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66 Chapter 1 Functions and Their Graphs

MW A Library of Parent Functions

What you should learn

+ dentify and graph linear and Linear and Squaring Functions

squaring functions. One of the goals of this text is to enable you to recognize the basic shapes of the
+ Identify and graph cubic, graphs of different types of functions. For instance, you know that the graph of the
square root, and reciprocal linear function f(x) = ax + b is a line with slope m = a and y-intercept at
functions. (0, b). The graph of the linear function has the following characteristics.
+ Identify and graph step and
other piecewise-defined * The domain of the function is the set of all real numbers.
functions.  The range of the function is the set of all real numbers.
: ?:rfc?t?:rif graphs of parent * The graph has an x-intercept of (—b/m, 0) and a y-intercept of (0, b).

e The graph is increasing if m > 0, decreasing if m < 0, and constant
iftm=0.

Pl Writing a Linear Function

Write the linear function f for which f(1) = 3 and f(4) = 0.

Solution

To find the equation of the line that passes through (x,,y,) = (1,3) and
(xx3, ¥,) = (4, 0), first find the slope of the line.

_}’2_)’1_0_3=__3=
" X, —x 4-1 3

-1

Next, use the point-slope form of the equation of a line.

y—» = m(x - xl) Point-slope form
y—3=—-1(x—1) Substitute for x,, y,, and m.
y=—x+4 Simplify.
flx)=—x+4 Function notation
_ : The graph of this function is shown in Figure 1.65.

© Getty Images

FIGURE 1.65

vcHeckpoINT  Now try Exercise 1.

o
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Section 1.6 A Library of Parent Functions 67
Additional Example There are two special types of linear functions, the constant function and
Write the linear function f for which the identity function. A constant function has the form
f(0) = —1andf(5) = 8. (x) =
Solution fo)=c
Y=y, 8—(=1) 9 and has the domain of all real numbers with a range consisting of a single real
m = X —%x, 5-0 5 number c¢. The graph of a constant function is a horizontal line, as shown in
Y=y, = mx — x,) Figure 1.66. The identity function has the form
9 X) = x.
y-(-n=20-0 o) -
Its domain and range are the set of all real numbers. The identity function has a
y+1= g X slope of m = 1 and a y-intercept (0, 0). The graph of the identity function is a
9 line for which each x-coordinate equals the corresponding y-coordinate. The
y=gx - 1 graph is always increasing, as shown in Figure 1.67

| X

FIGURE 1.66 FIGURE 1.67

The graph of the squaring function
f) =
is a U-shaped curve with the following characteristics.

e The domain of the function is the set of all real numbers.

e The range of the function is the set of all nonnegative real numbers.

* The function is even.

e The graph has an intercept at (0, 0).

e The graph is decreasing on the interval (— oo, 0) and increasing on
the interval (0, o).

e The graph is symmetric with respect to the y-axis.

e The graph has a relative minimum at (0, 0).

The graph of the squaring function is shown in Figure 1.68.

FIGURE 1.68

o
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68 Chapter 1 Functions and Their Graphs

Cubic, Square Root, and Reciprocal Functions

The basic characteristics of the graphs of the cubic, square root, and reciprocal
functions are summarized below.
1. The graph of the cubic function f(x) = x> has the following characteristics.
* The domain of the function is the set of all real numbers.
e The range of the function is the set of all real numbers.
* The function is odd.
e The graph has an intercept at (0, 0).
e The graph is increasing on the interval (— oo, c0).
e The graph is symmetric with respect to the origin.
The graph of the cubic function is shown in Figure 1.69.
2. The graph of the square root function f(x) = /x has the following
characteristics.
* The domain of the function is the set of all nonnegative real numbers.
» The range of the function is the set of all nonnegative real numbers.
* The graph has an intercept at (0, 0).

* The graph is increasing on the interval (0, co).

The graph of the square root function is shown in Figure 1.70.

1
3. The graph of the reciprocal function f(x) =— has the following
characteristics. .

e The domain of the function is (— oo, 0) U (0, c0).

e The range of the function is (—oo, 0) U (0, c0).

e The function is odd.

e The graph does not have any intercepts.

 The graph is decreasing on the intervals (— oo, 0) and (0, co).

e The graph is symmetric with respect to the origin.

The graph of the reciprocal function is shown in Figure 1.71.

y y y

=1
: o\
2 1+

Cubic function Square root function Reciprocal function
FIGURE 1.69 FIGURE 1.70 FIGURE 1.71
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Demonstrate the real-life nature of step Step and Piecewise-Defined Functions

functions by discussing Exercises 63-66.
If writing is agart of yo(;” course,thlsf Functions whose graphs resemble sets of stairsteps are known as step functions.
section provides a good opportunity for py o 1yt famous of the step functions is the greatest integer function, which is

students to find other examples of step
functions and write brief essays on their ~ denoted by [x] and defined as

applications. f(x) = [x] = the greatest integer less than or equal to x.
" Some values of the greatest integer function are as follows.
T [—1] = (greatestinteger < —1) = —1
29F —0
1+ e—o —3|| = \greatest integer < —3) = —
1 . 1 1
Co O ey Ll = i <) =
B NERR. [[mﬂ (greatest integer < 10) 0
[1.5] = (greatest integer < 1.5) = 1
—o -+
—o 34 The graph of the greatest integer function
— 4 £ = I
FIGURE 1.72 has the following characteristics, as shown in Figure 1.72.
* The domain of the function is the set of all real numbers.
* The range of the function is the set of all integers.
e The graph has a y-intercept at (0, 0) and x-intercepts in the interval |0, 1).
Technolo gy grap y pt at (0, 0) Y [0, 1)

» The graph is constant between each pair of consecutive integers.
When graphing a step function,

you should set your graphing
utility to dot mode.

* The graph jumps vertically one unit at each integer value.

m Evaluating a Step Function

Evaluate the function when x = —1, 2, and %
f&) =0+ 1
y Solution
For x = —1, the greatest integer < —1 is — 1, so
5 —o
4 —o fD=[-1]+1=-1+1=0.
3 AN For x = 2, the greatest integer < 2 is 2, so
2+ e—0
f T R MR
e + 7 -x Forx =3, the greatest integer < 3 is 1, s0
-3 2 -1 1 2 3 4 5 . )
=0 ) =F]l+1=1+1=2
._O _2 . . . .
You can verify your answers by examining the graph of f(x) = [x] + 1 shown in
FIGURE 1.73 Figure 1.73.

cHeckPOINT  Now try Exercise 29.

Recall from Section 1.4 that a piecewise-defined function is defined by two or
more equations over a specified domain. To graph a piecewise-defined function,
graph each equation separately over the specified domain, as shown in Example 3.
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m Graphing a Piecewise-Defined Function

Sketch the graph of

&) = {

2x+3, x<1
—x+4, x>1

Solution

This piecewise-defined function is composed of two linear functions. At x = 1
and to the left of x = 1 the graph is the line y = 2x + 3, and to the rightof x = 1
the graph is the line y = —x + 4, as shown in Figure 1.74. Notice that the point
(1,5) is a solid dot and the point (1,3) is an open dot. This is because
f(1)=2(1) +3 =5

cHEckPOINT  Now try Exercise 43.

Parent Functions

The eight graphs shown in Figure 1.75 represent the most commonly used
functions in algebra. Familiarity with the basic characteristics of these simple
graphs will help you analyze the shapes of more complicated graphs—in partic-
ular, graphs obtained from these graphs by the rigid and nonrigid transformations
studied in the next section.

R

(a) Constant Function

(e) Quadratic Function
FIGURE 1.75

-2 -1 1 2 -2 -1 1 2 1
,l —+ _1 4
-2 2+ } } } X
T 1 2 3
(b) Identity Function (c) Absolute Value Function (d) Square Root Function
Y y y
3 1 3+ -
f) =~
2+ X 2+ —0
11 1+ e—o
—+— - —— -
11 23 -3 2 -1 12 3
s —o0
s —0 3+
(f) Cubic Function (g) Reciprocal Function (h) Greatest Integer Function
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®
[ 1.6 ] Exercises J
VOCABULARY CHECK: Match each function with its name.
1

L f(x) = [x] 2. flx) =x 3. /)=
4. flx) = x? 5. fx) = Vx 6. fx) = ¢
7. f(x) = |x| 8. flx) =x° 9. fx) =ax+ b
(a) squaring function (b) square root function (c) cubic function
(d) linear function (e) constant function (f) absolute value function
(e) greatest integer function (h) reciprocal function (1) identity function

PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com.

In Exercises 1-8, (a) write the linear function f such that it 31. h(x) =[x + 3]
has the indicated function values and (b) sketch the graph (@) h(=2) (b) h(%) () h(4.2) (d) h(—21.6)

f the function.
of the function 32 f(x) =4x] +7

L f(1) = 4./(0) = 6 2. f(=3)= =8, f() =2 @ fO)  ® =15 © 16 @ r6)
3. f(5) = =4, f(=2) =17 4 f3) =9, f(—1) = —11 33, h() = [3x — 1]

5. f(=5)=-1f(5)=—1 @ h(2.5) ) h(=32) (© h() @ n(-%)
6. f(_]()): ]2,f(|6)= -1 34. k(x)=[[%x+6]]

7. f(%) = —16, fé)=-3 (a) k(5) ®) k(=6.1) (c) k(0.1)  (d) k(15)
8. f(3) = -5 f—9=-11 35. g(x) =3[x— 2] + 5

(@ g(=27) (b) g(=1) (c) g(0.8) (d) g(14.5)
36. glx) = =[x+ 4] + 6

@ g(3) ® 20  (© e-4 (@ ()

i In Exercises 9-28, use a graphing utility to graph the func-
tion. Be sure to choose an appropriate viewing window.

9. f¥) = —x — 3 10. f(x) = 3x — 3
_ _1 5 _ 5 2
11. f(x) = —gx — 3 12. f(x) =3¢ — 5% In Exercises 37-42, sketch the graph of the function.
13. f(x) = x> — 2x 14. f(x) = —x*> + 8x
37. g(x) = — [«] 38. g(x) = 4[x]
15. h(x) = —x* + 4x + 12 16. g(x) = x> — 6x — 16
39. glx) = x] — 2 40. g(x) = [x] — 1
17. flx) = x* -1 18. f(x) =8 — x3
41. gx) = [x + 1] 42. g(x) = [x — 3]
19. flx) =(x— 1P +2 20. g(x) =2(x + 3+ 1
21. f(x) = 4Vx 22 f(x) =4 —2Vx In Exercises 43-50, graph the function.
23. gx) =2 - Vx+ 4 24. h(x) = Vx+2+3 . {2x+3, £ <0
. X) =
25.f(x)=—i 26.f(x)=4+i 3—x  x20
x+ 6 x < —4
44. = ’
27. hix) = — 28, k(x) = g1 {;x —4, x> —4
x+2 x—3
V4+x, x<0
550 =17= 0
In Exercises 29-36, evaluate the function for the indicated Hox=
1 - — 1) <2
values. 46. f() { Exz 2 x :
29. f() =[] 8 t
+5 x <1
a) £(2.1 b) (29  (c) f(=3.1) (d) f(2 47. =T
@ 21 ) fQ9  (© f(=3.1) @ f() ) {x2+4x+3’ o

30. g(x) = 2[x]
@ g(=3)  (b) g(025) (0) g05) (d) g(¥)

o
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3—x%, x<0
48. h(x) =
® {x2+2, x20
4 — 2, x< —2
49. h(x) =13 +x, —2<x<0
X2+ 1, x>0
2x + 1, x < —1
50. k(x) =92x2 -1, —-1<x<1
1 —x2 x> 1

& In Exercises 51 and 52, (a) use a graphing utility to graph

—p—

61.

the function, (b) state the domain and range of the func-
tion, and (c) describe the pattern of the graph.

51 s(x) = 2(hx — H}Tx]])

52. g(x) = 2(3x — [[ix

Ir

In Exercises 53-60, (a) identify the parent function and the
transformed parent function shown in the graph, (b) write
an equation for the function shown in the graph, and (c) use
a graphing utility to verify your answers in parts (a) and (b).

53. 54.
55. 56.
57. y 58.
5 —+
4 4
3 —+
14+
—+— —f—4—>x
=1 | 1 2 %
59. y 60.
2 —+
ik /
—+— } > x
2.1 | /é 3
-2
44

y

SA

63.

64.

62.

65.

Communications The cost of a telephone call between
Denver and Boise is $0.60 for the first minute and $0.42
for each additional minute or portion of a minute. A model
for the total cost C (in dollars) of the phone call is
C = 0.60 — 0.42[1 — 1], r > 0 where ¢ is the length of the
phone call in minutes.

(a) Sketch the graph of the model.

(b) Determine the cost of a call lasting 12 minutes and 30
seconds.

Communications The cost of using a telephone calling
card is $1.05 for the first minute and $0.38 for each addi-
tional minute or portion of a minute.

(a) A customer needs a model for the cost C of using a
calling card for a call lasting # minutes. Which of the
following is the appropriate model? Explain.

C,(t) = 1.05 + 0.38[r — 1]
C,(t) = 1.05 — 0.38[—(t — 1)]

(b) Graph the appropriate model. Determine the cost of a
call lasting 18 minutes and 45 seconds.

Delivery Charges The cost of sending an overnight pack-
age from Los Angeles to Miami is $10.75 for a package
weighing up to but not including 1 pound and $3.95 for
each additional pound or portion of a pound. A model for
the total cost C (in dollars) of sending the package is
C =10.75 + 3.95[x], x > 0 where x is the weight in
pounds.

(a) Sketch a graph of the model.

(b) Determine the cost of sending a package that weighs
10.33 pounds.

Delivery Charges The cost of sending an overnight pack-

age from New York to Atlanta is $9.80 for a package

weighing up to but not including 1 pound and $2.50 for

each additional pound or portion of a pound.

(a) Use the greatest integer function to create a model for
the cost C of overnight delivery of a package weighing
X pounds, x > 0.

(b) Sketch the graph of the function.

Wages A mechanic is paid $12.00 per hour for regular

time and time-and-a-half for overtime. The weekly wage

function is given by

12h, 0<h<40
wik) = {18(/1 —40) + 480, /> 40
where £ is the number of hours worked in a week.
(a) Evaluate W(30), W(40), W(45), and W(50).

(b) The company increased the regular work week to 45
hours. What is the new weekly wage function?
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66. Snowstorm During a nine-hour snowstorm, it snows at a

rate of 1 inch per hour for the first 2 hours, at a rate of
2 inches per hour for the next 6 hours, and at a rate of
0.5 inch per hour for the final hour. Write and graph a
piecewise-defined function that gives the depth of the
snow during the snowstorm. How many inches of snow
accumulated from the storm?

Vs

N

Model It

\.

67.

Revenue The table shows the monthly revenue y (in
thousands of dollars) of a landscaping business for each
month of the year 2005, with x = 1 representing
January.

% 4 Month, x Revenue, y
1 5.2
2 5.6
3 6.6
4 8.3
5 11.5
6 15.8
7 12.8
8 10.1
9 8.6

10 6.9
11 4.5
12 2.7

A mathematical model that represents these data is

fl) = —1.97x + 26.3
0.505x* — 1.47x + 6.3

(a) What is the domain of each part of the piecewise-
defined function? How can you tell? Explain your
reasoning.

(b) Sketch a graph of the model.

(c) Find f(5) and f(11), and interpret your results in
the context of the problem.

(d) How do the values obtained from the model in part
(b) compare with the actual data values?

J

68. Fluid Flow The intake pipe of a 100-gallon tank has a

flow rate of 10 gallons per minute, and two drainpipes have
flow rates of 5 gallons per minute each. The figure shows
the volume V of fluid in the tank as a function of time ¢.
Determine the combination of the input pipe and drain
pipes in which the fluid is flowing in specific subintervals
of the 1 hour of time shown on the graph. (There are many
correct answers.)

—p—

Section 1.6 A Library of Parent Functions

14

100 + ﬁ

(10, 75) (20,75)

75
/ \(45 70)—/
50+
(5, 50) (50, 50)
25

(30 25) (40 25)

(60, 100)

Volume (in gallons)

>
|

f f f f F—1t
10 20 30 40 50 60
Time (in minutes)

FIGURE FOR 68
Synthesis

True or False?
the statement is true or false. Justify your answer.

73

In Exercises 69 and 70, determine whether

69. A piecewise-defined function will always have at least one

x-intercept or at least one y-intercept.

2, 1<x<?2
70. f(x) =44, 2<x<3
6, 3<x<4

can be rewritten as f(x) = 2[x], 1< x < 4.

Exploration
the piecewise-defined function shown in the graph.

71. 72.

Skills Review

In Exercises 71 and 72, write equations for

In Exercises 73 and 74, solve the inequality and sketch the

solution on the real number line.

73. 3x +4 <12 — 5x 74. 2x + 1> 6x—9

In Exercises 75 and 76, determine whether the lines L, and
L, passing through the pairs of points are parallel, perpen-

dicular, or neither.

75. L;: (=2, —2), (2, 10)
Ly (—1,3),(3,9)

76. Ly (—1,=7), (4,3)
L, (1,5),(—2, -7)

o



