(x) = X%
[—2m 27 by [-2,2] X2sinx = [x3 - |snx = |x% - 1=x2
(b) (=2, 0) U (0, 27) —x2=x2sinx = x
(©) c=2m Because lim (—x?) = lim x? = 0, the Sandwich Theorem
d) c=-27 X-0 x50
50. (a) giveslim (x*sinx) = 0

J X-0
55.

T1=hEinil/HE)

-

[~m @] by [-3,3] i b=
__my T [—0.5, 0.5] by [—0.25, 0.25]
® (~m 3) U (5. 7) —
l int)=0
©c=m @ c= - lim (x? sin 2|
5@ Confirm using the Sandwich Theorem, with g(x) = —x?
- and h(X) = X2
— x2sin 1= - lsn Ll =x3.1=x2
H\L X X2

2

o1
-x?=x*sn 5 = x
X

[-2,4by[-1 3 Because lim (—x?) = lim x? = 0, the Sandwich Theorem
x-0 X-0
(0 0HUE2 givelim (x2 sin %) =0.
(©c=2 (d c=0 X0 %
52. (a) 56. [ri=mzeostione

H=n W=
[—4.7, 4.7 by [-3.1, 3.1] [-0.5,0.5] by [-0.25, 0.29]
(c) None (d) None X0 X
53. [i=mmnm Confirm using the Sandwich Theorem, with g(x) = —x°
and h(x) = x2.
32 cos | = 2 - ‘cos iz‘ =p-1=x
\ X X
tit t=t —x2 = x2 cos & = x2
X

[—4.7,4.7] by [-3.1, 3.1]
Because lim (—x?) = lim x? = 0, the Sandwich Theorem

li i -0 X-0 X -0
X0 (xsinx) = give)l(irrg) (x2 cos X—lz) =0.
Confirm using the Sandwich Theorem, with g(x) = —|x

and h(x) = |X. 57. (a) In three seconds, the ball falls 4.9(3)2 = 44.1 m, s its
xsinx =[x - [sinx =[x - 1= a1
—\x\ =xsnx = a/eragespeedlsT: 14.7 m/sec.
Because lim (—[x) = lim |x = 0, the Sandwich Theorem

X-0 X-0

giveslim (xsinx) = 0.
X-0



(b) The average speed over the interval from timet = 3 to

time3 + his
Ay _ 493 +h)? — 493 _ 49(6h + h?
At 3+h -3 h

=294 + 4.9h
Since lim (29.4 + 4.9h) = 29.4, the instantaneous
h-0

speed is 29.4 m/sec.

58. (@) vy = gt?

20 = g(4?)
g —@—forlZS
16 4

(b) Average speed = 4 = 5 m/sec
(c) If the rock had not been stopped, its average speed over
theinterval fromtimet = 4totimet =4+ his
Ay _ 1.25(4 + h)? — 1.25(4)* _ 1.25(8h + h?)
At (4+h—4 h
=10+ 1.25h

Since lim (10 + 1.25h) = 10, the instantaneous speed
h-0

is 10 m/sec.
59. (a)
X -0.1 —-0.01 —0.001 —0.0001
f(x) | —0.054402 | —0.005064 | —0.000827 | —0.000031
(b)
X 0.1 0.01 0.001 0.0001
f(x) | —0.054402 | —0.005064 | —0.000827 | —0.000031

The limit appears to be 0.

60-@ x| —01 |-001| -0001 | -0.0001

f(%) | 0.5440 |O.5064| —0.8269| 0.3056

® | 0.1 | 0.01 | 0.001 | 0.0001
f(x) | 70.5440| —0.5064 | 0.8269| —0.3056

Thereis no clear indication of alimit.
61. (a)

x | =01 | —0.01 | —0.001| —0.0001
f(x) | 2.0567 | 2.2763 2.2999| 2.3023

® % | 01 | oot | 0001 | 0.0001
f(9 | 2589323293 | 2:3052| 2.3029

The limit appears to be approximately 2.3.
62. (a)

x | 01 | —o001 | —0001 | —0.0001
() | 0.074398 | —0.009943 | 0.000585 | 0.000021
(b)
x| 0.1 | 0.01 | 0.001 | 0.0001

f(x) | —0.074398| 0.009943 | —0.000585 | —0.000021

The limit appears to be 0.
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63. (a) Because the right-hand limit at zero depends only on
the values of the function for positive x-values near
zero.

(b) Areaof AOAP = —(base)(haght) = —(1)(sm g) = 3n0

2
Area of sector OAP = %2@'“3)2 = L;)Z =2
Areaof AOAT = (base)(height) = Z(1)(tan 6) = *2°

(c) Thisishow the areas of the three regions compare.
(d) Multiply by 2 and divide by sin 6.

(e) Takereciprocals, remembering that all of the values
involved are positive.

~

(f) Thelimitsfor cos # and 1 are both equal to 1. Since

%ﬁ is between them, it must also have alimit of 1.

—sinf _ sin(0)

(@ SnC0 -

—0 —0 0
(h) If the function is symmetric about the y-axis, and the
right-hand limit at zero is 1, then the left-hand limit at

zero must also be 1.
(i) Thetwo one-sided limits both exist and are equal to 1.

=

64. (a) Thelimit can be found by substitution.

lim f() = (2 = V3(2) —2=V4=2
X-2
(b) Thegraphsofy, = f(x),y, = 1.8, andy, = 2.2 are

shown.

~

Interseckion
nW=1l.7466667 ¥=1.8 . . .

[1.5, 2.5] by [1.5, 2.3]

The intersections of y, with y, and y, are at
x = 1.7467 and x = 2.28, respectively, so we may
choose any value of a in [1.7467, 2) (approximately)
and any value of b in (2, 2.28].
One possible answer: a = 1.75, b = 2.28.

(c) Thegraphsofy, = f(x),y, = 1.99, andy, = 2.01 are
shown.

i

Intersection
i=1.9667 =188 .

[1.97, 2.03] by [1.98, 2.02]

The intersections of y, withy, and y, are at x = 1.9867
and x = 2.0134, respectively, so we may choose any
value of ain [1.9867, 2) and any value of bin

(2, 2.0134] (approximately).

One possible answer: a = 1.99, b = 2.01
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65. (@) f(Z) = sn” =1 m Section 2.2 Limits Involving Infinity
6 2 (pp. 65-73)
(b) Thegraphsofy, = f(x),y, = 0.3, andy, = 0.7 are pp.
shown.

Exploration 1 Exploring Theorem 5

X— o0 X— o0

/ 1. Neither lim f(x) or lim g(x) exist. In this case, we can

describe the behavior of f and g asx — o0 by writing
Inkerseckion
LR L T gy i ——

[0, 1] by [0, 1]

lim f(x) =« and lim g(x) = . We cannot apply the

X — 00 X— 00

) ) ) quotient rule because both limits must exist. However, from
The intersections of y, withy, and y, are at x =~ 0.3047

) Example 5,
and x = 0.7754, respectively, so we may choose any
valueof ain [0.3047, %) and any value of bin lim &%Smx = lim (5 4 %) —5+0=5,
X — 00 X— 00
(%, 0.7754}, where the interval endpoints are 50 the limit of the quotient exists.
approximate. 2. Both f and g oscillate between O and 1 as x — =, taking on
each value infinitely often. We cannot apply the sum rule
One possible answer: a = 0.305, b = 0.775 because neither limit exists. However,
(c) Thegraphsof y, = f(x), y, = 049, andy, = 0.51 are lim (sin®x + cos? x) = lim (1) = 1,
shown. X— 00 X— 00

s0 the limit of the sum exists.

3. Thelimt of f and g asx — o do not exist, so we cannot

apply the difference rule to f — g. We can say that

Interscction
H=.E1z0Ba7rE =40

[0.49, 0.55] by [0.48, 0.52] lim f(x) = lim g(x) = «. We can write the difference as
X—oo X—oo
2X
- - : - —gx) = - +1)=In—=
The intersections of y, withy, and y, are at x =~ 0.5121 F69 —90) =In(2) —In(x+ 1) = In_~=

We can use graphs or tables to convince ourselves that this

and x = 0.5352, respectively, so we may choose any limit is equal to In 2.

alue of ain 0.5121,1>, and any value of bin
vau ! [ 6 Y vau ! 4. The fact that the limits of f and g as x — o do not exist

(z, 0.5352}, where the interval endpoints are . L
6 does not necessarily mean that the limitsof f + g, f — g or

roximate.
P é do not exist, just that Theorem 5 cannot be applied.

One possible answer: a = 0.513, b = 0.535
Quick Review 2.2

66. Line segment OP has endpoints (0, 0) and (a, a?), s0its 1y=2x—3
... 0+a 0+a? _ja a . - _
midpoint |s( > o )- (5’ 3) and itsslopeis y+3=2x
a2-0 . ) . . y+3 _
a0 a. The perpendicular bisector is the line through X
2
(3, i) with slope —1, so its equation is Interchange x andy.
2 2 a X+ 3
Ly Ay e
y= a(x 2) + 2,whlchlsequwalent to o x+3
1, 1+a® 1+ a2 =
y=-X + > Thus the y-intercept isb = .As
the point P approaches the origin along the parabola, the
]
value of a approaches zero. Therefore, 3

. . + a® +
limb = lim1+t& _1+0_1 [—12,12] by [8, §]
P-0 a-0 2 2 2
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2. y=¢ 7. (@) f(—x) = cos(—x) = cos x
Iny = x 1\ _ 1
Interchange x and y. (0) f(}) - cos (})
Inx=y 8 (@ f(—x) =e () =¢
71 — .
f (X) In x (b) fg% _ e*]/X
Py In(=x _ _In(—x)
9. (8 f(—x > <
(b) f(x) = Inﬂl/x =xInx"t=—xInx
[—6, 6] by [—4, 4] 1
1 10. (a) f(— x=( x+—)sm( X) = ( +;)(—sinx)
3. y=tan""x
g (x+ l)smx
tany=x,f%<y<% X
1 1 1 1 1 (1
Interchange x and y. (b) f()() = (; 1/x> sin (;) = (; + x) sin (;)
tanx =y, —%<x<g
F1) = tanx, — T <x< T Section 2.2 Exercises
2 2

1

— ] —

[-5,5] by [-1.5, 1.5]

[—6, 6] by [4, 4] T
4.y = oot ' THE
coty=x0<x<m Y 1155555
Interchange x and y. %Eﬁ EEEEE
cotx=y,0<y<m TiBoosC1-H

f i) =cotx,0<x<m

(@ Ilim fx)=1
——_““\ X 00
\ (b) lim 109 =1
@y=1
[—6, 6] by [-4 2.
2
5. - A { \ PR
3 TR u |U,r R
AC+HAX -5 -3% + x—1
> . 8, 10
233 + Ox tX g [—10, 10] by [—1, 1]
a2 5 7 A
3 §X+ 3 Lo E_;a?
2 Egg ,.53 GE
9 =3 e | Ganer
7 e | eies
r(x) = —3x2 — 3X+ 3 HBsintZEI W
6. 2@+ 2x+ 1 (@ lim f(x) =
xR+ 128+ 0t — 3+ 02+ x—1 Xooe
2
— 2+ 0 + 2 (b) lim f(x) =
K- -2+ x—1 X =0
2¢ — 23 + 0 + 2x (9y=0

-2 - x-1
X — X%+ Ox+1

q(x) = 2x2+2x+1
r) = —x>—x—2
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4.
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q
ya

[—5, 5] by [~10, 10]

@ lim fx)=0
(b) lim f(x) = —o
(gy=0

,l'r

[—10, 10] by [—100, 300]

|
100 c9izt
2ng 118226
00 ol e
Y 47E42R
“Ling zn8z7
“Eii iziBia
“E00 EFEFER

WM BCTRE R DL

@) lim f(x) =

(b) lim f(x) =

(c) No horizontal asymptotes.

[~20, 20] by [~4, 4]
RN 1]

100 2.851

e c.arEe

200 .92y

Yo ¢.9876

L) -2.821

-Znn -Z.9gE

-x0h -2.877
WiECIR+1 A Cabsy..

@ lim f(x) =3

(b) lim f(x) = —3

(

0y=3y=-3

[—20, 20] by [—4, 4]

E:
100 Z.0E1E
cog 025y
Eng 20101
1o0g £.005
1on TEOPE
“eng “e.0zE
il “e.dh

MiBC2H-1ascabs.
@ lim f(x) =2
X — 00

(b) lim f(x) = —2

©y=2y=-2

[=5 5] by[-2 2]
AT |
100 i
{11 ] 1
Eon |1
1000 1
-Lon | -1
=20 -1
-E0n -1
' B abs X
@ lim fx)=1
X— oo

() lim f(x) = -1

©y=1Ly=-1

[=5,5] by [-2, 2]

=
100 EETTE
200 ‘BRENZ
i LT
iogo |
-ion | BE0L
-zon [ ‘BECHZ
-Eon | B3R
‘1 Babs () Tabsd..

@ Iim fx)=1
(b) lim fx)=1

©y=1




E——

b=,

13.

[-2,6] by [—1,5]

10. \Kﬁ~h_hq

11

14.

[-2,6] by [—3,3]

16. hkhﬂffzf

[-7, 1] by [-3,3]

PP P S D T

-z.889 | -

P
" £

e

[-4,4 by[-3, 3]

“

=i m

il
Nl
iE-h

L2t Rt ) E

YBint Gy

lim MX_ g
x-0" X

e -z':

—_—

[-4,4 by[-3, 3]

15. \\ﬁq__’,f

[-3,3by[—3, 3]

ET |
N:| 1.9y
N ¢.56rg
.2 E.033E
A 10017
il 10
Nl 1000
iE-4 | Loddn
Bl sin G
lim cscx = o
x-0"
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17.

18.

19.

20.

21.

_ o

(]

[—4,4 by [-3 3]
(@ x=-2,x=2
(b) Left-hand limit at —2 isoe.

Right-hand limit at —2 is —oo.

Left-hand limit at 2 is —oo.
Right-hand limit at 2 is o°.

|
Ty
[=7.5] by [-5,3]
(@ x=-2

(b) Left-hand limit at —2 is —c=.

Right-hand limit at —2 is .

—

[—6, 6] by [—12, 6]
(@ x=-1

(b) Left-hand limit at —1 is —ce.

Right-hand limit at —1 isoo.

(-2, 4] by[-2 2
(@ x=—2,x=3

(b) Left-hand limit at —% is o,

Right-hand limit at —% is —cc.

Left-hand limit at 3 is ce.

Right-hand limit at 3 is —<°.

A
IRRN

[—27, 2a] by [—3, 3]

(a) x = kar, k any integer
(b) at each vertical asymptote:

Left-hand limit is —ce.
Right-hand limit is .

WK
AN

[=2m, 2] by [-3, 3]
(@) x= g + nar, n any integer

(b) If niseven:
Left-hand limit is .
Right-hand limit is —oo.
If nisodd:
Left-hand limit is —co.
Right-hand limit is .

2 _ 2
23 y:(Z— X ( X 2>:<2(x+1) x)( X 2)
X+ 1/\5+ x Xx+1 5+ x
:<x+2)< X2 ): X3 + 2x?
x+1\5+x°) x¥+x2+5x+5

An end behavior model for y isg =1

limy=Iliml=1

X— 00 X — 00
limy=Iim 1=1
X— —0o0 X— —0o0

2 5x% — 1 2+ xy5% -1
y=(£+ =
24y (X l)( X ) ( x >( X2 )
_ 53+ 10 —x—2

3

An end behavior model for y is% =5.

Iimy=Ilim5=5

X— 00 X — 00
lim y=Ilim 5=5
X— —o X— —oo

25. Use the method of Example 10 in the text.

1
cos (=
lim (x) — lim cosx _ cos(0) :1:1
%o 141 x.0tl+x 140 1
X
cos(l)
lim X — lim cosx:cos(O):lzl
Xomw 14+1 x.0 1l+x 140 1
X
26. Notethaty:@:m%.
So, limy=lim2+Ilim3 X -24+0=2
X— o0 X— 00 X— o0 X

Similarly, lim y= 2.

X— —o0



28.

29.

30.

31

32.

33.

35.

36.

37.

38.

39.

40.

nx in X 1
Useyzsz—_s_
o 2XT+X X 2xX+1
lim 22X =g
X— Foo X
lim =
X oo 2X+ 1

So, limy=0andlim y=0.

X— 00 X— —o0

sinx , 1snx

y= 2= X X

So, lim y:0andlim y=0.

X — 00 X— —o0

An end behavior model is% =2x° (a)
An end behavior model isi2 = 0.5¢%. (¢
2

An end behavior mode! is% = —2x3 (d)

An end behavior model is%z = —x2. (b)

(a) 3
(b) None

. (@) —

(b) None

R
(0 y=0
@ % =3
0 y=3
() g = 4x?

(b) None

(b) None

(a) Thefunctiony = e*isaright end behavior model

im &2 _; _2X\_1_0=
because)I(Lr?c = )I(Ln;(l eX) 1-0=1.

(b) The functiony = —2xis aleft end behavior model
e — 2x

because lim

X— —o0 X— —o0

(a) Thefunctiony = x?isaright end behavior model
2 —X —X
becauselim%z lim (1+e—2)=1+0= 1
X— 00 X X — 00 X

(b) Thefunctiony = e *is aleft end behavior model

2 —X 2
because lim X +7Xe =lim (XT+ 1)
X —o0 e e
=lim (X% +1) =

X— —0o0

0+1=1

= lim <f§+1)=0+1=1.
x
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41. (a, b) Thefunctiony = xis both aright end behavior

model and a left end behavior model because
lim (L'”M):nm (1+'”_‘X‘):1+o:1.
X X

X— *oo X— *oo

42. (a,b) Thefunctiony = x?is both a right end behavior

model and a left end behavior model because

.
lim (Lf‘”x):nm (1+ﬂ>71.
X— *oo X X

X— *oo
43. k

[741 4] by [71v 3]

The graph ofy:f()l() )1( e is shown.
lim £(x) = lim f(%)=oo

X— 00 X-0"
lim f(x) = lim f(i>:o

X 00~ X-0"

e

[741 4] by [71v 3]
Thegraphof y = f(%) ize’ﬂx is shown.
lim (9 = lim f(l) 0
X—-o0 -0" X

I|m f(x) = lim f(i) o0

X — X-0"
45, \

[731 3] by [72v 2]

Thegraph of y = f()l() % is shown.

lim (9 = lim f(l>:0
X 00 X
lim f(x) = lim f(i>:o
X— — X-0" X

46.

[—5, 5] by [-15, 1.5]

Thegraph of y = f( ) = % is shown.

lim (9 = lim f(x) 1

X— 00

lim f(x) = lim f@):l

X —0 X-0"
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47.

48.

49,

50.

51.

52.

@ lim f(x) = lim (%) -0
() lim £(x) = lim(-1) = -1

= —0o0

© lim f(x) = lim

1
X0~ x-0" X

@) lim f(x) =lim(-1) = -1
x-0" Xx-0"

X—2 . X

@ lim f(x)=Iim
X— —o0 X— —oc - X— —oc X
() lim f(x) = lim >
X — 0 X0 X
X—2_0-2_
x—1 0-1

=0

(©) lim f(x) =lim
X-0" x>0~
. . 1
d) lim f(xX) =1lim 5 =
( )xﬂ0+ ) X—0" X

One possible answer:

al
T

[
|
|
——
[
|
!
|
|
|
|
|
|
I

Note th

f f
As x becomes large, g—l and ng both approach 1. Therefore,

1 2

f/f
using the above equation, %gz must also approach 1.

192

Yes. The limit of (f + g) will be the same as the limit of g.
This is because adding numbers that are very closeto a
given real number L will not have a significant effect on the
value of (f + g) since the values of g are becoming

arbitrarily large.

o L0 _ 199,00 _ (/0,9
9,(0/8,0 9,9, £,(3)/g,(¥)

53. (a) Using 1980 asx = 0:
y = —2.2316x% + 54.7134x% — 351.0933x + 733.2224

[0, 20] by [0, 800]
(b) Againusing 1980 asx = O:
y = 1.458561x* — 60.5740x° + 905.8877x>
— 5706.0943x + 12967.6288

[0, 20] by [0, 800]
(c) Cubic: approximately —2256 dollars
Quartic: approximately 9979 dollars
(d) Cubic: End behavior model is —2.2316x°.
This model predicts that the grants will
become negative by 1996.
Quartic; End behavior model is 1.458561x".
This model predicts that the size of the grants
will grow very rapidly after 1995.
Neither of these seems reasonable. There is no reason
to expect the grants to disappear (become negative)
based on the data. Similarly, the data give no indication
that a period of rapid growth is about to occur.
54. (a) Notethat fg = f(x)g(x) = 1.
fo —wasx -0 ,f-xasx-0",g-0fg-1
(b) Notethat fg = f(X)g(x) = —8.
fowasx -0 ,f- —oasx - 0",g-0fg- —8
(©) Notethat fg = f(X)g(x) = 3(x — 2)%
fo —wasx -2 ,fo®wasx-27,9-0,fg-0
_ __5
(d) Notethat fg = f(x)g(x) w37
f-ow,g-0fg- o

(e) Nothing —you need more information to decide.

55. (a) Thisfollow fromx — 1 < int X = X, which is true for
al x. Dividing by x gives the result.

(b, ©) Sincelim X;Xlznm 1 = 1, the Sandwich
X— oo X— oo

Theorem gives lim X fjp IMX

X— o X X— —o X

— X
56. Forx>o,o<e—X<1,soo<97<§_

Since both 0 and % approach zero as X — «, the Sandwich
—X
Theorem states that eT must also approach zero.

57. Thisis because as x approaches infinity, sin x continues to
oscillate between 1 and —1 and doesn’'t approach any given
real number.

In x? Inx® _ 2Inx

58. lim —= = 2, because —— =
Xooo INX Inx X

=2



. In x : In x In x
59. lim —= = In (10 —_— =
xlj?o log x n( )'Smcelogx (Inx)/(In 10)
= In 10.
60. lim n&x+1) _
Xxooo INX

Sinceln (x + 1) = In [x(l + %)] —Inx+1In (1 + 1),

X
In<1+l)
In(x+1) _ -1+ X
In x Inx In x

Inx+|n(1+1)
X

But asx - o, 1 + 1/x approaches 1, so In(1 + 1/x)
approachesIn (1) = 0. Also, asx — oo, In X @pproaches
infinity. This means the second term above approaches 0
and the limit is 1.

m Section 2.3 Continuity
(pp. 73-81)

Exploration 1 Removing a Discontinuity
1. x2 — 9= (x — 3)(x + 3). The domain of f is (—, —3) U
(=3,3) U (3, »)ordl x+ +3.

2. It appears that the limit of f asx — 3 existsand isalittle
more than 3.

T

[—3,6] by [-2, 8]

3. f(3) should be defined as %.

4. x3—Tx—6=(x-3) X+ DX+2),x>—9

e _ (x+Dx+2
= (x— 3)(x + 3), s0f(x) i3 for x # 3.

Thus, “m—(x+1)(x+2) -20_1
%3 X+ 3 6 3’

5. limg(x) = % = g(3), sogiscontinuous at x = 3.
X-3

Quick Review 2.3

1 lim 3 —2x+1_ 3(-1)?-2-1)+1
ool X+ 4 (-1)°+ 4

-6_,
3
2. (@ lim f(x)=Ilim int(x)= -2
X——1" X——1"
(b) lim f(x)=Ilim f(x)=-1
x——1* x——1*

(c) lim f(x) does not exist, because the left- and
X——1

right-hand limits are not equal.
(d) f(-1) =int(-1) = -1

3. @) lim f) =lim(®—4x+5 =22-42) +5=1
X2 X2~

(fog)(9 = f(g0) = 1(} +1) = B
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(b) lim f)=lim@4—-x)=4-2=2
x-2" X-2"

(c) lim f(x) does not exist, because the |eft- and
X—2
right-hand limits are not equal.
dyf@=4-2=2
2oL+ 1) -1
N\
24 1)+5
_2l+x)—x_ x+2

= x#0
1+x)+5x 6x+1 *

@10 = oF09) = o 25 ) = gy +1
X+ 5

:x+5+2x71:3x+4yx¢_5
2x—-1 2x-1 2x-1

. Notethat sin x? = (g f)(X) = g(f(x)) = g(x?).

Therefore: g(x) = sinx,x =0

(feg)(X) = f(g(¥) = f(sinX) = (sinx)? or sin?

X, X=0

. Notethat% = (g°H)(¥) = g(f(x) = VFX) — L

Therefore, Vi(x) — 1 = %for x > 0. Squaring both sides

givesf(x) — 1= x_12 Therefore, f(X) = % +1,x>0.

1 1
feg)(x) = f(g(X) = + 1= +1
( 1g+)() 1(g( )= e
=2TXZ 2 X y>q

Xx—1 x—1

224+ 9x—-5=0

(X —1)(x+5=0

Solutions: x = % Xx= -5

/

2k

#=.4EZZE7RE IY=0

[-5, 5] by [—10, 10]
Solution: x = 0.453

i

. Forx=3,f(x) = 4when5 — x = 4, which givesx = 1.

(Note that thisvalueis, in fact, = 3.)

For x > 3, f(X) = 4 when —x? + 6x — 8 = 4, which gives
x? — 6x + 12 = 0. The discriminant of this equation is

b? — dac = (—6)% — 4(1)(12) = —12. Since the
discriminant is negative, the quadratic equation has no
solution.

The only solution to the original equationisx = 1.
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10.

S

[-2.7,6.7) by [-6, 6]
A graph of f(x) is shown. The range of f(x) is

(=9, 1) U [2, «). The values of ¢ for which f(x) = ¢ has
no solution are the values that are excluded from the range.
Therefore, ¢ can be any valuein[1, 2).

Section 2.3 Exercises

1.

. Thefunctiony =

. Thefunctiony = xziil

The functiony = X+2)2 is continuous becauseitisa

(
quotient of polynomials, which are continuous. Its only

point of discontinuity occurs where it is undefined. Thereis

an infinite discontinuity at x = —2.

x+1
X2 — 4x + 3

quotient of polynomials, which are continuous. Its only

is continuous because it isa

points of discontinuity occur where it is undefined, that is,
where the denominator x> — 4x + 3 = (x — 1)(x — 3) is
zero. There are infinite discontinuitiesat x = 1 and at

X=3.

is continuous because it is a
quotient of polynomials, which are continuous.
Furthermore, the domain is al real numbers because the
denominator, x? + 1, is never zero. Since the function is
continuous and has domain (—o, =), there are no points of

discontinuity.

. Thefunctiony = [x — 1| is a composition (f ° g)(x) of the

continuous functions f (x) = [x and g(x) = x — 1, soitis
continuous. Since the function is continuous and has
domain (—, ), there are no points of discontinuity.

. Thefunctiony = V2x + 3isacomposition (f° g)(x) of

the continuous functions f(x) = Vx and g(xX) = 2x + 3,0
it is continuous. Its points of discontinuity are the points

not in the domain, i.e., al x < —g.

. Thefunctiony = \/3 2x — 1lisacomposition (f ° g)(x) of

. . 3
the continuous functions f (x) = Vx and gx) =2x—1,s0
it is continuous. Since the function is continuous and has
domain (—oe, «), there are no points of discontinuity.

10.

11.

12.

13.

14.

15.

16.

17.

18.

. Thefunctiony = % is equivalent to

_J=1 x<O0
y 1, x> 0.
It has ajump discontinuity at x = 0.

COS X

. Thefunctiony = cot x isequivalenttoy = Snx’ aquotient

of continuous functions, so it is continuous. Its only points
of discontinuity occur where it is undefined. It has infinite

discontinuities at x = kar for al integers k.

. Thefunctiony = e¥Xis a composition (f o g)(x) of the

continuous functions f (x) = €* and g(x) = % soitis

continuous. Its only point of discontinuity occurs at x = 0,

where it is undefined. Since lim e¥*

X-0
considered an infinite discontinuity.

= oo, this may be

Thefunctiony = In (x + 1) is acomposition (f ¢ g)(x) of
the continuous functionsf(x) = Inxand g(x) = x + 1, so it
is continuous. Its points of discontinuity are the points not
inthe domain, i.e,, x < —1.

(@ Yes f(—1) =0.
(b) Yes lim =0.
Xo—1"
(©) Yes
(d) Yes, since —1 isaleft endpoint of the domain of f and
lim f(x) =f(—1),fiscontinuousat x = —1.
X——1"
(@ Yes f(1) =1
(b) Yes, lim f(x) = 2.
X-1

(¢) No

(d) No

(@) No

(b) No, sincex = 2 isnot in the domain.
Everywhere in [—1, 3) except for x = 0, 1, 2.

Sincelim f(x) = 0, we should assign f(2) = 0.
X-2

Sincelim f(x) = 2, we should reassign f(1) = 2.

X-1

No, because the right-hand and left-hand limits are not the
same at zero.

Yes. Assign the value O to f(3). Since 3 isaright endpoint

of the extended function and lim f(x) = 0, the extended

X-3
function is continuous at x = 3.



19. \\r/

[-3,6] by [—1,5]
(@ x=2
(b) Not removable, the one-sided limits are different.

20. \
N

[731 6] by [7lv 5]
(@ x=2
(b) Removable, assign the value 1 to f(2).

21. ./,/

[-5,5] by [-4, §]
(8 x=1
(b) Not removable, it's an infinite discontinuity.

22.

i

/1)

[-4.7,4.7) by [-3.1, 3.1]
(@ x=-1
(b) Removable, assign the value 0 to f(—1).
23. (a) All points not in the domain along withx = 0, 1

(b) x = 0isaremovable discontinuity, assign f (0) = 0.

X = 1isnot removable, the one-sided limits are
different.

24. (a) All points not in the domain along with x = 1, 2

(b) x = 1isnot removable, the one-sided limits are
different.

X = 2 isaremovable discontinuity, assign f (2) = 1.

27 —
25. For x # —3,f(x)=><x+:: (x+x3)+(x3 3y

The extended functionisy = x — 3.

3.

26. Forx# 1, f(9= 52
' ' x2—1
- o DeC Xt
o+ Dix — 1)
_ X+ x+1
X+ 1
2
The extended function isy = XX+ 1
X+1

27.

28.

29.

30.

3L

32.

33.
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Since lim % = 1, the extended function is

X-0
_smx, Xx#0
y=4{ %
1, X = 0.
since lim S — 4 1im S04 _ 41y = 4, the extended
x-0 X x-0
function is
sm4x’ X% 0
y:
4, x=0.

For x # 4 (and x > 0),

Xx—4 _ (Vx+2)(Vx-2) - Vx
= =Vx+ 2
Vx -2 Vx -2

fO) =

The extended functionisy = Vx+ 2.

For x # 2 (and X # —2),

F(x) = x3—4xj2—_lj.x+30
_ X=2)x=5(x+3)
X—2)(x+ 2
_ (x=95Kx+3
X+ 2
x2—2x—15
x+2

x2 —2x — 15

The extended functionisy =
X+ 2

One possible answer:
Assumey = X, constant functions, and the square root
function are continuous.

By the sum theorem, y = X + 2 is continuous.
By the composite theorem, y = Vx + 2 is continuous.

By the quotient theorem, y = is continuous.

1
VX + 2

Domain: (—2, »)

One possible answer:
Assumey = X, constant functions, and the cube root
function are continuous.

By the difference theorem, y = 43— X is continuous.

By the composite theorem, y = V4 — x is continuous.

By the product theorem, y = x? = x - X is continuous.
s 3 . :

By the sum theorem, y = x“ + V4 — x s continuous.

Domain: (—o°, «)

Possible answer:

Assumey = x and y = |x| are continuous.

By the product theorem, y = x% = x - X is continuous.
By the constant multiple theorem, y = 4x is continuous.
By the difference theorem, y = x? — 4x is continuous.
By the composite theorem, y = [x? — 4x| is continuous.
Domain: (—o°, «)
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34. One possible answer:
Assumey = x and y = 1 are continuous.

Use the product, difference, and quotient theorems. One

also needs to verify that the limit of this function as
X approaches 1 is 2.
Alternately, observe that the function is equivalent to
y = x + 1 (for al x), which is continuous by the sum
theorem.
Domain: (—, )

35. One possible answer:

y
5

/Y=f(X)
(N,
X

lllll\

36. One possible answer:

=1(9
1 1 /§<l IXI I5 X

37. One possible answer:

y
5

=t 0

/ y

38. One possible answer:
y

39.

40.

41.

42.

43.

44,

\";
J%,

Interseckion
W= -.rehhee

V=-.7EuNEE
[-3,3] by [-22]

Solving x = x* — 1, we obtain the solutions
~ —0.724 and x = 1.221.

L/

/]

Intersection
HW=-1.52ix8

Y=-1.Ez1:0
[—6, 6] by [—4, 4]
Solving x = x3 + 2, we obtain the solution x =~ —1.521.

We require that lim 2ax = lim (x? — 1):
x-3"

X-3"
2a(3) =3% -1
6a =8
_4
a=j

Consider f(x) = x — e X fis continuous, f(0) = —1, and
f)=1- % > 0.5. By the Intermediate Value Theorem,
for somecin (0, 1), f(c) =0ande ¢ =rc.

(a) Sarah's salary is $36,500 = $36,500(1.035)° for the
first year (0 =t < 1), $36,500(1.035) for the second
year (1 =t < 2), $36,500(1.035)? for the third year
(2 =t < 3), and so on. This corresponds to
y = 36,500(1.035)'™ .

(b)

—
—n
—n
—an
—

[0, 4.98] by [35,000, 45,000
The function is continuous at all pointsin the domain

[O,5) exceptatt =1, 2, 3, 4.
(@) We require:

0 x=0
1.10, 0<x=1
2.20, l<x=2
3.30, 2<x=3
4.40, 3<x=4
5.50, 4<x=5
6.60, 5<x=6
725 6<x=24

This may be written more compactly as
f(x) = —110int(—x), O0=x=6
{7.25, 6<x=24

f(x) =
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(b) 49. For any real number a, the limit of this function as x
— approaches a cannot exist. Thisis because as x approaches
a, the values of the function will continually oscillate

- between 0 and 1.
[0, 24] by [0, 9] m Section 2.4 Rates of Change and
Thisis continuous for all values of x in the domain Tangent Lines (pp. 82-90)
[0, 24] exceptforx =10, 1, 2, 3,4, 5, 6.
1 Quick Review 2.4
. (@) Thefunction is defined when 1 + ; > 0, that is, on 1. Ax=3-(-5=8
(—, —1) U (0, ). (It can be argued that the domain Ay=5-2=3
2. Ax=a-1

should also include certain valuesin the interval Ay=b-3
(—1, 0), namely, those rational numbers that have odd 3 m=_—1-3 _—4__4

denominators when expressed in lowest terms.)

4 mMm="—-—"—TL="—==
(b) 3—-(-3 6 3
_3
J 5.y=x—(-2)] +3
I 3
y=x +6
[-5, 5] by [-3, 10] 6me—L1-6_-7__7
' 4-1 3 3
(c) If we attempt to evaluate f(x) at these values, we obtain y= _Z(X -1 +6
3
-1
f(~1) =(1+i> = 01 = L (undefined) and y=—Ix+2
0—1 0 3 3
f(0) = (1 + 1) (undefined). Since f is undefined at 5
0 7y=fz(xfl)+4
these values due to division by zero, both values are 3 19
y = =X + =
points of discontinuity. 4 4
=1 _4
(d) The discontinuity at x = 0 is removable because the 8. m= -34 3
right-hand limit is 0. The discontinuity at x = —1 isnot y= ﬂ(x ~1)+4
removable because it is an infinite discontinuity. 2 8
=X+ —
(e) y=3""3
r__> 9. Since2x + 3y = 5isequivaenttoy = —§x+§, we use
m= -2
3
[0, 20] by [0, 3] y= —%[x (-] +3
" 2 7
10 Esz? y=—3X +§
100 c.riyg
1000 2.7168
e 0 B3-S
iE7 E.rig: 4-2 3
THECI+1-HI hb—3=10
The limit is about 2.718, or e. 3
=1
. Thisisbecauselim f(a + h) = lim f(x). . 3 .
h-0 x-a Section 2.4 Exercises
. Suppose not. Then f would be negative somewhere in the A3 - f(2) _ 28— 9
interval and positive somewhere else in the interval. So, by L@ ="3-, —— ~ 1
the Intermediate Value Theorem, it would have to be zero
somewhere in the interval, which contradicts the (b) Af _f()—f(-1) _2-0_ 1
hypothesis. Ax 1-(-1 2
. Since the absolute value function is continuous, this follows Af_f(2—f(0) _3-1_
from the theorem about continuity of composite functions. 2.(a) Ax  2-0 2 1

(b) ~ 0.298

Af _ 112 —f(10) _ 7- Va1
Ax 12-10 2
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Af _fO-f(-2) _1-¢7?

Y240 = y(=2) _ i (24 )7 - (-2

3 A -2 > = 0.432 9. (a) rLIIT(]) h lim
_ 3_ _ 2_
(b)£=f(3) ) _€-e_gean _im4-4h+ -4
Ax 3-1 2 h-0 h
— — _ 2
4 () A _f@-1W) _Ind-0_nd_, 0 — |im —4h+h
AX 4—-1 3 3 h-0 h
(b) A _ f(108) ~f(200) _ In103—In100 _ 1, 103 — Jim (—4 + h)
Ax 103 — 100 3 3 100 h-0
= % In 1.03 ~ 0.0099 =4
5. (a) Af _f@mA) —f(md) _ ~1-1_ 4 _ _,0g (b) The tangent line has slope —4 and passes through
Y AT (3ld) — (wlh) 2 7 ' (=2,y(=2) = (=2 4).
y=—dx—(-2]+4
(b)ﬁzf(w/2)ff(7r/6):07\/§:73\@%71654 y= —4x— 4
AX (m2) — (716) /3 T ’
. 1 _1
_ _ (¢) Thenormad line has slope —— = = and passes
6.(a)§—f:w:l—3:—**_o-637 -4 4
x 7 m through (=2, y(—2)) = (—2, 4).
Af _f(m) —f(-m) _1-1_
®) AX m— (—m) 2m 0 y= _[X —(=21+4
7. Weuse Q, = (10, 225), Q,= (14, 375), Q, = (16,5, 475), y = 1 +2
Q, = (18, 550), and P = (20, 650). T
650 — 225 _ (d)
(a) Slopeof PQ;: 0_10
650 — 375
Slope of PQ,: o= 14 " =~ 46
650 — 475
slope of PQy: 20165 :
Slope of PQ,; Lizo 50 [-8 7 by[-1 9]
1+ h) -y
¢ Siope 10. (a) |II’T(1) y( ) y(1)
_ m+W 41+ h)] - [22 - 41)]
PQ, 43 m) -
PQ, 46 _limit2h+h-4-4h+3
h-0 h
PQy %0 im PP
PQ, 50 hoo h
_ _ =lim (h - 2)
The appropriate units are meters per second. h-0
(b) Approximately 50 m/sec =-2
8. WeuseQ, = (5,20), Q, = (7, 38), Q; = (85, 56), (b) The tangent line has slope —2 and passes through
= (9.5, 72), and P = (10, 80). (1, y(1) = (1, -3).
.80—20 _ y=-2(x-1) -
(a) Slopeof PQ;: 0_s =12 y=-2x—1
80 — 38
Slope of PQ.;: =
P % 10-7 (c) The normal line has slope _—iz = % and passes
Slope of PQ,: 80-5% _ 16
}3% % 25 through (1, y(1)) = (1, —3).
1, 7
Secant Slope y=2x—7
P 12
% @ 7
PQ, 14
PQ, 16
PQ, 16 ,/

The appropriate units are meters per second.

(b) Approximately 16 m/sec

[76v 6] by [76v 2]



11. (a)

(b)

©

(d

12. (a)

(b)

©

(d)

1 1
_ 2+h-1 2-1
lim Y@+h) —y2) :Iim#
h h-0 h

1= (h+ )
h-o h(h+1)

. 1
=lim|——
hao( h+1>

The tangent line has slope —1 and passes through
2. ¥(2) = (2, 1).

y=—(x—-2+1

y=—-x+3

The normal line has slope — _11 = 1 and passes

through (2, y(2)) = (2, 1).
y=1x-2)+1

)y

[~4.7,47 by [-3.1,3.1]

YO+h =yO _ iy (P=3h—-1) - (=1)
h h

y=x-1

=

lim
- h-0
2 _
= lim M3
h-o h
= lim (h — 3)
h-0
=-3

The tangent line has slope —3 and passes through
(0, y(0)) = (0, —1).

y=-3x—-0-1

y=-3&x-1

The normal line has slope —%3 = = and passes

Wl

through (0O, y(0)) = (0, —1).

—lx_0-
—3(x 0) -1
-

3

L

—

[76v 6] by [75v 3]
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13. (@) Nearx=2,f(x) = X = x.

limf@+h =12 _ ;i G+ =2 _ 121
h-0 h h-0 h h-0
(b) Near x = —3,f(x) =[x = —x.

lim {3 —f(=3) _,  3-h-3
h-0 h h-0

=lim-1=-1
h-0

14. Near x=1,f(X) =[x — 2 = -(x —2) =2 — x.

im fAER) —f@Q) 2= @+h)] - (- 1)

h-0 h h-0 h
:|imw:|im 1=-1
h—0 h h-0

15. First, note that f(0) = 2.
_ —oh—h? —
lim fO+M —f© _ . (@-2h—h)-2
h-0" h h-0"

_ _ K2
= lim —2n =
h-0"

— lim (-2 —h)
h-0"

=-2

lim fO+N —fQ _ . (@h+2) -2
h-0" h h-0"

=lim 2
h-0"

=2

No, the slope from the left is —2 and the slope from the
right is 2. The two-sided limit of the difference quotient
does not exist.

16. Firgt, note that f(0) = O.

lim f(0+h)—f(0):Iim —h—O:_l
h-0" h ho0 h
— 2_h) —
lim fO+h —fQ _ . (W —h -0
h-0* h h-0" h
=lim (h—-1)=-1
h-0"
Yes. The slopeis —1.
. _1
17. First, note that f(2) = > 11
— 2+h
lim f2+h)—-f2 _ lim +
h-0 h h-0 h
i 2-(2+Hh)
h"II} 2h(2 + h)

=lim ———
hoo 2h(2 + h)

= lim ——*t
h.o- 2(2+h)
1

4
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17. continued (b) The slope of the tangent steadily decreases as a
4-@+h 1 increases.
_ 4 2
lim w = lim —
h-0 h-0 23. Let f(t) = 100 — 4.9t2
—im B-@+h -2
he 0" 4h lim f@+h) 2
— lim =1 h-0
ho0o* 4h _ |im [100 — 492 + h)?] — [100 — 4.9(2)?]
-1 h-0 h
1 4 _ |im 100 — 19.6 — 19.6h — 4.9h” — 100 + 19.6
Yes. The slope is 7 heo h
18. No. The function is discontinuous at x = 3777 = Li”(]) (—19.6 — 4.9n)
because lim f(x) = lim smx—smsi:ﬁ = —196
X (37/4)” X (37/4)” 4 2
The object isfalling at a speed of 19.6 m/sec.
butf<377> = cos3T = ﬁ : gaaw
4 2
_ 2 2 _ a2
19. @ lim fla+ hr)] f@ _ iy [@+h) +ﬁ] (a2 +2) 24, Let f(t) = 3t=
h-0 h-0 2
i@t e2-a2-2 lim 20+ h) —f(10) _ . 3(10 + h)® — 300
-, m h h-0 h h-0
- -
i 220+ 2 _ |iym 300+ 60N + 3h? — 300
h-0 h h-0 h
=lim (2a + h) = lim (60 + 3h)
h-0 h-0
=2a =60
(b) The slope of the tangent steadily increases as a )
increases. . The rocket’s speed is 60 ft/sec.
20. () lim w _|im 2Fh e 25. Let f(r) = 7t the area of acircle of radiusr.
h-0 h-0 _ 2 _ 2
i 2a- 2@+ h) lim f(3+hr)1 f@) _ i 7B+~ 7(3)
h~o ah(a+h) h-0 hﬁo 97 + 67h + 7h? —
— lim ——2 = lim h
h-0 a@ + h) h-o
2 = lim (67 + 7h)
-2 h-0
a = 61
(b) The slope of the tangent is always negative. The
tangents are very steep near x = 0 and nearly The areais changing at arate of 6z in%/in., that is,
horizontal as a moves away from the origin. 67 square inches of area per inch of radius.
1 1
_ +h-1 a-1 _4.3
21. (a) ||m fath -f@ _ ;2" 2~ -+ 26. Letf(r) = 7Tr . ,
-0 h h-0 h 22+ h)® - Zm(2)°
. f(2+h)—f(2)_. 3 3
_ . (@-1)—-(@a+th-1) lim ==—"——=> = lim
= h-0 h h-0 h
h_o h@a—1)(@a+h-1) 3
_ 4 2+ h)°—
1 =—qlim*—"1—=
=lim-— 3 h-o h
h-o (@-D@+h-1) _ 4 .. 8+ 12h+6h%+h3-
= —m lim
. 1 3 h-oo h
BTV
@-1 =32 1im (12 + 6h + h?)
(b) The slope of the tangent is always negative. The 3 h-o
tangents are very steep near x = 1 and nearly = 377 .12
horizontal as a moves away from the origin. 3
= 167
2. (@ lim @ —f@ _ [9-(@a+h?i-©-a) . . N .
h-0 h h-0 ) h , The volume is changing at arate of 16 in%fin., that is, 167
—lim9%=2a— 2ahh— h"-9+a cubic inches of volume per inch of radius.
h-0
_ _ h2
- lim —2ah = h”
h-0

=lim (—2a — h)
h-0

= —2a



27.

28.

29.

30.

SL+h) —s(l) _ o 18601+ h)? — 1.86(1)2

lim
h-0 h h-0 h
_ im 186+ 372h + 1.86h° — 1.86
h-0 h

= lim (3.72 + 1.86h)
h-0
=372

The speed of the rock is 3.72 m/sec.

_ 2 _ 2
lim s(2+ h) — 5(2) —lim 11.44(2 + h) 11.44(2)
h-0 h h-0 h
= lim 45.76 + 45.76h + 11.44h% — 45.76
h-0 h

= |im (45.76 + 11.44n)
h-0

= 4576

The speed of the rock is 45.76 m/sec.

First, find the slope of the tangent at x = a.

lim f@+h — 1@

h-0 h

—im L@t h2+ 4@+ h) — 1] — (a2 + 4a — 1)
h-0 h

_lim @ *2h+h’+4a+sh-1-a’—da+1
h-0 h

—lim 2ah + h? + 4h
h-0 h

lim (2a + h + 4)
h-0

The tangent at x = a is horizontal when 2a + 4 = 0, or
a = —2. Thetangent lineis horizontal at
(=2,1(=2) = (=2, -9).

First, find the slope of the tangent at x = a.
lim f@+h — @
h-0
_limB-4@+h - @+ h)? — (83— 4a—a?)
h-0 h
_|im3-4a-4h-a®-2ah-h’-3+4a+a’
h-0 h
_ _ _ K2
_ |im —4h—2ah—h
h-0 h
=lim (-4 —-2a—h)
h-
=—-4-2a

The tangent at X = a is horizontal when — 4 — 2a =0, or
a = —2. Thetangent lineis horizontal at
(=21(=2)=(-27).

33. (@
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31. (a) From Exercise 21, the slope of the curve at x = a, is

1
@17 The tangent has slope —1 when
_ - _ . . _ 2 — _
@17 1, whichgives(a—1)*=1,s0a=0
or a = 2. Note that y(0) = rll = —1and

v(2) = rll = 1, so we need to find the eguations of

lines of slope —1 passing through (0, —1) and (2, 1),

respectively.

Atx=0 y=-1x—-0) -1
y=-x—-1

Atx=2. y=-1x—2)+1
y=—-x+3

(b) The normal has slope 1 when the tangent has slope
_Tl = —1, so we again need to find lines through

(0, —1) and (2, 1), thistime using slope 1.

Atx=0. y=1x—-0) -1

y=x-1
Atx=2: y=1x—-2) +1
y=x—1

Thereis only one such line. It is normal to the curve at
two points and its equation isy = x — 1.

32. Consider aline that passes through (1, 12) and a point

(a, 9 — a® on the curve. Using the result of Exercise 22,
this line will be tangent to the curve at a if its Slopeis —2a.

(9-a)—-12 _
a-1
9-a’-12=-2a@@a—1)
-a?-3=-2a’+2a
a?-2a—-3=0
@+@a-3 =0
a=—-1lora=3
Ata= —1(orx= —1),theslopeis —2(—1) = 2.
y=2(x—-1)+12
y =2x+ 10
Ata= 3 (or x = 3), theslopeis —2(3) = —6.
y = —6(x — 1) + 12

—2a

y = —6x+ 18
21-15 _ 3
1995 — 1993

The rate of change was 0.3 billion dollars per year.

31-21 _
1997 — 1995

The rate of change was 0.5 billion dollars per year.

(b)

(¢) y = 0.0571x% — 0.1514x + 1.3943

[0, 10] by [0, 4]
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33. continued
(d) y(5) —y@d) _ 0.31
5-3

¥(7) — y(5) ~ 0.53

7-5 '
According to the regression equation, the rates were 0.31 billion dollars per year
and 0.53 hillion dollars per year.

y(7 + h) — y(7) [0.0571(7 + h)? — 0.1514(7 + h) + 1.3943] — [0.0571(7)? — 0.1514(7) + 13943

(e lim

=lim
h-0 h-0 h

— |im 0.0571(14h + h?) — 0.1514h
h-0 h

= |im [0.0571(14) — 0.1514 + 0.0571h]
h-0

=~ 0.65

The funding was growing at a rate of about 0.65 billion dollars per year.

34. (a) T
[7, 18] by [0, 900]
(b) Q from year Slope

1988 407225 _ 39
17— 8

1989 440-289 _ 499
17 -9

1990 440-210 _ 543
17 — 10

1991 M ~ —8.8
17 — 11

1992 40684 _ 488
17-12

1993 440763 _ _gng
17-13

1994 440 — 651 _ ~703
17— 14

1995 440600 _ g9
17 — 15

1996 440 =2% _ 1440
17 — 16

(c) AsQ gets closer to 1997, the slopes do not seem to be approaching alimit value.
The years 1995-97 seem to be very unusua and unpredictable.

fl+h) —f1) _e'-e
h h

(b) 7
]

(-4, 4 by[-15]

35. ()

=[x
M5

i}
mm

z
H |z
4| e
E
=
2

0
1
El

=
amm
Lr

YiBle ™1+l —e™
Limit = 2.718

(c) They're about the same.

(d) Yes, it has atangent whose slope is about e.




36. (a)

37.

38.

39.

f(l+h) —f(@1) _2h-2
h h

(b) /

_:—'—'_'_'_'_FFF

[-4.4 by [-15]

noY

MR-
Lttt
=
=1
=

Limit = 1.386
(c) They're about the same.
(d) Yes, it has atangent whose slope is about In 4.

f(0+h) -0 _ f(h)

Let f(X) = x?°. Thegraph of y = . .

\_
—

[_4x 4] by [_31 3]

The left- and right-hand limits are —o and o, respectively.
Since they are not the same, the curve does not have a
vertical tangent at x = 0. No.

Let f(X) = x¥°. Thegraph of y =
is shown.

_J{g

[-4. 4 by [-3,3]

is shown.

fO+h -0 _ f(h)
h h

Yes, the curve has a vertical tangent at x = 0 because

lim fO+h) —©) _

h-0 h

Let f(x) = x3. The graph of y = w = @
is shown.

==

[-4,4 by [-33]

Yes, the curve has a vertical tangent at x = 0 because
lim f@+h -0 _
h-0 h

40. Let f(X) = x?3. Thegraph of y =

41.

42.

43.
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fO+h) —f(0) _ f(h)

is shown. h h

N

B

[74v 4] by [73v 3]
The left- and right-hand limits are —oo and o, respectively.
Since they are not the same, the curve does not have a
vertical tangent at x = 0. No.

This function has a tangent with slope zero at the origin. It
is sandwiched between two functions, y = x?andy = —x?,
both of which have slope zero at the origin.

Looking at the difference quotient,
_h=fO+ hr)] —fO _p,
so0 the Sandwich Theorem tells us the limit is 0.

This function does not have a tangent line at the origin. As
the function oscillates betweeny = x and y = —x infinitely
often near the origin, there are an infinite number of
difference quotients (secant line slopes) with avalue of 1
and with avalue of —1. Thus the limit of the difference
quotient doesn’t exist.

The difference quotient is
oscillates between 1 and —1 infinitely often near zero.

fO+ N =10 _ g1 which
h h

Let f(X) = sin x. The difference quotient is

fl+h—f@) _sn@+h—sn()
h h '

A graph and table for the difference quotient are shown.

e

[—4, 4 by [-15, 1.5]

"
-.nE HEY
-ng Ehiily
L LEE EL0sz
] ERROR
ood .E20HB
HiliFs .ExO48
Sk -

WiBCsintl+E—=i..

Since the limit as h - 0 is about 0.540, the slope of
y =sinxat x = 1isabout 0.540.
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m Chapter 2 Review Exercises

(pp. 91-93)
Llim -2+ =(-2°-2(-2?+1=-15
X——2
X+ 1 (=22 +1 _5
2 xl'f?z 32 —2x+5 3(-2%—-2-2)+5 2

3. No limit, because the expression V1 — 2x is undefined for
values of x near 4.

4
4. No limit, because the expression V'9 — x? is undefined for

values of x near 5.
1 1

. 24x 2 . 2- . -
5. lim 2 =I|m2 (21 %) = lim X
X0 X x>0 2X(2+X) X0 2X(2 + X)

:Iim<— ! >:— t -1
ol 22+%) 22 + 0) 4

2
6. lim ZLL3_|im gx,zzz
Xa+3c5 +7 X— Foo 5x 5

7. An end behavior model for M isi = ix.
123+ 128 12 12

Therefore:

X+ x3 1
lim =lim —x =
oo 123 + 128 o 12
lim Xl =1lim ix = —oo
oo 123 + 128 .0 12

8. lim
x-0 4X

sn2x _ 1|,ms'”2X__():1
2x.0 2 2

9. Multiply the numerator and denominator by sin x.

. an X
= lim (1 + —)
Xx-0 XCSCX X-0 X Xx-0 X

=<Iim1>+<llmw>—l+1=2
Xx-0 x-0 X

10. lime*sinx=€e%sin0=1-0=0
x-0

11. Letx = %+ h, wherehlsm< ) Then
int (2x — 1) = int {z(g) + 2h—1] = int (6 + 2h) = 6,
because 6 + 2hisin (6, 7).

Therefore, lim int (2x—1) =lim 6 = 6.
X 7/2% X 7/2*

12. Letx = % + h, wherehisin (—% O). Then
int (2x — 1) = int [2(%) +2h - 1} — int (6 + 2h) =
because 6 + 2hisin (5, 6).

Therefore, lim int(2x— 1) =lim 5=5
X 7127 X 7127

13.

14.

15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.

26.

27.

Sincelim (—e ) =lime* =0, and

X— o0 X—

—e = e Xcosx = e *for dl x, the Sandwich Theorem

giveslim e * cosx = 0.

X0

Since the expression x is an end behavior model for both

X+ sinxand x + cos x, lim xFsnx lim % =1.
X X 1T COSX Xooo X

Limit exists.

Limit exists.

Limit exists.

Limit does not exist.

Limit exists.

Limit exists.

Yes

No

No

Yes

(@) Iirr317 gx) =1
(b) 9(3) = 15
(©) No, sincelirrzl a(x) # 9(3).

(d) gisdiscontinuous at x = 3 (and at points not in the
domain).

(e) Yes, the discontinuity at x = 3 can be removed by
assigning the value 1 to g(3).

(@ lim k(x) =15
X-1"

(b) Iirrl1+ k(x) =
(©) k@) =
(d) No, sincelirrl[ k(x) # k(1)

(e) kisdiscontinuousat x = 1 (and at points not in the
domain).

(f) No, the discontinuity at x = 1 is not removable because
the one-sided limits are different.

(a) Vertica asymptote: x = —2

(b) Left-hand limit = lim X+3_ o
x——2" X+ 2
X+3 _

x 2"



U
Al

[—4,4] by [-3,3]
(a) Vertical asymptotes: x = 0, x = —2

(b) Atx = 0:
_ Xx—1
Left-hand limit = I|m 2 —©
X“(X + 2)
x—1
Right-hand limit _><|Ln3+ 2ot 2) = —w
Atx = —2:
Left-hand limit = lim 2x—1 o
X2~ X (X+ 2)
Right-hand limit = lim X~ 1 = —«

xom2" XX + 2)
29. (a) Atx=-1:

Left-hand limit = lim  f(x) =lim (1) =1
X——1"

X——1

Right-hand limit = lim  f(x) =lim (=x) =1
x-—1" x——1"
Atx=0:
Left-hand limit = [im f(x) = lim (=x) =0
X-0" X-0"
Right-hand limit = lim f(x) =lim (—=x) =0
x-0" x-0"
Atx=1.
Left-hand limit = lim f(x) = lim (=x) = —
X-1" X-1"
Right-hand limit = lim f(x) =1lim (1) =1
x-1" x-1"
(b) Atx = —1:Yes, thelimitis1.
At x = 0: Yes, the limit is 0.

At x = 1: No, the limit doesn’t exist because the two
one-sided limits are different.

(c) Atx = —1: Continuous because f(—1) = the limit.
At x = 0: Discontinuous because f (0) # the limit.
At x = 1: Discontinuous because the limit does not
exist.

30. (@) Left-hand limit = lim f(x) = lim |[x3 — 4
X-1" X-1"

=13 - 4| = |-3 =

Right-hand limit = lim f(x) = lim (x2 — 2x — 2)
x-1* x-1"
=1)?-21-2=-3

(b) No, because the two one-sided limits are different.
(c) Every place except for x = 1
(d) Atx=1
31. Sincef(x) isaquotient of polynomials, it is continuous and

its points of discontinuity are the points whereiit is
undefined, namely x = —2and x = 2

32. There are no points of discontinuity, since g(x) is
continuous and defined for all real numbers.
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33. (a) End behavior model: 2, or 2

(b) Horizontal asymptote: y = 0 (the X-axis)
34. (a) End behavior model: 2 , or2

(b) Horizontal asymptote: y = 2
35. () End behavior model: § or x?

(b) Since the end behavior model is quadratic, there are no
horizontal asymptotes.

36. (a) End behavior model: é or X

(b) Since the end behavior model represents a
nonhorizontal line, there are no horizontal asymptotes.

37. X+ex:Iim X4 =1, aright end
X — 00 X — 00 eX
behavior model is €*.
(b) Sincelim **€ — lim (1 4 %) — 1, aleftend
X— —oc X— —oo

behavior model is x.

38. (a, b) Note that lim (—ﬁ) = lim (WI) 0 and

X— Foo X Foo
1 sinx
m |n|x\ | Hforallx;ﬁo

Therefore, the Sandwich Theorem gives

lim ﬂ—O. Hence

X— oo InH

lim In\stnx_“m 1+S'nx)—l+0=l,
X— *oo In ‘ ‘ X— Ffoo | ‘

so Injx is both aright end behavior model and a left

end behavior model.

30, lim £(9 = lim X+ A=15 _ iy (X=3)(x+5)
X-3 x—-3 X-3 Xx-3
=lim(x+5=3+5=8
X-3
Assign the value k = 8.
40. lim f(x —|Imy—lllmw—fl -1
X-0 ) -0 2X 2x.0 X ()

Assign the value k= %

41. One possible answer:

y
10

y=1f(x)

T T I T R SNV

10




44, lim

45, lim
h-0 h ho

m 6a? + 12ah + 6h% — 6a2

46. lim

47. (@) r|1i m
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42. One possible answer:

/

y
5

A

y=f(9

lllll\

2—-1
2

f(m/2) -£(0) _
Y ow2-0

V(a+ h) —

_2

3

1 2 1 9
=m(a+ h)*H — =maH
V(@) _ lim 3 3

h-0 h h-

7H lim
h-0 h

H Iim (2a+ h)

H(2a)

[N w\l—\ wlp O.)II—\

3
T

0

h

a?+2ah+h? - a2

Sa+h —S@ _ i, 8@+ h)? — 6a°

0

h

h-0 h

lim (122 -+ 6h)
h-

12a

y@a+h) —y@
h-0 h
[(a+ h)?—

(a+h) — 2]

-(@®-a-2

=lim
h-0

=1lim

h

a®+2ah+h?—a—-h-2-a2+a+2

h-0
2 _
_|im 28h+h*—h
h-0 h
=lim(2a+h—1)
h-0
=2a-1
f(1)

1+2h+h?—

h

f(1+h) — —

=" = |im
h h-

3-3h+2

[+ h?-

31+ h)] —(—2

0

h

(b) Thetangent at P has slope —1 and passes through

1, -2.
y=-1x—-1) -2
y=-x-1

(¢) Thenorma at P has slope 1 and passes through

1, -2).
y=1x—-1) -2
y=x-3

48.

49,

50.

51.

52.

53.

At x = @, the slope of the curveis

lim f@+h -f@ _ @+ h)2 — 3(a + h)] — (a® — 3a)
h-0 h h-0 h
—lim & 2+2ah+h?>—-3a-3h—a?+3a
h-0 h
— |im 28h = 3h + h?
h-0 h
=lim (2a— 3+ h)
h-0
=2a—3

The tangent is horizontal when2a — 3 =0, ata = %

(or X = Slncef< )
is (g,
2
@ PO = Fe0om9 =75 ~ 2
Perhaps this is the number of bears placed in the
reserve when it was established.

200 _ 200
wl+7e 00U T

(c) Perhaps thls is the maximum number of bears which
the reserve can support due to limitations of food,
space, or other resources. Or, perhaps the number is
capped at 200 and excess bears are moved to other

%, the point where this occurs

.Mmml

(b) I|m p(t) = I|m = 200

locations.
320 - 1.35int(—x+1), 0<x=20

(@) 1) = { (XD 0=x

(Note that we cannot use the formula

f(x) = 3.20 + 1.35int X, because it gives incorrect

results when x is an integer.)
(b)

[0, 20] by [—5, 32]

f is discontinuous at integer values of x: 0, 1, 2, ..., 19.

(a) Cubic:y = —1.644x3 + 42.981x° — 254.369x

+ 300.232
Quartic: y = 2.009x* — 102.081x° + 1884.997x>
— 14918.180x + 43004.464
(b) Cubic: —1.644x3, predicts spending will go to 0
Quartic: 2.009x*, predicts spending will go to
Let A= lim f(x)and B = ||m g(x). Then A + B = 2 and

X-C

A— B—1Add|ng,wehave2A 3soA— , whence

34 B = 2, which givesB = —. Therefore, I|m fx) ==
2 2 X-C 2
and lim g(x) = =.

X-C 2

@r

. [3,12] by [-2, 24]
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(b) Year of Q Slope of PQ

1995 _201-27 =348
2000 — 1995

1996 201-48 _ 535
2000 — 1996

1997 01278 _ 4y
2000 — 1997

1998 201-112 _, e
2000 — 1998

1999 201-152 _ 4
2000 — 1999

(c) Approximately 5 billion dollars per year.

(d) y = 0.3214x? — 1.3471x + 1.3857

2 _ _ 2
i A0 ) —ya) _ | 103214010 + )2~ 1347010 + ) + 1.3857) ~ [0.3214(10)° ~ 1.3471(10) + 1.3857]

h-0 h h-0 h
— im 9:3214(20h + h?) — 1.3471h
h-0 h

= 0.3214(20) — 1.3471

~ 5.081

The predicted rate of change in 2000 is about
5.081 billion dollars per year.





